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Abstract

We study some geometric properties of the Lg-centroid bodies Z4(u) of
an isotropic log-concave measure p on R". For any 2 < ¢ < /n and for
€ € (eo(g,n), 1) we determine the inradius of a random (1 — &)n-dimensional
projection of Z4 (1) up to a constant depending polynomially on e. Using this
fact we obtain estimates for the covering numbers N(y/qB3,tZ4(p)), t > 1,
thus showing that Z4(u) is a S-regular convex body. As a consequence, we
also get an upper bound for M (Z4(u)).

MSC: Primary 52A21; Secondary 46B07, 52A40, 60D05.

1 Introduction

Given a convex body K of volume 1 or a log-concave probability measure p on
R™, we define the L4-centroid bodies Z4(K) or Zy(u), ¢ € (0,+00), through their
support function hz (k) or hz, (), which is defined as follows: for every y € R",
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(L1) Do (y) = ||<-,y>||Lq<K)=(/K <x,y>|qu) ,
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These bodies then incorporate information about the distribution of linear func-
tionals with respect to the uniform measure on K or with respect to the probability
measure p. The Lg-centroid bodies were introduced, under a different normaliza-
tion, by Lutwak, Yang and Zhang in [25], while in [30] for the first time, and in [31]
later on, Paouris used geometric properties of them to acquire detailed information
about the distribution of the Euclidean norm with respect to the uniform measure
on isotropic convex bodies. An asymptotic theory for the L4-centroid bodies has
since been developed in the context of isotropic measures and it seems to advance
in parallel with all recent developments in the area.



Recall that a convex body K in R™ is called isotropic if it has volume 1, it is
centered, i.e. its barycenter is at the origin, and if its inertia matrix is a multiple
of the identity matrix: there exists a constant Ly > 0 such that

(1.2) /K<x, 0) dx = L3

for every 6 in the Euclidean unit sphere S”~!. Similarly, a log-concave probability
measure ;1 on R™ is called isotropic if its barycenter is at the origin and if its inertia
matrix is the identity matrix; in that case the isotropic constant of the measure is
defined as

1/n
(1.3) Ly = sup (fu()"",

zER™

where f, is the density of u with respect to the Lebesgue measure. One very
well-known open question in the theory of isotropic measures is the hyperplane
conjecture, which asks if there exists an absolute constant C' > 0 such that

(1.4) L, := max{Lg : K is isotropic in R"} < C

for all n > 1. Bourgain proved in [4] that L, < c¢/nlogn, while Klartag [18]
obtained the bound L,, < c¢/n. A second proof of Klartag’s bound appears in [19].

A motivation for this paper is a recent reduction [16] of the hyperplane conjec-
ture to the study of geometric properties of the L4-centroid bodies, and in particular
to the study of the parameter

(1.5) (K, Z3(K)) ::/KHx||Zg(K)(x)dx:/Khzq(K)(x)dx.

The main result of [16] is, in a sense, a continuation of Bourgain’s approach to
the problem and, roughly speaking, can be formulated as follows: Given ¢ > 2 and
% < s < 1, an upper bound of the form I (K, Z7(K)) < C1¢°/nL? for all isotropic
convex bodies K in R™ leads to the estimate

Cy/nlogn

q 2
Bourgain’s estimate may be recovered by choosing ¢ = 2, however, clarifying the
behaviour of I (K, Z;(K)) might allow one to use much larger values of q. This
behaviour is most naturally related to the geometry of the bodies Z,(K), and
especially how this geometry is affected by or affects the geometry of the body K.
This is not yet fully understood and, in view of (1.6), we believe that its deeper
study would be very useful.

In Section 3 we give an account of some basic known results for the bodies Z,(K)
and, more generally, the bodies Z,(p) where p is an isotropic log-concave measure
on R™. In the range 2 < q < /n, for example, some of their global parameters
are completely determined: the volume radius and the mean width of Z,(u) are of
the same order ,/q. The purpose of this work is to provide new information on the
local structure of Z, (), which in turn has some interesting consequences. Our first
main result concerns proportional projections of the centroid bodies.




Theorem 1.1. Let p be an isotropic log-concave measure on R". Fiz 1 < o < 2.
For every 0 < e < 1 and any q¢ < v/en there are k = (1 —e)n and F € G, i, such
that

(1.7) Pr(Zy(1)) 2 (2 — a)e*a /g B,

where ¢ > 0 is an absolute constant (independent of a, €, the measure [, q¢ or n).
Moreover, for any 2 < q < en there are k > (1 —e)n and F € G, ; such that
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where c1,co > 0 are absolute constants.

The proof of Theorem 1.1 is given in Section 5. We use Pisier’s theorem on
the existence of a-regular ellipsoids for symmetric convex bodies; we combine this
with available information on the L,-centroid bodies as well as results from [11]
concerning the circumradius of proportional sections of a-regular convex bodies,
the proofs of which are outlined in Section 4. Let us mention that the dual result
is a direct consequence of the low M *-estimate, since the mean width of Z,(u) is
known to be of the order of \/q: if 2< ¢ < y/n and ife € (0,1) and k = (1 — ¢)n,
then a subspace F' € Gy, satisfies
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with probability greater than 1 — exp(—coen), where c¢1,co > 0 are absolute con-
stants.

In Section 6 we discuss bounds for the covering numbers of a Euclidean ball by
Z4(p). It was proved in [14] and [15] that if 4 is an isotropic log-concave measure
on R” then, for any 1 < ¢ <nandt > 1,
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(1.10) log N (Z(n); extv/qBy) < easg + 3

where cj,cs,c3 > 0 are absolute constants. Using Theorem 1.1 and an entropy
extension result from [24] we obtain regular entropy estimates for the dual covering
numbers.

Theorem 1.2. Let p be an isotropic log-concave measure on R™. Assume 1 < a <
2. Then, for any q < /n and any

a+4

1<t< min{\/@ (2 - Oé)_l(”/‘f)ﬁ}

we have

V2 1
(1.11) log N (/qB3,tZ4(p)) < c(a)% max < log q’ log ,
to+a t (2 — a)t
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where c(a) < C(2 —a)~2/3 and c¢1,C are absolute constants. Moreover, for any
2< g < n and any

1<t min{\/(j7 co(2 — a)_an (n) ’ }

we have

2o 2 Ln
(1-12) logN(ﬂBg,th(M)) < c(a)Lﬁ‘*‘* ZN max {log 737 log (2)t} )
—

ta+4
where c¢(a) is as above and cq is an absolute constant.

Note that, since Z,(u) 2 BY, we are interested in bounds for the above covering
numbers when ¢ is in the interval [1,/g]. An analysis of the restrictions in Theorem
1.2 shows that, given any ¢ < n3/7, (1.11) holds true with any ¢ in the “interesting”
interval, while the same is true for (1.12) as long as ¢ < VInn3/*. Although all
these estimates are most probably not optimal, we can still conclude that Z,(u),
with ¢ < n3/7 or ¢ < /L,n*/%, is a B-regular convex body in the sense of Pisier’s
theorem (for some concrete positive value of 8). As a consequence of this fact we
get an upper bound for the parameter

M(Zya) = [ ellzy dot),

Recall that the dual Sudakov inequality of Pajor and Tomczak-Jaegermann (see
e.g. [33]) provides 2-regular entropy estimates for the numbers N(B%,tC) in terms
of M(C), namely it shows that

2
log N(B3,tC) < en (‘ME&C)>

for every t > 1. In Section 7 we use in a converse manner the entropy estimates of

Theorem 1.2 to obtain non-trivial upper bounds for M (Z,(u)).

Theorem 1.3. Let u be an isotropic log-concave measure on R™. For every 1 <
3/7
gsn’t,

(log q)°/°
ST

Moreover, for every q such that L? log? ¢ < ¢ < /L, n®/4,

/Ly, (log q)*/°
T

(1.13) M(Zy(n) < ©

(1.14) M(Zy(p)) <C



Observe now that, if K is an isotropic convex body in R™ with isotropic constant
L, then the measure pux with density f,, (z) := Li1g/r, (v) is isotropic and,
for every ¢ > 0, it holds that Z,(K) = LxZ,(uk). Using also the fact that
M(K) < M(Zy(K)) for every symmetric convex body K and every g > 0, we can
use the above bounds for M (Z,(ux)) to obtain an upper bound for M (K) in the
isotropic case.

Theorem 1.4. Let K be a symmetric isotropic convex body in R™. Then,
VL, (logn)®/6
Li¥m

This is a question that until recently had not attracted much attention. Valet-
tas, using a slightly different approach [35], has shown that

M(K)<C

C(logn)/3

¥nLk
for every symmetric isotropic convex body K in R"™, where C' > 0 is an absolute
constant. Note that, on the other hand, there are many approaches concerning the

corresponding question about the mean width that give the best currently known
estimate:

M(K) <

w(K) < Cn3/* Ly

for every isotropic convex body K in R™. Nevertheless, this problem as well remains
open (for a discussion about it, see [15] and the references therein).

We close this paper with some additional observations on the geometry of the
centroid bodies Z, () and their polars. We first provide lower bounds for the radius
of their sections; actually, they hold true for every 1 < k < n and any F' € G, . By
duality, these estimates (combined with e.g. Proposition 5.3) determine the inradius
of their random projections. We also provide upper bounds for the parameters
M_(Zy(n)) and I_x(Z, (1)) (see Section 8 for the precise definitions). These imply
small ball probability estimates for the Euclidean norm on Z,(u). All the results
are based on the main estimates from Section 5 and Section 6. Although they
are not optimal, we describe our approach and sketch their proofs; we expect that
further progress can be achieved along the same lines.

2 Notation and preliminaries

We work in R™, which is equipped with a Euclidean structure (-,-). We denote
the corresponding Euclidean norm by || - ||z, and write By for the Euclidean unit
ball, and S™~! for the unit sphere. Volume is denoted by |- |. We write w,, for the
volume of B and o for the rotationally invariant probability measure on S™~1.
We also denote the Haar measure on O(n) by v. The Grassmann manifold Gy, ;, of
k-dimensional subspaces of R™ is equipped with the Haar probability measure v, j.
Let £ < n and F € G, . We will denote the orthogonal projection from R™ onto
F by Pr. We also define Br := B¥ N F and Sp := S"" ' NF.



The letters ¢, c’, c1, ca etc. denote absolute positive constants whose value may
change from line to line. Whenever we write a ~ b, we mean that there exist
absolute constants ¢1,cs > 0 such that cia < b < coa. Also if K, L C R™ we will
write K ~ L if there exist absolute constants c1,cy > 0 such that c; K C L C oK.

Convex bodies. A convex body in R™ is a compact convex subset C' of R™ with
nonempty interior. We say that C' is symmetric if x € C implies that —x € C. We
say that C is centered if the barycenter of C'is at the origin, i.e. [, (z,6)dz = 0 for
every # € S"~1. The volume radius of C is the quantity

(2.1) vrad(C) = <||Bc;|>1/".

The support function of a convex body C' is defined by
(2.2) he(y) == max{(z,y) : z € C'}

and characterizes C' uniquely. The mean width of C' is
(2.3) w(C) = / he (6)(d6)
Snfl

and the radius of C' is the quantity R(C) := max{||z||2 : « € C'}. Also, if the origin
is an interior point of C, the polar body C° of C is defined as follows:

(2.4) C°:={yeR": (z,y) < lforallzeC}.

Let C C R™ be a symmetric convex body. We write || - ||¢ for the norm
l|z]lc = min{t > 0 : x € tC} induced to R™ by C, and we define

(2.5) M©)i= [ Blcdots)
Note that M(C) = w(C®) and that
(2.6) M(C)™! < vrad(C) < w(C) = M(C°);

the left hand side inequality is easily checked if we express the volume of C' as an
integral in polar coordinates and use Hoélder’s and Jensen’s inequalities, while the
right hand side inequality is the classical Urysohn’s inequality. We also need Mil-
man’s low M*-estimate (see [29] or [33] for precise references): if C is a symmetric
convex body in R™, then a subspace F' € G, j, satisfies

n
n—=k

(2.7) R(CNF)< ¢ w(C)

with probability greater than 1 — exp(—ca(n — k)), where c¢1,co > 0 are absolute
constants.



Furthermore, if C' is a symmetric convex body in R", we define k. (C) to be the
largest positive integer k < n with the property that the measure v, ;, of F' € G, i,
for which we have 1w(C)Bp C Pp(C) C 2w(C)Bp is greater than % It is known
that this parameter is completely determined by the dimension, the mean width

and the radius of C:

(2.8) c3n

N

k(C) L can——5-.
(= o

Recall that the covering number N (A, B) of a body A by a second body B is
the least integer N for which there exist N translates of B whose union covers A.
Milman (see e.g. [26]) proved that there exists an absolute constant § > 0 such

that every centered convex body K in R™ has a linear image K which satisfies
|K| = |By| and

(2.9) max{N(K,Bj),N(By,K),N(K°,By),N(By,K°)} < exp(8n).

We say that a convex body K which satisfies this estimate is in M-position with
constant f3.

Pisier [32] has proposed a different approach to this result, which allows one
to find a whole family of M-ellipsoids and to give more detailed information on
the behaviour of the corresponding covering numbers. The precise statement is as
follows.

Theorem 2.1 (Pisier). For every 0 < a <2 and every symmetric convex body K
in R™ there exists a linear image K of K such that

max N(E LB, N(BYtK), N(R° tB2). N(BE 1K) < exp [ ("
{ ( 2) (2 ), N( 2) (2 )} p ra

for every t > 1, where ¢(a) depends only on «, and c(a) = O((2 — a)~%/2) as
a— 2.

For basic facts from the Brunn-Minkowski theory and the asymptotic theory of
finite dimensional normed spaces, whose unit balls are various symmetric convex
bodies appearing in this paper, we refer to the books [34], [29] and [33].
Log-concave probability measures. We denote by P, the class of all Borel
probability measures on R™ which are absolutely continuous with respect to the
Lebesgue measure. The density of 1 € P, is denoted by f,,. We say that p € P, is
centered and we write bar(u) = 0 if, for all § € S"~1,

(2.10) / (2, O)du(z) = / (2,0) fu(a)dzr = 0.
A measure p on R™ is called log-concave if u(AA + (1 — \)B) = pu(A) u(B)! = for

any compact subsets A and B of R" and any A € (0,1). A function f : R™ — [0, 00)
is called log-concave if its support {f > 0} is a convex set and the restriction of



log f to it is concave. It is known that if a probability measure u is log-concave and
u(H) < 1 for every hyperplane H, then p € P, and its density f, is log-concave.
Note that if K is a convex body in R™ then the Brunn-Minkowski inequality implies
that 1k is the density of a log-concave measure.

If p is a log-concave measure on R™ with density f,, we define the isotropic
constant of y by

(2.11) L, = (W) " [det Cov(p)] %,

where Cov(u) is the covariance matrix of p with entries

_ Jon @iz fu(@)dz [ 2ifu(2) dz [, @ fu(@) do
f]R" f#((t) dx f]Rn f,u(l') dx f]R" f#(x) de

We say that a log-concave probability measure p on R™ is isotropic if bar(u) = 0 and
Cov(u) is the identity matrix and we write ZL,, for the class of isotropic log-concave
probability measures on R™. Note that a centered convex body K of volume 1 in R™
is isotropic, i.e. it satisfies (1.2), if and only if the log-concave probability measure
pr with density x +— L1/, () is isotropic.

Let p € P,. For every 1 < k < n —1 and every E € G, i, the marginal of u
with respect to F is the probability measure with density

(2.12) Cov(p)ij :

(2.13) frpu(x) = /+EL fu(y)dy.

It is easily checked that if u is centered, isotropic or log-concave, then mgpu is also
centered, isotropic or log-concave, respectively.

For more information on isotropic convex bodies and log-concave measures see
[28], [2] and [9].
3 Lg,-centroid bodies: basic facts

Recall that, if p is a log-concave probability measure on R", the L,-centroid body
Zy(1), ¢ = 1, of p is the centrally symmetric convex body with support function

1/q
. vz = ([ lelana) )
Observe that p is isotropic if and only if it is centered and Zs(u) = By. From

Hoélder’s inequality it follows that Z1(u) € Z,(p) € Zg(p) for all 1 < p < ¢ < oc.
Conversely, using Borell’s lemma (see [29, Appendix III]), one can check that

(3.2) Zy(k) € e Zy(10)

for all 1 < p < ¢. In particular, if p is isotropic, then R(Z,(u)) < cg.



As we saw in the previous section, if K is a convex body in R” of volume 1, then
the measure with density « — 1k (z) is a log-concave probability measure on R and
the Lg-centroid bodies Z,(K) of K can be defined as above. By Hélder’s inequality
we again have Z1(K) C Z,(K) C Z,(K) C conv{K,—K} forall 1 < p < ¢ < o0,
so, if K is symmetric, then Z,(K) C K for every p < oc.

Using Fubini’s theorem we see that, for every 1 <k <n—1andevery F € G, 1,
and g > 1,

(3.3) Pp(Zy(1) = Zy(mr(1))-

In [30] Paouris shows that the moments

(3.4) nw = ([ ||xgdx)1/q, ¢ € (=n,+00) \ {0},

of the Euclidean norm with respect to an isotropic log-concave probability measure
w1 on R™ remain comparable to Is(u) = y/n when ¢ > 2 does not exceed a parameter
g« () of the measure that he defines as follows:

(3.5) 0.(p) = max{q <n: k. (Z,(n)) > q}.

He proves this by showing that

and that

(3.6) w(Zy(p)) = /4

for every ¢ < ¢q.«(p). He establishes that
(3.7) g« () = c1v/n

for every isotropic measure pu on R™, where ¢; > 0 is an absolute constant, and
it is also shown that there are isotropic measures p on R™ such that ¢. () ~ /n.
Furthemore, he proves that

(3.8) Iy(p) ~ R(Zq())

for every q € [g«(1),n] and he gives an upper bound for the volume radius of the
L4-centroid bodies:

(3.9) | Zo(w)M" < e2/q/n

for all 1 < g < n, where ¢y is an absolute constant.

In [31] Paouris extends his approach to describe the behaviour of the negative
moments of the Euclidean norm with respect to an isotropic measure p on R™. He
shows that

(3.10) Lg(w) = () = Vi for all 0 < q < q.(n).



However, unlike the positive moments I,(p) that, as we saw, do not remain com-
parable to Is(u) once ¢ gets larger than ¢.(u), the behaviour of the corresponding
negative moments is not known and, in fact, (3.10) may hold with any positive ¢
up to n — 1. This question actually is equivalent to the hyperplane conjecture, as
Dafnis and Paouris proved in [8] by introducing another parameter, that for each
6 > 1 1is given by

(3.11) q-c(p, ) :=max{l < g <n—1:1¢(p) =0 L(u) =6~ Vn},

namely measures how large the range of (3.10) is if we allow the implied constants
to depend on . Dafnis and Paouris established that

n en
3.12 L, <C§ sup log
(3.12) peTlp \ q—c(p,6) <q-c(u, 5))

for every § > 1, and they also showed that, if the hyperplane conjecture is correct,
that is, if (1.4) holds true, then we will have

(3.13) q—c(p,00) =n—1

for some &g =~ 1, for every isotropic log-concave measure p on R™. Note that, by
(3.10), we already know that

(3.14) G—c(p:61) 2 (1) = c1v/m,

where 6; > 1 and ¢; > 0 are absolute constants.
Next we turn to lower bounds for the volume radius of the L,-centroid bodies
of measures y € ZLf,). From [25] we know that, for every 1 < ¢ < n,

(3.15) ’Zq(u)ll/n > 02\/q/nL;1

for some absolute constant ¢z > 0. In [19] Klartag and Milman define a “hereditary”
variant of ¢, (u) as follows:
(3.16) q?(u) :=ninf inf o-(me1)
* k BE€EGn. Kk
where mgu is the marginal of y with respect to E, and then, for every q < ¢ (p),

they give a lower bound for the volume radius of the bodies Z,(x) matching the
upper bound in (3.9):

(3.17) 1Zy)|"" > es/aln

where c3 > 0 is an absolute constant. Recall that, if u is an isotropic log-concave
measure, then so are all its marginals, thus, for every subspace E € G, ;, we have
by (3.7) that q.(mgp) > ¢;vk. This implies that, for all measures p € TL,
q (1) > ¢1/n. Note also that, for those measures for which we have g, (u) ~ /n,

10



the parameter ¢ (1) as well does not exceed a constant multiple of /n. However,
the bound (3.17) might hold for larger ¢ € [1,n] even in the latter case, as was
shown by the fourth named author in [37]. There a hereditary variant of g_.(y, )
is introduced as follows:

H . . qfc(ﬂ—E,ufv 6)
Tl 8) = migf gt PR

for every § > 1, and in a similar way as for the bound (3.17) it is established that

(3.18) Zy(w)|"" = ca5 /a/n

for every ¢ < q%.(i1,9). Of course, we can again see that

(3.19) A1, 61) = c1v/n

for some §; ~ 1 using (3.14) and the definition of ¢, (u,d1), but obviously this
estimate might be improved if the latter bound were also; such an improvement
may be possible but is not trivial, since it would result in better bounds for the
isotropic constant problem too, as one can see from (3.12).

To conclude this Section, we should stress that in the subsequent proofs we will
be using the lower bounds for the volume radius of the L4-centroid bodies, however
the only concrete estimate which we currently have for the parameters ¢ () or
q".(11,0), and which we can insert in our later estimates, is that all of them are at
least of the order of v/n when p is an isotropic log-concave measure on R™. For
more information on all the results of this Section, see [7].

4 Diameter of sections of a-regular bodies

We say that a body K which satisfies the conclusion of Theorem 2.1 is an a-regular
body. A strong form of the reverse Brunn-Minkowski inequality can be proved for

a-regular bodies; actually, we only need the regularity of the covering numbers
N(K,tBY).

Lemma 4.1. Let vy > 1, a > 0 and let K1,. .., K,, be symmetric convex bodies in
R™ which satisfy

N(K;,tBy) < exp (Zf)
foralll1 <j<mandallt >1. Then,
(4.1) Ky + -+ K|V < Cyam!ta | B Y™,
Proof. We include the very simple proof of this fact. Observe that

N(Ky++ -+ Kp,tmBy) = N(Ky+ -+ Ky, tBY + - + tBY)

H N(K;,tBy) < exp(ynm/t)

11



for all t > 1. It follows that

|Ky + -+ K |Y™ < tmexp(ym/t®)| By V™.

Choosing t = (ym)/®

we get the result. O

We also need to recall the precise probabilistic form of the low M *-estimate
(which can be found in [17] and [27]): If A is a symmetric convex body in R™ and
if £,6 € (0,1), then we have

w(A)
(1= d)ve

for all F' in a subset L, of G, of measure vy, (L, ;) = 1 — c1 exp(—cad?en),
where k = | (1 — €)n| and ¢1,c2 > 0 are absolute constants. Then, a well-known
application of the low M™*-estimate (see e.g. [10, Theorem 2.1]) states that if » > 0
is the solution of the equation

R(ANF) <

ANrBy 1
(4.2) wdnrBy) _1 -
r 2
then a typical | (1 — &)n]-dimensional central section of A has radius smaller than

r (with probability greater than 1 — exp(—cen)).

The main observation of this Section, which essentially appears in [11], is the fol-
lowing: if A is a symmetric convex body in R™ whose covering numbers N (A, tBY)
are a-regular for some a > 0, then one can get an upper bound for the diameter of
random proportional sections of A.

Theorem 4.2. Let v > 1, o > 0 and let A be a symmetric conver body in R™
which satisfies

N(A,tB3) < exp (z%l)

for allt > 1. Then, for every e € (0,1) a subspace F' € Gy, |(1—c)n| Satisfies

1

R(ANF) < Cy= Jerta,

with probability greater than 1 — c1 exp(—caen), where ¢1,c2,C > 0 are absolute
constants.

Proof. Let € € (0,1) and set k = [(1 — e)n|. We define r > 0 by the equation
1
w(ANrBY) = 5\@7"
From the precise probabilistic form of the low M*-estimate (see above), we know
that there exists a subset Ly, i, of G, ; with measure vy, j,(Ly ) = 1—c1 exp(—caen),

such that
w(ANF)< R(ANF)<r

12



for every F' € L, . We use the following fact from [6]: if X = (R™,| -|) is an
n-dimensional normed space with unit ball W, and if M = [,,_, ||z]| do(x) and b
is the smallest positive constant for which ||z|| < b||z||2 for all x € R™, then there
exist an integer s < C(b/M)? and s orthogonal transformations Uy, ..., Us € O(n)
such that

M By C 1 ZS: U;(W°) C 2M BY

2 2T s — ’ - 2
We apply this result for the body W := (ANrBY)°. Note that b =r and M(W) =
w(ANrBy) = \/er/2, and hence we can find s < % and orthogonal transformations
Uy, ..., Us, satisfying

1 1
(4.3) JVerBs © EZUi(Aﬁng) C VerBy.
i=1

Set Ay = 13" U;(AnrBY). Now we can give an upper bound for 7 using Lemma 4.1.
Clearly, the bodies U;(A N rBY) satisfy

N(Ui(ANrBy),tBY) < N(A,tB}) < exp (ZT?)
for all ¢t > 1, therefore
1
per () <ont
This shows that
R(ANF)<r< 057§/€%+§
with probability greater than 1 — ¢y exp(—coen). O

5 Projections of L,-centroid bodies

Our aim is to obtain lower bounds for the inradius of proportional projections of
Zy(p) and Zg(p). Let 1 < k < n—1 and consider a random subspace F' € Gy, . An
upper bound for the radius of Z,(x) N F, and hence a lower bound for the inradius
of Pr(Zg(n)), follows from the low M*-estimate (2.7) and (3.6).

Proposition 5.1. Let p be an isotropic log-concave measure on R™. If 2 < q <

¢-(p) and if e € (0,1) and k = [ (1 — e)n], then a subspace F' € G, . satisfies

(5.1) R(Zy(p) N F) < ci\ff or equivalently Pp(Zg (1)) 2 Ci/\gg

with probability greater than 1 — c3 exp(—cqen), where ¢; are absolute constants. O

Br

We provide analogous upper bounds for R(Zg(u) N F'), F € Gy . The idea of
the proof comes from [21] (see the concluding remarks of this section). We start
with the following immediate consequence of Theorem 4.2.
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Corollary 5.2. Let A be a symmetric convex body in R™. Assume that v > 1,
a >0, and E is an ellipsoid in R™ such that

N(A,tE) < exp (%)

for allt > 1. Then, for every e € (0,1) there exists I' € Gy, | (1—)m| such that
ANFC C’yés*(%ﬁ) ENF,
where ¢ > 0 is an absolute constant.

Proposition 5.3 (version for “small” q). Let p be an isotropic log-concave measure
onR™. Letl < a<2. Forevery0 <e <1 andanyq < v/en there existk > (1—€)n
and F' € Gy, ; such that

Pr(Zy(p) 2 c(2 - a)€%+%\/§BF.

Proof. Recall from (3.3) that for every 1 < m < n and any H € G, ,,, we have

Py (Zq(:u)) =24 (WH(N))

In Section 3 we saw that, if v is an isotropic log-concave measure on R™, then

|Zg)I™ > e/g/m

for all ¢ < ¢%.(v, &), where §y > 1 is an absolute constant sufficiently large so that
q.(v,60) = ey/m. Tt follows that

1/m
(5.2) |Pu(Zyw)| " > ev/a/m

for all H € Gy and all ¢ < v/m. We fix 1 < a < 2 and consider an a-regular
M-ellipsoid E of Z,(p), namely an ellipsoid such that

maX{N(Zq(u),tE),N(E,th(u))} < eclem/e®

for all t > 1, where ¢(a) < C(2 — a)~ /2.
Let 0 < A\ < -+ < A, be the axes of E, and let {uq,...,u,} be an orthonormal
basis which corresponds to the ;. For every 1 < m,s < n we set

H,, :=span{uy,...,uy}t and Fy =span{usi1,...,un}-
Since E N Hy, = Py, (E), we have

N (Pit,, (Zq1)) 4 0 Hyn) ) < N(Zy(10), L) < e/
and hence

1/m o
‘ < eclon/(t m)‘BHm|1/m(tAm)'

(5.3) (P, (Zy(10)

14



Choose t = (c(a)n/m)'/. Assuming that ¢ < v/m, from (5.2) and (5.3) we get

(5.4) Am > (C(mn)l/a NG

a)
Next, let 0 < e < 1 and set s = [5]. We have
N(Eﬂ Fy, tPp, (Zq(u))> <N (B, tZ,(n) < eclam/t® < G2e(a)(n—s)/t"

for every t > 1.

We now use the duality of entropy theorem of Artstein-Avidan, Milman and
Szarek [1]: There exist two absolute constants a and b > 0 such that for any
dimension n and any symmetric convex body A in R™ one has

N(Bg,a7'A4°)""" < N(A, By) < N(B},aA°)".
It follows that
b «
N(Z,(p) N Fg, tE° N Fy) < N(E N F,,atPr, (Zq(,u))> < ear(@n=9)/t%

We apply Corollary 5.2 with the body Z¢ (u)NF (and v = ¢;(a)) to find a subspace
F of Fy, of dimension k > (1 —¢/2)(n — s) = (1 — €)n, such that

C
Z°(WNFC——— _E°NF
(W) NFEC il :
and hence
(5.5) Pr(Zy(1)) 2 ev/2— ezt a Pr(E).

From (5.4) we have
ENF,D\1Br, 2 ¢vV2—ae'/*/qBr,,
provided that ¢ < y/en. Then,

Pp(E) = Pp(Pp,(E)) = Pr(ENF,) 2 V2 — ac'/*\/qPp(Br,)
= V2 - ael/* /qBp.
Combining this fact with (5.5) we conclude the proof. ad

Proposition 5.4 (version for “large” ¢). Let p be an isotropic log-concave measure
on R". Let1 < a < 2. Forevery 0 < e < 1 and any 2 < q < en there exist
k> (1—¢e)n and F € G, such that

(2 —a)erta (2 —a)eita
PF(Zq(N)) ) L—m\/(}BF D) 4—\/5\/631?-
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Proof. We apply the same argument more or less, only instead of the lower bounds
(3.17), (3.18) for the volume radius of the L,-centroid bodies we use (3.15). It
follows that

(5.6) Pu(z,0)] " > 2 am

for all H € G, 1, and all ¢ < m. We define H,,, F as in the proof of Proposition 5.3
and we consider an a-regular M-ellipsoid E of Z,(p). This time, assuming that
g < m, from (5.6) and (5.3) we get

1/«
1 m
)\m>7L ( > V4.
m

cla)n

Next, fix some ¢ € (0,1), set s = |5 | and consider any ¢ < en/2. As previously,
we find a subspace F of Fj, of dimension k > (1—¢/2)(n—s) > (1 —¢)n, such that

Pr(Z4(1)) 2 V2 —aeita Pp(E)

and
/2 —«
Pr(E) = Prp(Pp,(E)) 2 Pr(Ast1Br,) 2 Tel/“\/aBp.
Since s >~ en and L., < C+/en, the result follows. ]

As we saw in Section 3, if K is an isotropic symmetric convex body in R", then
Pp(K) 2 Pr(Z,(K))

for all ¢ > 0. Recall also that the measure px with density L1k, is isotropic
and Z,(K) = LxZy(uk). Choosing ¢ = en and applying Proposition 5.4 with
Hn = pr we get:

Corollary 5.5. Let K be a symmetric isotropic convex body in R™. For every
1<a<2and0<e <1 there exist k > (1 —e)n and F € G, i such that

Pp(K) D L Pr(Zy(ux)) 2 ¢(2 — a)ei*s ¢/nLy B

Remark 5.6. Some variants of Corollary 5.5 have appeared in the literature before.
In [35] a stronger estimate is obtained with a different method: if K is a symmetric
isotropic convex body in R™ then, for any 0 < € < 1, there exists a subspace F' of
R™ with dim F' > (1 — ¢)n such that

4
Pr(K) 2 663/27\/5 Lk Br,
logn

where ¢ > 0 is an absolute constant. A similar result with cubic dependence on
€ appears in [3]. Our argument is very much related to the one in [21] where,
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under the additional assumption that L, < C for all n > 1, the existence of some
F e Gn,[(lfs)nj so that
Pr(K) 2 ce®/nBr

is established for all isotropic convex bodies K in R™ and all 0 < € < 1. Under this

assumption, our argument would result in the estimate Pp(K) 2 c(2—a)5aT+2 VnBp
foralll < a<?2.

Remark 5.7. Proposition 5.3 and Proposition 5.4 guarantee the existence of one
[(1 — &)n|-dimensional projection of Z,(u) with “large” inradius. However, it is
proved in [13] that, for every fixed proportion p € (0,1) and every 0 < s < 1/(2—p),
the maximal inradius of |pn|-dimensional projections and the random inradius of
| sun |-dimensional projections of a symmetric convex body K in R™ are comparable
up to a constant depending on p and s. More precisely, if a(A, K) denotes the
maximal (and if b(\, K) denotes the “random”) inradius of a |An]-dimensional
projection of K then

<C“(1 — 52— ) \/m> a(p, K) < b(sp, K)

1—su

for every n > ng(p, s). Using this fact one can obtain versions of the results of this
Section concerning random proportional projections of Z,(x). Since an estimate
for the maximal inradius is sufficient for our subsequent work in this paper, we do
not present the precise statements.

6 Covering numbers

Using Proposition 5.3, for any isotropic log-concave measure g on R™ we can get
some estimates for the covering numbers N (,/qB3,tZ,(jt)). These will follow from
an entropy extension result from [24]:

Lemma 6.1. Let K, L be symmetric convex bodies in R™ and assume that L C RK.
Let F be a subspace of R™ with dim F = n —m and let 0 < r <t < R. Then, we
have

2R+t

t—r

(6.1) N(L,tK) < 2™ ( )m N (PF(L), gPF(K)> .

Remark 6.2. Alternatively, one might use an analogous result, due to Vershynin
and Rudelson (see [36, Lemma 5.2]): If K is a symmetric convex body in R™ such
that K D 0B, and if Pr(K) D Bp for some F € G, 1, k > (1 — ¢)n, then

N(BY,4K) < (C/5)*™.

The reader may wish to check that applying this fact instead of Lemma 6.1 leads
to the same estimate in Proposition 6.3 below.
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Proposition 6.3. Let i be an isotropic log-concave measure on R™. Assume that
q < +/n. Then, for any 1 < a < 2 and any

a+4

1<t <min{\/g, c2(2—a) ' (n/g®) 2=

we have
max{log N (VaBy, tZ,(1)),log N (VaZ (1), tB5) }
n V2q 1
6.2 < 1 . ;
(6.2) c(o<)t;,+:é1 max{og ; Og(2a)t}

where c(a) < C(2 —a)~2/3,

Proof. Note that, since By C Z,(jt), the interesting range for ¢ is up to ,/g. Given
some ¢ € (0,1), let k = (1 —¢e)n and F € G,, ;. Applying Lemma 6.1 for the bodies
VaB3 and Z,(p) with R = /g and r = t/2 we see that, for every 1 <t < /g,

(6.3) N (B3, tZy(p)) < (clﬁan (\/aBF, iPF(Zq(u))) .

If ¢?> < en then Proposition 5.3 shows that, for every 1 < a < 2, there exists
1 2

F € Gupi, k = (1 —e)n, such that Pp(Z4(n)) 2 c2(2 — a)ezt=/gBp. Thus, we

arrive at

(6.4) N (VB tZ,(n)) < (63;@>m N (BF, cat(2 — a)5%+%BF) :

In the end we choose € ~ [(2 — a)t]*% (the restriction [(2 — oz)t]o?*f4 <enfg? is
needed at this point—note that, if e.g. ¢ < n3/7, then this allows us to consider any
t up to /g). With this choice of ¢, we get from (6.4) that

nlog(2q/t?)

2a
tata

(6.5) log N (v/qB3 ,tZ4(n)) < c(e)

This proves the upper bound for the first covering number in (6.2) provided that
t>c1(2—a) ! (since (2 — )t ~ e%5 must be less than 1).
When 1 <t < ¢(2—a)~! we use the inequality

N (VaB3. tZy(1)) < N (VB3 ex(2 — ) Zy(1) N (Zy(p), e (2 — )t Zy(1).-

Noticing that the latter covering number is less than (1 +c(2— a)_lt_l)n completes
the proof for the first covering number in (6.2) after elementary calculations.

The bound for the second covering number in (6.2) follows from the duality of
entropy theorem. O

Using Proposition 5.4 instead of Proposition 5.3 we get the following:

18



Proposition 6.4. Let i be an isotropic log-concave measure on R™. Assume that
2< g<n. Then, for any 1 < a <2 and any

o
1 gtémin{\/(j7 02(2—a)_1Ln (n) }
we have

max{logN(\/aBg, tZy(1)), log N (Vazg (), tB;‘)}

2o V2q L,
6.6 < Lyt 1 , 1 ,
(6.6) c(a) s max { og —— log G- a)t}

where c(a) < C(2 — a)~2/3 and ¢y, co,C > 0 are absolute constants.

Proof. We proceed along the same lines as before, and the only other thing that we
need to take into account is the fact that, for every € € (0,1), L., < cL,, for some
absolute constant c. Note that here we are allowed to consider any t up to /q if
we restrict ourselves to those ¢ that do not exceed v/L,n>/*. O

Remark 6.5. If we do not use the monotonicity of L,, but we rather use the bound
Le,, < en, we will end up with an upper bound of the form

C n'ats log g
(6.7) i m
(2—q)ats  tais

for max{log N (\/qB%,tZ¢(11)),log N (y/4Z (1), tB5)}. We thus get a better expo-
nent of ¢ for each «, but the restrictions in the proof force ¢ to be in the range

248

4o

c2—a) Wn<t<e2—a)
q 4o

(again t can vary up to ,/q if, for example, ¢ < n6/7). In this range, the latter
bound for the covering numbers is more efficient only if L,, depends “badly” on n.

7 Upper bound for M(Z,(pn))

To make use of the covering estimates we have just obtained so as to give an
upper bound for M(Z,(u)), we employ the Dudley—Fernique decomposition (see
e.g. [9, §2.5.2]). We consider the symmetric convex body K := ,/qZ;(u) and,
for any 1 < j < loggq, we consider the entropy number N(K,277R BY), where
R = R(K) < ,/q. There exists N; C K with |N;| = N(K,277 R B}) such that, for
any r € K, there exists v € N; satisfying ||z — v|2 < 277 R. We set Ny = {0} and
Z; = Nj — N;j_;. Then, we have:
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Lemma 7.1. Let K be a symmetric convex body in R™. For any m € N and any
x € K there exist z1,. .., zm, Wy, with 2; € Z; N %—? B and wy, € % BY such that

where R = R(K) is the radius of K.

Theorem 7.2 (version for small q). Let u be an isotropic log-concave measure on
R™. For every 1 < a < 2, for every

(7.2) 1<g<e(2—a)” 1/6n3a+8

we have

(7:3) M(Zy()) < C@2—a)™V/? max{log qi’g@ —a)” }7

q 2a+8

where C > 0 is an absolute constant. In particular, for every 1 < q < n®/7,

(log )/
i
Proof. We set K = \fZO( ). Using Lemma 7.1, for any m € N and any € K we

can find (2;)<m C Z; N3k 82 and w,, € Q%Bg such that £ = 21 4+ -+ 2, + Wi
For any 6 € S"~! one has

(7.4) M(Zy(w) < C

m

(7.5) Z 2. 0)] + | (wnn, 0)]-

We write Z = z/||z||2 for all z # 0. We have

(7.6) w(K) :/S max|(x 0)| do(9)

n—1 TEK

Z/w T {6,z dolf ”/Sn_l wetPi% gy (- 01l o (6)

3R R
< -
< EZ: 5 1gg}>jl<9 2)]do(6) + o

i@\/logw
= 27 vn 2m’

where we have used the following:

Fact. For any uq,...,uy € S ! we have

log N
7.7 max 0,u;:)|do(f) <c .
(77) [ maxl(0.) | do(0) < 225
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By the definition of Z; and Proposition 6.3 we obtain

20
2] a+4
(7.8) log|Z;| < log|N;|+1log|N;_1| < c(a)n (R) max{log g, log(2 —a)'},

where we assume that R/2™ > 1 and c¢(a) < C(2 — a)_o%l. Plugging this into
(7.6) we conclude that

Cs 4 1 R
. K)<—5 _ Rs log g, 1 _ 4
(7.9)  w(K) (2_Q)MR+4\/maX{ogq 0g2_a} .t

j<m 2°F

< ¢ o 1 1 1
<——5 g~ max-< logg, lo ,
PR xqlog g, log 57—

if m is large enough so that R/2™ ~ 1. It remains to observe that

w(K) = qw(Zg (1) = aM (Zy(n)),

and hence
C max{log ¢, log(2 — a)~1}
M(Zq(/.//)) < o \/ o .
(2—a) o
Finally, to obtain (7.4), we set « =2 — loéq. ]

Given a symmetric isotropic convex body K in R™ we apply Theorem 7.2 with
the isotropic measure ug, that has density L% 1x,r,., and with g = n3/7 (which is
the optimal choice for this purpose), and we get:

Theorem 7.3. Let K C R" be isotropic and symmetric. Then,

(logn)5/6
M(K)<(C———.
( ) ¢ Lx 1\4/5

Using Proposition 6.4 instead of Proposition 6.3, we also get:

Theorem 7.4. Let u be an isotropic log-concave measure on R™. For every 1 <
a < 2, for every

_2a o
(7.10) 1<q<a(2—a) VLI i,

we have

(7.11) M(Zy(1)) < C(2— o) /3 LET \/max{log g, log L,(2 — o)1}

o i
q2rx+8
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where ¢1, C > 0 are absolute constants. In particular, for every q such that
Lylogq < ¢ < VI, n%*,
¥ Ln(log q)*/®
q
and, for every symmetric isotropic convex body K in R"™,
VL, (logn)®/6
Lik¥/n '

Remark 7.5. Similarly, using Remark 6.5 instead of Proposition 6.3, we see that,
for every 1 < a < 2, for every

(7.12) M(Zy(n) < C

M(K)<C

(7.13) c1(2— ) 2n < q < (2 — a) " V3pFats,
we have

20 /]
(7.14) M(Zq(p)) <CO@2- a)72/5 4 nf+8 \/@’

o
qa+8

where ¢1, co and C' > 0 are absolute constants, and, for every /nlogn < ¢ < n®/7,

/n(logn)®/ 10

Therefore, for every isotropic symmetric convex body K in R",

(7.15) M(Z,(n)) < C

(logn)9/10
<O—"F———.
M(K) < O 7

8 Further observations

In this last Section we collect a number of additional observations on the geometry
of the centroid bodies Z, ().

1. Inradius of projections. We first provide lower bounds for R(Z,(yx) N F') and
R(Z;(p) N F); actually, they hold true for every 1 <k < n and any F' € G, . By
duality, these estimates (combined with e.g. Proposition 5.3) determine the inradius
of Pp(Z; (1)) and Pr(Z,(p1)). Our starting point is the next proposition, which can
be essentially found in [11].

Proposition 8.1. Let A be a symmetric convex body in R™. Assume that there
exists v > 1 such that

N(BZ,tA) < exp (’m)

3
or every t > 1. For every d € (0,1) and every F € G, s, we have
JLon]

cs/p
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Proof. Let k = |on| and consider any F € G, . Using the assumption and the
duality of entropy theorem we see that the projection Pr(A°) of A° onto F satisfies

k
N(Pp(A°),tBr) < N(A°,tB}) < exp (;ﬁj),
for every t > 1. We apply Theorem 4.2 with W = Prp(A°), n = k and ¢ = 1/2.
There exists H € Gy, |j/2) (F) for which

1/p
Pr(A)nHC Y

€~ Br

Taking polars in H we see that Py (AN F) D C‘sl//: Bpy.

Recall now that, given a symmetrlc convex body C’ in R™ and an s-dimensional
subspace L of R™, one has M(CNL) < v/m/s M(C) (see [12, Section 4.2]). There-
fore, setting C' = (A nF)° and L= H we obtaln

1 c
ANEFY=M((ANF)°) > —=M((ANF)°NH) = —w(Pyg(ANF
WlANF) = MANFY) > M (AN N H) = Su(Pa(An F)
Jsl/p
fyl/p’
as claimed. O

Theorem 8.2. Let p be an isotropic log-concave measure on R™. Assume that
q < /n. Then, foranyl <a<2,0<d<1and any F € Gn,|s5n) we have

R(Zy) N F) > w(Z,wn F) > e 202 g

(10g ﬁ 2a

Proof. From Proposition 6.3 we know that

et

logN(\/Z]Bg,th(u)) < c(a) ; log (2—a)t

5 ax {log

tot+a

where c(a) < C(2 — a)~2/3. Thus, we may apply Proposition 8.1 with

max{log g, log ﬁ}
) \/ap
and p = 22 ]
A similar argument applies to Zg(u). Since M(Z; (1)) = w(Zy(p)) ~ /q for
all ¢ < y/n, from the dual Sudakov inequality we have

log N (B, /75 (1)) <

v =c(a

cn
12
for all ¢ > 1. Applying Proposition 8.1 with v = ¢q and p = 2 we get:
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Theorem 8.3. Let pu be an isotropic log-concave measure on R™. Assume that
q < y/n. Then, for any 1 <a<2,0<d<1and any I € G, |5n) we have

3
=

2. Upper bound for M_;(Z,(n)). Let C be a symmetric convex body in R™.
For every p # 0, one can define

R(Z;(1) 1 F) > w(Z;(s) 1 F) >

. wiey= ([ wipase) "

Litvak, Milman and Schechtman proved in [23] that if b is the smallest constant for
which ||z|] < b||z||2 holds true for every x € R™, then

max {M(C),clb&/g} < M,(C) < max {zM(c),CQb\*//g}

for all p € [1,n], where ¢, ¢y > 0 are absolute constants. In particular,
(8.2) M,(C) ~ M(C)

as long as p < k(C) := k.(C°). Klartag and Vershynin defined in [22] the parameter

d(C) = min {loga <{:c e S zf € M;C) }) n}

and they observed that d(C) is always larger than k(C). Their main result is an
analogue of (8.2) for negative values of p: one has

(8.3) M_,(C) =~ M(C)

as long as 0 < p < d(C).

Let 4 be an isotropic log-concave measure on R™. Since M_,(Z,(p)) is clearly
smaller than M (Z,(u)), our next aim is to provide upper bounds for these quantities
and to compare them to the ones from Section 7. We will use a formula for M_(C)
which appears in [31].

Lemma 8.4. Let C be a symmetric convex body in R™. For every integer 1 < k < n,

—1/k
(8.4) M_k(C’)fv( /G vrad(PF(CO))’“dun,k(F)> .

24



The proof is simple: using the Blaschke-Santalé and the reverse Santalé in-
equality (see [5]) one can write

85 o= ([ o da(as))l/k

w2

. . 1/k
= — wk/ 7d0'(37)d1/n,k'(F)
<wk /GM Sk ||13H]5mF
CNnF VE
Gn,k ‘BQ|

1/k
i} I
~ (/G B M(F)) .

Proposition 8.5. Let p be an isotropic log-concave measure on R™. For every
2< g < /n and k > ¢*log? q one has

3
ces (1)

Proof. We choose a = 2 — @. From the proof of Proposition 6.3 we see that if
t < ,/q and

(8.6) M_i(Z4(n)) <

¢ 2/3

1 4 <
(log q)2/3 "

then

° n(logq)®®  2q
N(VaZg(u), tBy) < exp (cl(tQ/g)loth :

where c; is an absolute constant. Thus, for any integer 1 < k < n and any F' € G, i,
we have

vl (25| <0851 N (vape (2. 182)

n(logq)*? | 2q>

k|1/k =
< t|BQ| €xXp (Cl k't2/3 0og t2

Choosing t ~ (n/k)3/?log® ¢ we conclude that
1/k

’PF(ZS(FL))’ o clog® g <n>3/2
| BS| S ova \k)
and the result follows from Lemma 8.4. O

Note. Since Z,(p) 2 Bj, one has the obvious upper bound M_j(Z,(u)) < 1 for
all 1 < k < n. So, the estimate of Proposition 8.5 is non-trivial provided that
k > nlog®q/q"/3.
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Remark 8.6. Similarly, starting from Proposition 6.4 and following the proof of
Proposition 8.5 we obtain the following.

Proposition 8.7. Let p be an isotropic log-concave measure on R™. For every
2<qg<n andk}Liﬂgq one has
cL, (n)3/2
Va kS

In view of (8.3) a natural question is to give lower bounds for d(Z,(u)); be-
cause, if d(Z,(p)) is large enough so that we can use Proposition 8.5 or Proposi-
tion 8.7, then we would have an alternative source of, possibly better, information

on M(Zy(r)) as well. What we know is a simple lower bound for k(Z,(p)) and
k(Z3(p)) in the range 2 < g < g« (p). For every 2 < ¢ < ¢.(p1) one has

(8.7) M_1(Zg(1) <

. o an
where ¢ is an absolute constant.
To see this, recall that By C Z,(u) C ca¢B%, and hence

R(Zy(n) < c2q and  R(Zg(p)) < 1.

Then, using (3.6) we get

w(Zy(w) g _ can

R (Zy(w) ~ g

Also, using the fact that w(C°)w(C) > 1 for every symmetric convex body C, and
taking into account (3.6), we see that w(Zy(n)) > ¢/\/q for every 2 < ¢ < q.(p),
and thus

ki(Zg(p)) = esn

w?(Z2 cen
ks (Z;(u)) > C5nRZEZZE//j)); > 67.

3. Small ball probability estimates. Given a symmetric convex body C in R"”
we set C = |C |=1/7C. In this last subsection we describe an approach which can
lead to small ball probability estimates for the centroid bodies. It is convenient to
normalize the volume, and consider Z,(u1) instead of Z,(u). Recall that if ¢ < v/n

then | Z,(u)|'/™ =~ \/q/n, and hence
Zy(1) = v/n/q Zy(p).

Then, w(Z,(p)) ~ \/n/quw(Z,(1)) =~ v/n, which implies
log N(Zy(p), sBy) < ein <
We use the following fact ([8], Lemma 5.6).
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Lemma 8.8. Let C' be a centered convex body of volume 1 in R™. Assume that,
for some s > 0,

(8.9) rs :=log N(K,sBy) < n.

Then,
I, (K)<ecs.

We apply Lemma 8.8 for Z,(u) to get:

Proposition 8.9. Let u be an isotropic log-concave measure on R™. If2 < ¢ < +/n

then
c3n

Ifr(Zq(:u)) < Jr

forall1 <r < cen.

From Markov’s inequality we have

{o e Z sl < o1 (Zat) } <

Since I_,,/4(Zq(11)) = I12(Z4(p)) ~ /n, we obtain the following small ball probabil-
ity estimate.

Proposition 8.10. Let o be an isotropic log-concave measure on R™. If 2 < g <

\/n then o
[z € Zy() : alla < cev/m}| < e/

for alle € (0,1).
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