REMARKS ON THE RELATION OF LOG-CONCAVE AND
CONTOURED DISTRIBUTIONS IN R"

NIKOS DAFNIS AND ANTONIS TSOLOMITIS

ABSTRACT. We provide a characterization of those log-concave distributions
in R™ that are contoured distributions, through the K -bodies of the distri-
bution, defined by K. Ball. Our method uses the logarithmic integral for the
solution of a Bernstein type approximation problem. In the second part of the
paper we state a question for contoured distributions that would provide an
alternative approach to the isotropic constant problem.

1. INTRODUCTION

In this article we provide a characterization of those log-concave distributions
in R™ that are contoured distributions. The crucial r6le in this characterization
is played by the bodies K, (f), for p > 0, of a log-concave function f on R"™ with
finite positive integral, introduced by Keith Ball. These bodies are described in the
literature as “associated” to the log-concave distribution f, but it is known to the
experts that if f is induced by some convex body, in essence they “recover” the norm
and/or the original body. More precisely, if f is of the form h(|z| ) for a convex
body K, then K (f) is a dilation of K with the magnifying constant depending
on p > 0 and h (see Proposition 3.2 below). The first main result of this article
states that the converse also holds true, and so the following characterization for
log-concave densities is valid. A probability distribution in R" is called contoured
if its probability density function has the form

w
fK,¢(9”) |K‘¢(||9U||K)a r e RY,

where K is a star-shaped set in R™ and ¢ : [0,+00) — [0,400) is an integrable

function such that ¢(|z|) is a density in R™.

Theorem 1.1. Let f : R™ — [0,00) be a log-concave probability density. Then, f
defines a contoured distribution if and only if there exist a convex body K in R™
and a sequence (c,),en of positive constants such that K,(f) = c,K for allp € N.

It can be seen that if f is even then the bodies K,(f) are all equivalent up to
constants depending only on p (see Proposition 2.4 below). This shows that in order
to provide an example of an even log-concave distribution that is not contoured we
need to find an even log-concave function f for which the bodies K,(f) are not
multiples of each other although they are equivalent up to constants that do not
depend on the dimension.

The proof of Theorem 1.1 is based on an argument that establishes approxima-
tion of a function by polynomials in weighted L, spaces. Actually, following the
same arguments we can also prove that the bodies K, characterize a log-concave
distribution.

Theorem 1.2. Let f, g be two log-concave densities on R"™. Then, K,(f) = K,(g)
for all p e N if and only if f = g.
1
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Thus, knowing the bodies K,,(f) for all p € N we also know f, since the mapping
= (K,(f))yen is one-to-one.

In the second part of this article, we associate to any isotropic log-concave dis-
tribution a contoured one that distributes the mass isotropically on R™ and we
compare their isotropic constants. This shows that the isotropic constant can be
controlled by the isotropic constants for contoured distributions.

2. PRELIMINARIES AND NOTATION

We work in R”, equipped with a Euclidean structure (-,-). We write | - | for
the corresponding Euclidean norm, and B} stands for the Euclidean unit ball, and
S™! for the Euclidean unit sphere. We write int(A4) and bd(A) for the interior and
boundary of a set A C R™ respectively, and |A| for the volume of A in R", that
is its Lebesgue measure. We write w,, for the volume of B} and o = o,, for the
rotationally invariant probability measure on S"~1.

For any integrable function f : R™ — R, we denote the Lebesgue integral of f
by [ f(z)dz. Integration in polar coordinates gives that

/ F)dz = / / 40 7t df = / /  F40) 1 de do ().
R" sn-1Jo sn1Jo

The letters c, ¢q, c, etc, denote absolute positive constants whose value may
change from line to line. Whenever we write a =~ b, we mean that there exist
absolute constants c;,c, > 0 such that c;a < b < cya. Similarly, if A, B C R”
we write A ~ B if there exist absolute constants c¢;,c, > 0, independent of the
dimension n and any defining parameter of A and B, such that ¢;A C B C ¢, A.

A subset K of R"™ is called centered if its center of mass lies at the origin
ie. [, (z,0)dz = 0 for every 0 € S"=1) and it is called symmetric if —z € K
whenever x € K. Moreover, we say that K is star shaped if Ax € K whenever
xz € K and A € [0,1], and that K is a convex body if it is convex and compact
in R™ with a non-empty interior. The Minkowski functional of a star shaped set
K C R" is the function

|z]|g :=inf{A>0: z € AK}, ze€R"

Note that the Minkowski functional of a symmetric convex body K in R is a norm
in R™, and accordingly any norm | - | in R™ defines a symmetric convex body K in
R™ by K ={z e R": |z| < 1}.

A function u : R™ — (—o0, +00] is convez if
u((1 =Xz + Ay) < (1 —Nu(z) + Au(y)

for all z, y € R™ and all A € [0,1]. It is elementary that every convex function u
can be altered on the boundary of the convex set

dom(u) = {z € R" : u(x) < +o0}

so that its epigraph becomes closed, equivalently u is lower-semicontinuous. Such
a function is called closed. Moreover, u is continuous on int(dom(f)). All convex
functions in this article will be assumed to be closed.

A convex function is proper if it is not identically +oo. However, in this work
we need to also exclude the trivial case where the function is equal to +oo with
the exception of an affine subspace of R™ of dimension strictly less than n (a point
if n = 1). Thus, if f: R — (—o00,+00] is a proper convex function then the set
dom(f) is a subinterval of R, as a non trivial convex subset of R. We will also
assume that all convex functions in this article are proper in the above sense.

A function f : R™ — [0,00) is called centered if [  xf(z)dz = 0, and f is
called log-concave if log f is concave (or equivalently if —log f is convex, and so
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assumed closed and proper throughout this article), that is if f((1 — Xz + Ay) >
(F(x) 2 (f(y)?, for all z, y € R™ and all A € (0,1).

A basic property of log-concave densities that we will need is that they decay
exponentially as |z| — oo (see [1], Lemma 10.6.1). In particular, this implies that
a log-concave density has finite moments of all orders.

Lemma 2.1. For every log-concave density f in R™, there exist constants A, B > 0,
such that

f(z) < Ae”Ple, 1)
for all x € R™. O
The next result is due to Fradelizi [8].

Theorem 2.2. If f is a centered log-concave density in R™, then
£(0) < sup f(z) < e"f(0). (2)
zeR”

2.1. Isotropicity. A convex body K in R"™ is isotropic if it has volume 1, it is
centered and its inertia matrix is a multiple of the identity, that is there exists a
constant Ly > 0, called the isotropic constant of K, such that

/ (z,0)?dr = L%
K

for every 6 € S™1.
More generally, for any probability density function f : R™ — [0,00), we define
its isotropic constant by
L;:= sup f(z)'/™ det Cov(f)'/*",

zeR™

where Cov(f) is the covariance matrix of f with entries

Cov(f)ij=/na:i1'j () dx—/nxif(x) dm/nmjf(x) da.

We say that a probability density function f in R™ distributes the mass isotropically
if it is centered and Cov(f) is a multiple of the identity n x n matrix. Equivalently
the integral

[ @ orsads

is independent of the vector ¢ € S"~1. If, in particular, Cov(f) is the identity,
then we say that f is isotropic and we have L; = sup_ pn f(z)/". Note that
a convex body K of volume 1 is isotropic if and only if the log-concave function
fx = Lg1-1k is isotropic.

One can check that for every log-concave function f : R™ — [0,00) there exist
a non-singular affine isomorphism 7 and a positive number « so that af o T is
isotropic.

The hyperplane conjecture is a question in the theory of isotropic log-concave
measures, asking if there exists an absolute constant C' > 0 such that

L, :=sup{L ¢ [ is an isotropic log-concave density in R"} < C,

for all n € N. Bourgain proved in [5] that L, < c¥/nlogn and later Klartag [11]
obtain the bound L,, < c+/n (see also [14]). Chen [7] in a breakthrough work proved
that for any € > 0 there exists a ny(e) € N such that L, < n®, for every n > ngy(e).
Klartag and Lehec [13] showed then that L, < c(logn)?, and shortly after that,
Klartag [12] proved that L,, < cy/logn, which is the best known upper bound until
now.
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2.2. Keith Ball's Bodies. The bodies K ,(f) are defined as follows:

Definition 2.3 (K. Ball). Let f : R™ — [0,400) be a measurable function such that
f(0) > 0. For any p > 0 we define the set K ,(f) as follows:
S £(0)
K,(f) = {xGR : / Pl f(rz)dr > —= .
0 p
If f, is the density of a Borel probability measure x and f,(0) > 0, then we define

Ky (1) o= K, (f,,)-

From the definition it follows that the Minkowski functional of K,(f) is given
by
—1/p

||37||Kp(f) = (%/000 rPLf(rz) dr)

Ball showed (see [2]) that if f: R™ — [0, +00) is a log-concave function such that
f(0)>0and 0 < [, f(z)dr < +oo then K,(f) is a convex body for all p > 0.

Several properties of these bodies are well-known (see for example [1] or [6]).
For example, K, (1) = K for every convex body K in R", one always has that
0 € K,(f), and K,(f) is symmetric if f is even. It is also known that the bodies
K, (f) are equivalent:

Proposition 2.4. Let f : R" — [0,400) be a log-concave function such that
f(0) > 0.

(1) If 0 < p < q then

L(p+1)'7 £\ 7
— K CK c | == K .
(2) If f has its barycenter at the origin then, for every 0 < p < ¢,

L(p+1)'/7 a_n
WKq(f)ng(f)gep 1K, (f). O
These inclusions imply the following estimate for the volume of K ,(f) for every
p > 0: if f is a centered log-concave density in R”, then for every s > 0 we have
n+s

1 1,1 1,1
S SO K, (AT <e——. 3)

Finally note that if f is even then it is easy to see that ||f]., = f(0) > 0, since
by log-concavity f(0) > +/f(z)\/f(—z) = f(z) for every x € R™. Then, using
the estimate I'(p + 1)1/ P ~ p, Proposition 2.4 implies that there exists an absolute
constant ¢ > 0 so that if 0 < p < ¢ then

C%’qu C K,(f) S K, (f),

that is, K,(f) are equivalent up to constants independent of the dimension.

A crucial observation is that through the study of K,(f) bodies one can provide
bounds for the isotropic constant of log-concave probability densities. If f : R™ —
[0,00) is an even log-concave function with finite and positive integral, then Ball
showed that K, ,(f) is a centrally symmetric convex body in R™ such that

el < Lk, . < 2Ly, (4)

where c;,cy > 0 are absolute constants. If in addition f is isotropic, then the
normalized body K, o(f)/|K,.o(f)|*/™ is an isotropic convex body.
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In the general case where f : R™ — [0,00) is a centered log-concave function
with finite and positive integral, but not necessarily even, one has that K, ,(f) is
a centered convex body in R™ with

clLf < LKn+1(f) < C2Lf’ (5)

where c;, cy > 0 are absolute constants.
The reader may find more details about the bodies K,,(f) and the geometry of
isotropic log-concave measures in the books [1] and [6].

2.3. Contoured Distributions. The contoured distributions were introduced in [10]
by Guleryuz, Lutwak, Yang and Zhang. A distribution on R" is called contoured
if it is absolutely continuous and there exists a decomposition of its probability
density function f in the form

f(z) = cp(A(2)),

where c¢ is a positive constant, ¢ : [0,+00) — [0,+00) is an integrable function

and A : R® — [0,00) is positive away from 0 and positively homogeneous i.e.,

A(tx) =tA(z), for any ¢t > 0 and = € R™. We say then that A is a shape function.
Associated to any shape function A is the compact star-shaped body

K, ={zeR": \z) < 1},

and backwards, associated to any compact star-shaped body K is the shape function
defined by the Minkowski functional of K (or the norm | - |5 if K is a symmetric
convex body),

Ag(z) =inf{t >0: z € tK}.

It is known that there exists a one-to-one correspondence between shape func-
tions and compact star-shaped bodies which leads us to the following notation. We
say that the distribution of a random vector in R™ is contoured if its probability
density function has the form

frepla) = |";<—"‘¢><nan>, z €R™, (6)

where K is a star-shaped set in R and ¢ : [0, +00) — [0, +00) is an integrable func-
tion such that ¢(|z|) is a density in R™, which by integration in polar coordinates,
is equivalent to

nw,, /OO t" L o(t)dt = 1. (7)
0

The body K is called the contoured body of the distribution, and ¢ is called the
radial profile function of the distribution.

In this paper we only consider contoured distributions such that the contoured
body K is a centered convex body in R™. We refer to the paper [10] for more
details about the definition of a contoured distribution and the normalization (7)
of its radial profile function.

3. CHARACTERIZATION OF CONTOURED LOG-CONCAVE DISTRIBUTIONS

Let W : R — [1,00) be an even and continuous function satisfying the condition
log W (t)
[tlo+oo log |t] ®)

and for each 1 < p < 400, consider the Banach space of measurable functions

L@V:{f:/ﬂng(gidt<+oo}.
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A classical Bernstein type approximation problem is to determine conditions under
which the polynomials are dense in LY. The following is a well known result in
this direction that reduces the answer to the logarithmic integral (see [4], [15] and
the references therein).

Theorem 3.1. Let W : R — [1,00) be an even continuous function satisfying (8)
such that the map t — log W (expt) defines a convez function on R. Then, if

log W (t)
———2dt= 9
[ Sl = oo )
the polynomials are dense in LY, for any 1 < p < co. Otherwise, if

1
/%_W(t)dxm,
g 2+1

the polynomials are not dense in any LY, for 1 < p < oo.

It is not hard to see that if f is the density of a contoured distribution in R",
then the bodies K ,(f) are all dilations of the distribution's contoured body. In the
next proposition, for the sake of completeness, we quote this well known fact, along
with its simple proof.

Proposition 3.2. Let f(z) = fx 4(z) = %qﬁ(”m"K) be the density of a contoured

distribution in R™, with a radial profile function ¢ and a contoured (star-shaped)
body K. Then,

Kp(fK,(b) = Cp(¢) K? Vp > 0, (10)
[e%s} /P
_ 1 (o ) )1
where ¢ = = p d )
e elo) = pip s = (g ) o0

Proof. For all p > 0, one has that

v € K,(f) < p / Lo (rlzl i) dr > 6(0) > p / 1(t) dt > 6(0)] ]
0 0

# ol < (5 / 140 i) " .

Thus, in order to prove Theorem 1.1, we need to establish the following reverse
statement.

Theorem 3.3. Let f be a log-concave probability demsity in R™ and let K be a
convex body in R™ with the property that for every p € N there exists a constant
¢, > 0 such that K,(f) = c,K. Then f defines a contoured distribution.

We first need a couple of technical elementary lemmata. For the first one notice
that by convexity, if x, < y < z then (z — ) f(y) < (2 —y)f(zg) + (y — zy) f(2).
It follows that

liminf f(y) < limsup f(y) < f(z,)

+
+
Y—zg Y=z

and using lower semi-continuity we readily get the following.

Lemma 3.4. If f : R — (—o00, +00] is a convezx and lower semi-continuous function
then liminf, _,, f(z) = f(zo) for all zy € R, and f is continuous at every z €
dom(f).

For the next lemma, note that if u, w are two convex functions on R and u(t,) >
w(ty), for some t, € R, then by Lemma 3.4 we can find d,e > 0 and ¢, € dom(w)
with [t; — 5| < & so that u(t) > info;_¢ <5 u(t) > w(t;) + €, and by continuity of
w at t; we easily get the following.
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Lemma 3.5. Let u, w be two convex functions on R and suppose that there exists
to € R so that u(ty) > w(ty). Then, we can find v > 0 and an interval (a,b) so
that u(t) > w(t) + v for allt € (a,b).

Proof of Theorem 3.3. First we prove the following claim, as a consequence of The-
orem 3.1.

Claim. Assume that e ® : R™ — R is a log-concave density in R” and z,y € R"\{0}
satisfy

/e—"“m)tp—l dt = / e tpr—1dt  VpeN. (11)
R R

Then u(tz) = u(ty) for every t € R.

Proof of the Claim: Consider the function g(t) = e “(**) — ¢=%(*) and assume that
g(ty) # 0 for some ¢, € R. Then by Lemma 3.5 there exist v > 0 and an interval
(a,b) in R, such that

g(t) >~ forall ¢t € (a,b). (12)

By Lemma 2.1, there exist constants A, B > 0 such that e (%) < Ae~Blzlltl for all
t € Rand r € R". Let ¢, , = Bmin{|z|, y|} > 0 and define W : R — [, +00) with

W(t) = exp (cz,y|t|)7

Then 1, ;) € L}, and W satisfies all the conditions of Theorem 3.1. Thus there
exists a sequence of polynomials (p,,,) such that

’]]' a (t) _pm(t)’
B L
||1<avb) pmHL%}V _/]R W) dt — 0, (13)

as m — oo. Notice now that by (11), (12) and (13) one has

v(b—a) <

/R 9(t) (L0 (8) — (1)) dt

< / 19(0)] [10.0)(8) — D (8)]
R

< / (e03) 1 emut)) |1, (8) — pyu ()]t
R

< /(Ae_B‘tHx‘ + AeBltll=l) |]1<a,b>(t) — P (t)| dt
R

Lo () = P (t)]
<24 | el |1, 4 (t) =Py, (t dt:2A/ e ™t
- /]Re | (a,b)() pm( )| . W(t) —)0,

as m — oo by (13). This is a contradiction and so g must be identically 0.

To finish the proof, write the log-concave density as f(z) = e *(*), where u is a
convex function in R™. By the assumption of the theorem we have that |z K,(f) =

¢, || g for any p € N, which implies that

S =i

Thus for any p € N and any z € bd(K), the function

p * .
F (x :_/ e~ ulre) pp=1 gy
W) =250 Jy

is constant and in fact it is equal to 1. So by the claim we have that u(rz) = u(ry)
for all € R and z,y € bd(K). To end the proof, fix z, € bd(K) and define
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o(r) = e~u(rzo) | Tt follows that

X

ul(e) = u (nquW) — u(lel czo) = — I d(lelx)
for every z € R™\ {0}, and so f(z) = e “® = ¢(|z|x) completing the proof. [

Proof of Theorem 1.2. Let f(z) = e *®) and g(z) = e *® be two log-concave
functions on R", and assume that K,(f) = K,(g) for all p € N. Thus, by the
definition of the bodies K, we have that, for all z € R" and p € N,

/ emutm)gp=1 gt — / e~wte)gp—1 gy, (14)
R R

Then, the same arguments that we have used in the proof of Theorem 1.1 show
that u(tz) = w(tz) for all ¢ € R and all x € R™. Thus f(z) = g(z) for all z € R".
The other direction is obvious, and hence the proof is complete. O

3.1. An example. As discussed in the introduction, if we want to define a log-
concave distribution which avoids being a contoured one, we need to find an ex-
ample for which the bodies K, (f) avoid being multiples of each other but they are
all equivalent, in particular up to constants independent of the dimension in the
even case. This may appear to be very delicate and definitely supports a related
statement in [10]:

“It is worth noting, however, that the class of origin-symmetric
convex contoured distributions already contains most, if not all,
commonly used explicit examples of multidimensional probability
distributions.”

Here we provide a simple example of a log-concave distribution that is not con-
toured. Consider the 1-dimensional log-concave densities f;(z) = e I, f,(z) =
1 [-1,1] (z), z € R, and the 2-dimensional log-concave density of their product mea-
sure

fle.w) = H@hE) = 5 Ly @), (6y) B2

22

For any p > 0 and any (z,y) € R?, a direct computation leads to the formula

|z|
”(xay)”Kp(f) = 21/ ) 1/p°
(p Sy et dt)
Taking (x,y) on the line z = ay, we get that for any a > 0,
alz|
(o, ) = -, VaeR

(p SO et dt)
Thus

a/2 . l/q
oz, ), (aly e dt) )
I(a@, 2)l k) (p foa/2 P dt)l/”

for any p,q,a > 0, and any = € R. If f was a contoured density, then by Proposi-
tion 3.2 we should have that there exists a constant C,, , > 0 such that

I, ¥k, p)
I(, y)”Kq(f)

and this is definitely not the case in our example since, as equation (15) shows, the
above norm ratio depends also on (z,y) € R?.

=C v (z,y) € R?,

p,q
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4. ISOTROPIC CONSTANT REDUCTION

In this section, for any log-concave probability density f and every centered
convex body K in R", we introduce a contoured probability density that distributes
the mass “similarly” to the way f does. The contoured distribution is defined using
spherical averages of f.

Definition 4.1 (Spherical average density). Let f: R™ — [0, +00) be a log-concave
probability density. We define a function ¢ : R — [0, 4+00) by

o)= [ 10)do0)

and for any centered convex body K in R", we define the spherical average density
h:R™ — [0,00) by

h(z) = %so(nxnm. (16)

Observe that h is a contoured density, since its radial profile function ¢ satisfies
the normalization condition (7). Indeed, using polar coordinates we see that

Tt () dt = N "1 f(t0) do(9)dt = dz = 1.
o, [ etde=na, [ [ gy do@yie= [ pwyde

Remark 4.2. Note also that the center of mass of h lies at the origin since its
contoured body K is centered. Truthfully, for any ¢ € S*~1, the definition of h and
integration in polar coordinates imply that

_ Y (ST
| ena e = s | do(c),

| na G

where
L= [ i@

Then, integration in polar coordinates gives

= wodr=, [ 00,

K

and so

oy e de =
| wona iz ="T210) o [ gz =0

Theorem 4.3. With the above assumptions, if K is an isotropic convezx body and
[ is an isotropic density in R"™, then so is h and Lj, ~ L;L;. Moreover, if we
choose K to be the isotropic image of K, (f), then we get that L, =~ L?v.

Proof. Let f be a log-concave density and K be a centered convex body in R™. First
note that by Remark 4.2, h is centered. Moreover, for any ¢ € S*~1, integration in
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polar coordinates an Fubini's theorem imply that

|t een@de =2 [ ] i) dot6) I, o

|°§?| e /S / F(Ir¢l x0)|(r¢, &)[>rm—* drdo(¢)do ()
n—1 n—-1.J(Q

€

= L Mo e, /S /0 FrICc0)rm drdo(9)do(C)

2 e’}
- %n' S |||<§||§z|2 do(¢) nw,, /S /0 f(s0)s"t dsdo(6)
n—1 K n—1
wy, (¢, &)

do(Q) /Rn |z|? f(x) du,

K] Jeu €I

arriving at

w 2
/ @ OPh() do = 2L (1) /S 6O 4o(e), vees—.  an)

w1

If we assume that f distributes the mass isotropically in R™, then

L2
L(f)? = / ol f(@)dz = n—"

sup f2/n’
If moreover K is isotropic, then by computing [ K« (@, £)|?dx in polar coordinates,

we get that
2 2
o e 20 = i e 1)

n—1 K n

(18)

Thus, returning to (17) we finally get
| o€ Phto) do =

that is, the integral on the left is independent of the direction & € S !, and this
means that h distributes the mass in R" isotropically.
To compute the isotropic constant of h we notice that since f is log-concave, by
Theorem 2.2 we have that
w w

n+2
n

L%(Ié(f)27

=2 f(0) < sup h(z) = =% sup F(lz|| 0) do(8) < e™ == f(0
S 0) < sup hiw) = o swp [ f(lal ) dot6) < e 2 10
and so
w 1/n w 1/n
sup h(z)/™ ~ (—") 0)/" ~ (—”) sup fYm. 20
ap e =g) FOT =) Rt 20)

Now we use the fact that if a density f distributes the mass in R™ isotropically,
then

zeR™
Since both f and h distribute the mass isotropically, by (17), (18), (20) and using

the estimate \/ﬁwi/ "~ 1, we arrive at the formula
1/2 2 1/2
wh (¢, €)]
Ly~ ( | rde©) o (21)
K5 g 115 !

which, for K isotropic and by (19), gives that Lj, >~ Ly L.

Ly = s 1@ ([ 1P s dz) "

For the second part of the theorem, we assume that f is an isotropic log-concave
density in R™. Note that if in addition we assume that f is even, then K, ,(f) is
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centrally symmetric and distributes the mass isotropically in R™. Then by (4) we
have that Ly ~ L; and so L;, ~ Lfc. Nevertheless, we can prove this result without
assuming the evenness of f.

Note that by (5) K,,;1(f) is a centered convex body in R™ with Ly (s = Ly.
Then, if T' is the isotropic image of K, ;(f), by the affine invariant of the isotropic
constant we have that Ly = Ly (5 = L. Thus if we take h to be the spherical
average density of f with the isotropic body T', by the first part of the Theorem we
have that h is also isotropic and

Ly, =1L;Ly~ Lfc,
completing the proof. O

Remark 4.4. Notice that the spherical average density h in (16) defines always a
contoured distribution, but it is mot necessarily log-concave. Nevertheless, if one
could prove that there exists a log-concave density f, such that L, is attained (up
to an absolute constant) by L, and its spherical average density h, is log-concave,
then by Theorem 4.3 we would have that

L2 ~ Lfc ~L, <L,
and so L,, would be bounded by an absolute constant.

We conclude this section with a remark regarding a question that would allow to
use contoured distributions for bounding the isotropic constant. We will say that
a (probability density) function h : R™ — [0, 00) is sub-log-concave if there exist a
log-concave (probability density) function g : R™ — [0,00) and a constant ¢ > 0
such that h < cg.

Although the spherical average density h in (16) may not be log-concave, since
it is defined by a log-concave function f, using Lemma 2.1 we see that it is always
sub-log-concave. Define

L$™ := sup {Ly, : h is an isotropic sub-log-concave density in R"}
and then obviously L, < L$™. Conversely, if it can be proved that L$" is attained

(up to an absolute constant) on a log-concave density, say f,, then using a log-
concave density that maximizes L,,, say f.., by Theorem 4.3 we would get that

I?2~1%2 ~L, <SI%~L, <L,
n Fmax Prnax n fo n
from which it would follow that L, is bounded by an absolute constant.

Finally, we note that the same argument also works with the class of contoured
distributions. More specifically, we define

Leont := sup {L,, : h is an isotropic contoured density in R™},

and similarly to the sub-log-concave case, we see that if L& is attained (up to an
absolute constant) on a log-concave contoured density function, then L,, is bounded
by an absolute constant.
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