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Asymptotic shape of the convex hull of isotropic log-concave
random vectors

A. Giannopoulos, L. Hioni and A. Tsolomitis

ABSTRACT
Let x1,...,zn be independent random points distributed according to an isotropic log-concave
measure g on R™, and consider the random polytope Ky := conv{£z1,...,+xn}. We provide

sharp estimates for the quermafiintegrals and other geometric parameters of K in the range
en < N < exp(n); these complement previous results from [13] and [14] that were given for the
range cn < N < exp(y/n). One of the basic new ingredients in our work is a recent result of
E. Milman that determines the mean width of the centroid body Zg(u) of p for all 1 < g < n.

1. Introduction

The purpose of this work is to add new information on the asymptotic shape of random
polytopes whose vertices have a log-concave distribution. Without loss of generality we shall
assume that this distribution is also isotropic. Recall that a convex body K in R" is called
isotropic if it has volume 1, it is centered, i.e. its center of mass is at the origin, and its inertia
matrix is a multiple of the identity: there exists a constant Ly > 0 such that

(1.1) JK<z,9>2dz = L%

for every 6 in the Euclidean unit sphere S”~!. More generally, a log-concave probability measure
won R™ is called isotropic if its center of mass is at the origin and its inertia matrix is the
identity; in this case, the isotropic constant of p is defined as

(1.2) Ly = sup (fu()"",
TrER™

where f, is the density of u with respect to the Lebesgue measure. Note that a centered convex
body K of volume 1 in R" is isotropic if and only if the log-concave probability measure g
with density =+ L% 1x/, (2) is isotropic.

A very well-known open question in the theory of isotropic measures is the hyperplane
conjecture, which asks if there exists an absolute constant C' > 0 such that

(1.3) L,, :=sup{L, : p is an isotropic log-concave measure on R"} < C

for all n > 1. Bourgain proved in [9] that L,, < ¢/nlogn (more precisely, he showed that Lx <
c/nlogn for every isotropic symmetric convex body K in R™), while Klartag [18] obtained
the bound L,, < ¢¢/n. A second proof of Klartag’s estimate appears in [20].

The study of the asymptotic shape of random polytopes whose vertices have a log-concave
distribution was initiated in [13] and [14]. Given an isotropic log-concave measure pu on R™, for
every N > n we consider N independent random points z1, ...,z distributed according to u
and define the random polytope Ky := conv{+z1,...,+xx}. The main idea in these works
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was to compare K with the L,-centroid body of i for a suitable value of g; roughly speaking,
Ky is close to the body Ziog(an/n) (1) with high probability. Recall that the L,-centroid bodies
Zy(1), g = 1, are defined through their support function A Z,(n)» Which is given by

1/q
14 ) = 16l = (| leitduta))

These bodies incorporate information about the distribution of linear functionals with respect
to p. The L4-centroid bodies were introduced, under a different normalization, by Lutwak and
Zhang in [23], while in [29] for the first time, and in [30] later on, Paouris used geometric
properties of them to acquire detailed information about the distribution of the Euclidean
norm with respect to pu.

It was proved in [13] that, given any isotropic log-concave measure p on R™ and any cn <
N < e", the random polytope Ky defined by N independent random points z1, ..., zy which
are distributed according to w satisfies, with high probability, the inclusion

(1.5) KN 2 c1Ziog(n/n) (1)

(for the precise statement see Fact 3.3). Then, using the fact that the volume of the L,-centroid

bodies satisfies the lower bounds |Z,()[*/™ > c2/q/n if ¢ < y/n and [ Z,(n)|[Y™ = esL; \/q/n
if \/n < g < n (see Section 2), we see that for n < N < eV we have

\/1og(2N
(1.6) |KN|1/">C4M,
Vn
while in the range eVn < N < €™ we have
log(2N/n)
vn

with probability exponentially close to 1. On the other hand, one can check that for every
a>landqg>1,

(1.8) E [0n({0 : hicy (0) = ahyz,()(0)})] < Na™9,

where o,, is the rotationally invariant probability measure on the Euclidean unit sphere S™~1!.
This estimate is sufficient for some sharp upper bounds. First, for all n < N < exp(n) one has

(1.9) E [w(Kn)] < c6w(Ziog n (1)),

where the mean width w(C') of a convex body C' in R™ containing the origin, is defined as twice
the average of its support function on S™~!:

(1.7) |Kn|Y" > esLy!

w(C) = Ln,l he(6) don (6).

Second, one has

log(2N/n)
1.10 Ky|'/™ L ep———————=
(1.10) Rl < e
with probability greater than 1 — %, where C' > 0 is an absolute constant.

In [14] these results were extended to the full family of quermaflintegrals W, _ (K x) of Kx.
These are defined through Steiner’s formula

n

(1.11) K +tBy[ =) (n)Wnk(K)tn_k,

k
k=0
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where W,,_(K) is the mixed volume V (K, k; By, n — k). It is more convenient to express the
estimates using a normalized variant of W, _;(K): for every 1 < k < n we set

n 1/k
(1.12) ka(M) (ijc |PF<K>|dun,k<F>> ,

Wn, Wk

where the last equality follows from Kubota’s integral formula (see Section 2 for background
information on mixed volumes). Then, one has the following results on the expectation of
Qr(Ky) for all values of k:

THEOREM 1.1 (Dafnis, Giannopoulos and Tsolomitis, [14]). If n> < N < exp(cn) then for
every 1 < k < n we have

(1.13) L,"VlogN SE[Qr(KN)] S w(Ziog n(K)).
In the range n®> < N < exp(y/n) one has an asymptotic formula: for every 1 < k < n,

(1.14) E [Qk(Kn)] ~ /logN.

All these estimates remain valid for n'T% < N < n?, where § € (0,1) is fixed, if we allow the
constants to depend on §. Working in the range N ~ n is possible, but requires some additional
attention (see e.g. [5] for the case of mean width).

A more careful analysis (which can be found in [14, Theorem 1.2]) shows that if n? < N <
exp(y/n) then, for any s > 1, a random K satisfies, with probability greater than 1 — N5,

(1.15) Qn(Ex) < c1(s)/log N

for all 1 < k < n and, with probability greater than 1 — exp(—+/n),

(1.16) Qr(Kn) = csy/log N

for all 1 < k < n, where ¢1(s) > 0 depends only on s, and cg > 0 is an absolute constant.

A natural question that arises is whether these results can be extended to the full range
en < N < exp(n) of values of N. If one decides to follow the approach of [13] and [14] then
there are two main obstacles. The first one is that the lower bound |Z,(u)|"/" > ¢\/q/n is
currently known only in the range ¢ < y/n. In fact, proving the same for larger values of ¢
would lead to improved estimates on L,, (see [20, proof of Theorem 6.1]). The second one was
that, until recently, a sharp estimate on the mean width of Z,(p) was known only for ¢ < v/n;
G. Paouris proved in [29] that for every isotropic log-concave measure p on R and any q < /n
one has

(1.17) w(Z,(K)) < v/
Recently, E. Milman [25] obtained the same upper bound (modulo logarithmic terms) for ¢
beyond +/n.

THEOREM 1.2 (E. Milman). For every isotropic log-concave measure j on R™ and for all
q € [v/n,n] we have

(118) w(Zy (1)) < c10v/d log*(1 +q).

An immediate consequence of this result is that it provides a new bound for the mean width
of an isotropic convex body K in R™. Since Z,(K) 2 ¢K, we conclude that

(1.19) w(K) < Ci1v/n log?(1+n)Lg

to be added
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improving the earlier known bound w(K) < Con®/*Ly of Hartzoulaki, from her PhD thesis
[17]. We note here that not all of the logarithmic terms in (1.19) can be removed, as the
example of B} /|B?|*/™ shows.

Using E. Milman’s theorem we can show the following.

THEOREM 1.3. Let z1,...,zx be independent random points distributed according to
an isotropic log-concave measure p on R™, and consider the random polytope Ky :=
conv{txy,...,axy}. Ifexp(y/n) < N < exp(cn) then for every 1 < k < n we have

_ 2
(1.20) L,"logN S E[Qr(Kn)] < v/log N (loglog N)™.
Next we provide estimates for Q(Ky) for “most” Ky:

THEOREM 1.4. Let z1,...,zyx be independent random points distributed according to
an isotropic log-concave measure p on R™, and consider the random polytope Ky :=
conv{+z1,...,txN}. For all exp(y/n) < N <exp(n) and s > 1 we have

(1.21) Qr(Kx) < ca(s)/log N (loglog N)?,

for all 1 < k < n, with probability greater than 1 — N ~°.

We also provide estimates on the volume radius of a random projection Pr(K ) of Ky onto
F € Gy (in terms of n, k and N) in the range eV < N < e”; these extend the sharp estimate
v.rad(Pr(Ky)) ~ v/Iog N that was obtained in [14] for the case N < eV™.

THEOREM 1.5. If exp(y/n) < N < e and s> 1, then a random Ky satisfies with
probability greater than 1 — max{N~%,e~°11V"} the fo]]owmg. for every 1 < k < n there exists
a subset M,, . of Gy, with vy, (M, ) > 1 — e~ 2k such that

1/k
(1.22)  ci3L, 'log N < virad(Pr(Ky)) := (M) < c3(s)y/log N (log log N)2

Wik
for all F' € M, .

In Section 4 we provide an alternative proof of an estimate of Alonso-Gutiérrez, Dafnis,
Hernéndez-Cifre and Prochno from [3] on the k-th mean outer radius

(1.23) Ri(Kn) = L R(Pr(Ky)) dvy, i (F)

of a random Ky, as a function of N,n and k.

THEOREM 1.6. Let x1,...,xNy be independent random points distributed according to
an isotropic log-concave measure p on R™, and consider the random polytope Ky :=
conv{+xy,...,+axy}. If n < N < exp(y/n) then, for all 1 < k < n and s > 0 one has

(1.24) () max {Vk, log(N/m) } < Ri(Kx) < es(s) max { v, /log N }

with probability greater than 1 — N ~%, where c4(s), c5(s) are positive constants depending only
on s.
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We provide a formula for Ry, (Ky) which is valid for all en < N < exp(n). This allows us to
recover (and explain) the sharp estimate of Theorem 1.6 for “small” values of N and to obtain
its analogue for “large” values of V; see Theorem 4.5.

In Section 5 we obtain estimates on the regularity of the covering numbers and the dual
covering numbers of a random K. In a certain range of values of IV, these allow us to conclude
that a random Ky is in a-regular M-position with o ~ 1 (see Section 5 for definitions and
terminology).

THEOREM 1.7. Let pu be an isotropic log-concave measure on R™. Then, assuming that
n? < N < exp((n log n)2/ 5), we have that a random K y satisfies with probability greater than
1 — N~! the entropy estimates
nlog” nlog(1 +t)

t
for every t > 1, where vy = +/log N and c14 > 0 is an absolute constant.

max {log N(KN, tTNBS), log N(TNB;,tKN)} < ciq

As an application we estimate the average diameter of k-dimensional sections of a random
Ky, defined by

(125) Dk(KN) :JG R(KNQF) dl/n,k(F).

The discussion shows that the behavior of Dy (K ) is not always the same as that of Ry,(Ky).
In order to give an idea of the results, let us mention here the following simplified version.

THEOREM 1.8. Let pu be an isotropic log-concave measure on R". Given 0 < a < b <1, a
random K satisfies with probability greater than 1 — exp(—cq/n):
(i) Ifn® < N < exp(y/n) then

Viog N ~ —
Camax{loigal}ng(KN)gcb 1OgNa
og n

(ii) Ifexp(y/n) < N < exp(n) then
Vieg N

“ log®n

< Di(Kn) < cp\/log N(loglog N)?,

where c,, ¢, are positive constants that depend only on a and b respectively.

THEOREM 1.8 Let u be an isotropic log-concave measure on R" and 0 < a < b < 1. Then
(i) a random K, for k < bn satisfies with probability 1 — N1

Dy(En) < ap/log N ifn® < N < exp(v/n)
and
Dy(Kn) < cpy/log N(loglog N)*  if exp(v/n) < N < exp(n).
(ii) a random Ky, for k> an and N < exp((nlogn)?/®) satisfies with probability 1 —
exp(—+/n)

v1og N ~
5 < Di(Kw).

Ca
2
log“n

where c,, ¢, are positive constants that depend only on a and b respectively.

exponent
was 4
log(1+1t)
was missing

)

what is a, b
doing here?
They must
relate  to

somehow. I
can not get
this  result.

See my
modification
below.
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We conclude this paper with a brief discussion of the interesting (open) question whether
the isotropic constant of a random K is bounded by a constant independent from n and N.
The first class of random polytopes Ky in R™ for which uniform bounds were established was
the class of Gaussian random polytopes. Klartag and Kozma proved in [19] that if N > n and
if G1,...,GN are independent standard Gaussian random vectors in R™, then the isotropic
constant of the random polytope Ky = conv{£G1,...,£Gn} is bounded by an absolute
constant C' > 0 with probability greater than 1 — Ce™“". The same idea works in the case
where the vertices z; of K are distributed according to an isotropic ¢»-measure p; the bound
then depends only on the o-constant of p. Alonso-Gutiérrez [2] and Dafnis, Giannopoulos
and Guédon [12] have applied the same more or less method to obtain a positive answer in the
case where the vertices of K are chosen from the unit sphere or an unconditional isotropic
convex body respectively. We show that, in the general isotropic log-concave case, the method
of Klartag and Kozma gives the bound O(y/log(2N/n)) if N < exp(y/n) (a proof along the
same lines and an extension to random perturbations of random polytopes appear in [4]).

2. Notation and background material

We work in R™, which is equipped with a Euclidean structure (-,-). We denote by | - ||2
the corresponding Euclidean norm, and write By for the Euclidean unit ball, and S™~! for
the unit sphere. Volume is denoted by |-|. We write w,, for the volume of B} and o, for
the rotationally invariant probability measure on S"~!. The Grassmann manifold G,  of k-
dimensional subspaces of R™ is equipped with the Haar probability measure v, ;. Let 1 <k < n
and F' € Gy, ;. We will denote the orthogonal projection from R" onto F' by Pr. We also define
Br =BY¥NF and Sp=S""1NnF.

The letters ¢, c’, ¢1, o ete. denote absolute positive constants whose value may change from
line to line. Whenever we write a ~ b, we mean that there exist absolute constants c¢i,co > 0
such that cia < b < coa. Similarly, if K, L C R"™ we will write K ~ L if there exist absolute
constants ¢y, co > 0 such that ¢y K C L C o K. We also write ‘A for the homothetic image of
volume 1 of a convex body A C R", i.e. A := \A%/"'

A convex body is a compact convex subset C' of R™ with non-empty interior. We say that C'
is symmetric if —z € C' whenever z € C. We say that C is centered if it has center of mass at
the origin i.e. [ (x,0)dz = 0 for every § € S"~'. The support function hg : R" — R of C'is
defined by he(x) = max{(z,y) : y € C'}. For each —o0 < p < 00, p # 0, we define the p-mean
width of C by

21) wl€)i= ([ nt0)im,0)) "

The mean width of C' is the quantity w(C) = w1 (C). The radius of C' is defined as R(C) =
max{||z]|2 : « € C'} and, if the origin is an interior point of C, the polar body C° of C is

(2.2) C°:={yeR": (z,y) < lforallz e C}.
Finally, if C' is a symmetric convex body in R” and || - ||¢ is the norm induced to R™ by C, we
set

M) = lellodr(@)

and write b(C') for the smallest positive constant b with the property ||z|c < b||z|]2 for all
x € R™. From V. Milman’s proof of Dvoretzky’s theorem (see [6, Chapter 5]) we know that if
k <en(M(C)/b(C))? then for most F € G, we have C N F ~ ﬁ Br.
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2.1. Quermafintegrals

Let IC,, denote the class of non-empty compact convex subsets of R™. The relation between
volume and the operations of addition and multiplication of compact convex sets by nonnegative
reals is described by Minkowski’s fundamental theorem: If K4, ..., K,, € K, m € N, then the
volume of t1 Ky + - - - + ¢, K, is a homogeneous polynomial of degree n in ¢; > 0:

(2.3) Ky 4t K = > V(K K )ty et

1<i1,.ceyin<m

where the coefficients V(Kj;,,..., K;, ) can be chosen to be invariant under permutations of
their arguments. The coefficient V(K;,,..., K, ) is called the mixed volume of the n-tuple
(K, K.

Steiner’s formula is a special case of Minkowski’s theorem; if K is a convex body in R™ then
the volume of K +tBY, t > 0, can be expanded as a polynomial in ¢:

"\ (n
2.4 K +tBy| = _R(E)tE
(24) gl = ()W

k=0
where W, _(K) :=V(K,k; BY,n—k) is the (n— k)-th quermafintegral of K. It will be
convenient for us to work with a normalized variant of W, _(K): for every 1 <k < n we
set

1/k
1
(2.5) Qr(K) = <—J |PF(K)|an,k(F)> -
Wk JG, k
Note that Q1(K) = w(K). Kubota’s integral formula
Wn
(2:6) Wk () = 22 | Pe(EOldvu(F)
Wk Ja,

shows that

(2.7 ) = (
The Aleksandrov-Fenchel inequality states that if K, L, K3,..., K, € K,, then
(2.8) V(K,L,Ks,...,Kn)? > V(K,K,Ks,...,K,)V(L,L,Ks,..., Kp).

Wik (K) ) v .

Wn

This implies that the sequence (Wy(K),..., W, (K)) is log-concave: we have
(2.9) WE > W

if 0 <4 < j < k < n. Taking into account (2.7) we conclude that Q(K) is a decreasing function
of k. For the theory of mixed volumes we refer to [33].

2.2.  Lg-centroid bodies of isotropic log-concave measures

We denote by P, the class of all Borel probability measures on R™ which are absolutely
continuous with respect to the Lebesgue measure. The density of 1 € P, is denoted by f,. We
say that p € P, is centered if, for all # € ™!,

(2.10) J n(z, O)du(z) = J}Rn (x,0) f.(x)dz = 0.

A measure p on R™ is called log-concave if p(AA + (1 — A\)B) > p(A)*u(B)1= for all compact
subsets A and B of R™ and all A € (0,1). A function f : R™ — [0, c0) is called log-concave if its
support {f > 0} is a convex set and the restriction of log f to it is concave. Borell has proved
in [8] that if a probability measure u is log-concave and u(H) < 1 for every hyperplane H,
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then u € P,, and its density f, is log-concave. Note that if K is a convex body in R" then the
Brunn-Minkowski inequality implies that 1k is the density of a log-concave measure.
If 1 is a log-concave measure on R™ with density f,,, we define the isotropic constant of u by

211) L= (‘}pfi(f)f)) " et Cov(y0)]

where Cov(u) is the covariance matrix of y with entries

ov();; = Jon i fu(@) do _ Jon ifu(@) dz [ x5 fu(@) do
(2.12) Cov(p)ij := [ fu) o (@ d [ de

Note that L, is an affine invariant of ¢ and does not depend on the choice of the Euclidean
structure. We say that a log-concave probability measure p on R is isotropic if it is centered
and Cov(pu) is the identity matrix.

Recall that if p is a log-concave probability measure on R™ and if ¢ > 1 then the L,-centroid
body Z, (1) of p is the symmetric convex body with support function

(2.13) o = (|t

Observe that p is isotropic if and only if it is centered and Z5(u) = BY. From Holder’s inequality
it follows that Z71(u) € Zp(1) C Zy(p) for all 1 < p < g < oo. Conversely, using Borell’s lemma
(see [28, Appendix III]), one can check that

(2.14) Z4() € 12 2y (1)

for all 1 < p < ¢. In particular, if x is isotropic, then R(Z,(1)) < caq.
For any o > 1 and any § € S"~! we define the 1,-norm of z +— (x, ) as follows:

(2.15) 1,0}l = inf {t >0 J exp <@)a du(z) < 2} ,

provided that the set on the right hand side is non-empty. We say that u satisfies a 1, -estimate
with constant b, = b, () in the direction of 6 if we have

€5 O g < Oall(:, 0)l2-
We say that p is a 1,-measure with constant B, > 0 if
1€ Ol

sup ———— < B,
pesn 16,02~ 7

From Borell’s lemma it follows that every log-concave measure is a 1;-measure with constant
C, where C' is an absolute positive constant.
From [29] and [30] one knows that the “g-moments”

(2.16) = ([ tesae) e oo (0

of the Euclidean norm with respect to an isotropic log-concave probability measure p on R”
are equivalent to I»(u) = y/n as long as |¢| < /n. Two main consequences of this fact are: (i)
Paouris’ deviation inequality

(2.17) u({e € R : [zl > esty/in}) < exp (~1v/)

for every t > 1, where ¢35 > 0 is an absolute constant, and (ii) Paouris’ small ball probability
estimate: for any 0 < € < g¢, one has

(2.18) p({z e R™ : ||z|s < ev/n}) < V™,
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where ¢, ¢4 > 0 are absolute constants.
The next theorem summarizes our knowledge on the mean width of Z, (). The first statement
was proved by Paouris in [29], while the second one is E. Milman’s Theorem 1.2.

THEOREM 2.1. Let p be an isotropic log-concave measure on R™. If 1 < ¢ < \/n, then

(2.19) W(Zy(1)) = V4.

Moreover, for all q € [\/n,n] we have

(2:20) w(Zy(p)) < ¢51/7 log?(1+q).

The next theorem summarizes our knowledge on the volume radius of Z,(u). The first
statement follows from the results of [29] and [20], while the left hand-side in the second one
was obtained in [24] and the right hand-side in [29].

THEOREM 2.2. Let p be an isotropic log-concave measure on R™. If 1 < ¢ < y/n then

(2.21) | Zo()V™ = \/q/n,

while if \/n < q¢ < n then

(2.22) es Ly Vafn < |Zy(IY" < er/afn.

The reader may find a detailed exposition of the theory of isotropic log-concave measures in
the book [11].

3. Estimates for the Quermafiintegrals

We start with the proof of Theorem 1.3. Recall that the equivalence E [Qk (K N)] ~ /log N
in the range n? < N < exp(y/n) was proved in [14] (see Theorem 1.1). What is new is the right
hand-side estimate in (1.20). However, in [14] it was proved that E[Qx(KN)] < w(Ziog N (K))
for the full range of V. So the result follows immediately by applying Theorem 2.1.

To prove Theorem 1.4 we will need Lemma 4.2 from [14] which holds true in the more general
setting of isotropic log-concave random vectors.

LEMMA 3.1. Let u be an isotropic log-concave measure on R". For every n? < N < exp(cn)
and for every q > log N and r > 1, we have

Picw (0)

(31) J'Sni1 W dO’n(Q) < (ClT)q

with probability greater than 1 —r~9, where c¢; > 0 is an absolute constant.
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Proof of Theorem 1.4. Let exp(y/n) < N < exp(n). Applying Holder’s inequality we get

w(Ky) = LM hicy (8) doa (6)

) (Lnl(hzq(“) (9))pd0n(9)>1/p (Lnl (%)q dan(9)) N

oz ([, () aein)

where p is the conjugate exponent of ¢. If we now choose ¢ =log N > \/n and use Lemma 3.1
we arrive at

w(Kn) < errwy(Zy(w))

with probability greater than 1 — 9. Since ¢ = log N it follows that p < 2 and thus w,(Z,(u))
is equivalent with w(Z,(u)) (see [6, Chapter 5]). Using this and applying Theorem 1.2 we
conclude that

w(Kn) < 027*\/1ogN(10g;1ogN)2

log N

with probability greater than 1 —r~ . Choosing r = e we complete the proof of (1.21). O

REMARK 3.2. The proof can provide a better estimate of the probability if one leaves the
parameter 7 in the estimates. Then (1.21) shows that for every » > 1 one has

Qr(Kn) < cary/log N (loglogN)2
with probability greater than 1 — 1/N'8".

We can also give estimates on the volume radius of a random projection Pp(Ky) of Ky
onto F € Gy, in terms of n, k and N. In [14] it was shown that if n? < N < exp(y/n) then, a
random Ky satisfies with probability greater than 1 — N ¢ the following: for every 1 < k < n,

(3.2) csy/log N < virad(Prp(Ky)) < cq(s)y/log N

with probability greater than 1 — e~k with respect to the Haar measure v, ; on Gy, . We
extend this result to the case exp(y/n) < N < exp(n).

For the proof we will use Theorem 1.1 from [13], which was already mentioned in the
introduction. We formulate it in the more general setting of isotropic log-concave random
vectors (the probability estimate in the statement makes use of [1, Theorem 3.13]:if " : £ — ¢%
is the random operator I'(y) = ((x1,y),...{(xn,y)) defined by the vertices z1,...,xn of Ky
then P(||T: €3 — €Y || > vV N) < exp(—coyV/N) for all N > ¢yn—see [13] for the details).

Fact 3.3. Let pu be an isotropic log-concave measure on R™ and let x1,...,xNy be
independent random vectors distributed according to p, with N > cyn where ¢; > 1 is an
absolute constant. Then, for all ¢ < calog(N/n) we have that

(3.3) K 2 c3Zg(1)

with probability greater than 1 — exp(—cy4\/n).

REMARK 3.4. In fact this probability is much closer to 1 since if ¢5 = ¢3(5) for 5 € (0,1/2]

remark to be
deleted

remark to be
added
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then the inclusion Ky 2 c3 Z,(u) is true with probability larger than 1 — exp(—cN'=#nf).
However, we write for simplicity 1 — e~V since the use of (1.21) in the proof below will not
allow a better statement of Theorem 1.5.

Proof of Theorem 1.5. For the upper bound we use (1.21) and Kubota’s formula to get

1/k

1

<—J |PF(KN)|dyn,k(F)> < co(s)y/log N (loglog N)* L
Gn,k‘

Wk

Applying now Markov’s inequality we get that with probability greater than 1 —¢—* with
respect to the Haar measure v, ,, on Gy, we have

<|PF(KN)|

1/k
> < cg(s)t/log N (log log N)2.
Wi

Choosing t = e proves the result.
For the lower bound integrating in polar coordinates and using Hoélder’s inequality we have

(3.4) JG %d%,k(fﬁ) JG L ﬁdw(ﬂ) dvp, i (F)
n,k F "Prp(KN

_ L LF mdap(@ dvn 1o (F)

< (L LF md@(e) v F)) /n
(I, i)
(5"

Apply now the Blaschke-Santalé inequality and the fact that Ky D ¢7Zigg n(1t) (with
probability greater than 1 — exp(—cy/n)) to get

k/n k/n k/n
a5) () <) <)
Wn |Kn| |7 Z10g v (1)

Since log N is greater than \/n we can apply the inequality | Ziog n (K) |1/" >cL, 1/(ogN)/
to arrive at

k
PR(K L
(3.6) J |PE(En)| dvp 1 (F) < < Cs by )
G Wik Viog N
Finally, we apply Markov’s inequality and the reverse Santald inequality of Bourgain and V.
Milman [10] to complete the proof. O

4. Mean outer radii

For any convex body C'in R™ and any 1 < k < n, the k-th mean outer radius of C' is defined
by

(4.1) Ry(C) = JG R(Pp(C)) dun i (F).
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Alonso-Gutiérrez, Dafnis, Herndndez-Cifre and Prochno studied in [3] the order of growth of
Ri(Ky) as a function of N,n and k. Their main result is Theorem 1.6: If n < N < exp(y/n)
then, for all 1 < k£ < n and s > 0 one has

(4.2) () max {Vk, v/log(N/n) } < Ru(Kn) < ca(s) max { VF, Iog N }

with probability greater than 1 — N~% where ¢1(s), ca(s) are positive constants depending only
on s.

In this section we give an alternative (and simpler) proof of this result. We also extend the
estimates to the range exp(y/n) < N < exp(n). Our approach is based on the next general fact,
which is a standard application of concentration of measure on the Euclidean sphere (see [6,
Section 5.7] for the details). If C' is a symmetric convex body in R™ then, for any 1 < k <n
and any s > 1 there exists a subset I',, , C G, 1, with measure greater than 1 — e—c15°k guch
that the orthogonal projection of C' onto any subspace F' € Iy, . satisfies

(4.3) R(Pr(C)) < w(C) + cas/k/nR(C),

where ¢; > 0,co > 1 are absolute constants. In fact, one has that the reverse inequality
R(Pp(C)) = cmax{w(C), \/k/nR(C)} holds for most F' € G,, j,. To see this, first note that if
x € C and ||z]|2 = R(C) then, for most F' € G,, 1 we have ||Pp(z)||2 = ¢\/k/n||z||2, and hence
R(Pr(C)) > cy/k/nR(C); integrating with respect to v, we get Ry(C) > cy/k/nR(C). On
the other hand, if \/k/nR(C) < dw(C) for a small enough absolute constant 0 < ¢’ < 1 then
V. Milman’s proof of Dvoretzky’s theorem shows that most k-dimensional projections of C'
are isomorphic Euclidean balls of radius w(C), which implies that Ry(C) > cw(C). These
observations lead to the next asymptotic formula.

PROPOSITION 4.1. Let C' be a symmetric convex body in R™. For any 1 < k < n one has

(4.4) R(C) ~ w(C) + /E/nR(C).

We will exploit this formula for a random K. Because of (4.4) we only need to estimate
w(Ky) and R(Ky) for a random Kpy. This is done in Proposition 4.2 and Proposition 4.4
below. Essential ingredients are the deviation and small ball probability estimates (2.17) and
(2.18) of Paouris, as well as Fact 3.3.

We start with the case N < exp(y/n).

PROPOSITION 4.2. Ifn? < N < exp(y/n) then, for any s > 1, a random Ky satisfies

c1V1og N < w(Kpn) < ces/log N

and
e3vn < R(Kn) < cqsv/n

with probability greater than 1 — max{N %, e*C\/ﬁ},

Proof. In the proof of Theorem 1.4 we saw that, for any n < N < exp(n),
(4.5) w(Kn) < crsw(Ziog N (1))

with probability greater than 1 — N %, Assuming that N < exp(y/n) we have that log N < \/n;
then Theorem 2.1 and (4.5) show that

(4.6) w(Kpy) < casy/log N
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with probability greater than 1 — N ~*. For the lower bound we use Fact 3.3: we know that for
all N > c3n we have

(47) Ky Dey Zlog(N/n)( )
with probability greater than 1 — exp(—c5+/n). It follows that if N < exp(y/n) then
W(KN) Z w(Ziog(n/n) (1)) 2 c6\/log(N/n)

with probability greater than 1 — exp(—cyy/n).
For the radius of Ky, applying (2.17) we see that, for any ¢t > 1,

(4.8) R(Kx) = max ;]2 < csty/n

with probability greater than 1 — Nexp (—ty/n) > 1 —exp(—(t —1)y/n) =1 - N~ For
the lower bound, if n? < N < exp(y/n) we use (2.18) to write

PI‘Ob(R(KN) g 60\/5) = Prob < max ||£L']||2 g EO\/E)
1N
n N —cog/n
= [u({z € R" : a2 < sov/m})]" < em ooV,

which shows that R(Kn) > €9y/n with probability greater than 1 — exp(—coy/nN). O

REMARK 4.3. In fact, for the proof of the lower bound R(Ky) > ¢y/n we do not really
need the small ball probability estimate of Paouris. Latala has proved in [22] that if 4 is a

log-concave probability measure on R™ then, for any norm || - || on R™ and any 0 < ¢ < 1 one
has
(4.9) p({z s ) < tEL([[=])}) < Ct,

where C' > 0 is an absolute constant. If we assume that p is isotropic then we easily see that
E,.(||z]|2) < v/n, and hence, choosing a small enough absolute constant €9 we have by (4.9)
that

p({z €R™ |zl <eov/n}) < e

This information is enough for our purposes.

Proof of Theorem 1.6. Let N < exp(y/n). From (4.4) and Proposition 4.2 we get that Ky
satisfies with probability greater than 1 — max{N~* e~V"} the following: for any 1 < k < n

Rk(KmJG R(Pr(Ky)) dvnp(F) ~ w(Kx) + /FnR(K )

> ex (Viow /) + /T Vi) = mas {iog(N/ ), V)

and similarly,

R(Kx) = J R(Pe(Kn)) dvmn(F) = w(Kx) + /E/mR(K )

o) (VBN + VT v) = s { VoE W, V)
as in [3]. O

The next proposition will allow us to handle the case exp(y/n) < N < exp(n).

PROPOSITION 4.4. Ifexp(y/n) < N < exp( ) then, for any s > 1, a random K satisfies

al, 'Wlog N < w(Ky) < cas4/log N(loglog N)?
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and
c3 max{v/n, R(Ziog v (1))} < R(KN) < ¢35 log N
with probability greater than 1 — max{N %, e*C\/ﬁ}.

Proof. Applying again (4.5) in the range exp(v/n) < N < exp(n) we have that
(4.10) w(Ky) < ca54/log N (loglog N)?

from Theorem 1.2. For the lower bound we use again Fact 3.3, Urysohn’s inequality and (2.22)
from Theorem 2.2 to write

w(K) > w(Ziog 5 (1) > (| Ziog v (W]/|BED " > 6L, /1og N

with probability greater than 1 — exp(—cq+/n).

For the radius of Ky we first use the estimate R(Ky) < cty/n from (4.8) with t ~ slog N/y/n
to obtain the bound clog N with probability greater than 1 — N~%. For the lower bound, we
show that R(Ky) > cy/n exactly as in the proof of Proposition 4.2, and we also use the bound
R(Kx) > R(Ziog n (1)) 0

Using Proposition 4.4 and Proposition 4.1 as in the proof of Theorem 1.6, we arrive at the
following estimate:

THEOREM 4.5. Let z1,...,zyx be independent random points distributed according to
an isotropic log-concave measure p on R™, and consider the random polytope Ky :=
conv{£z1,...,tay}. Ifexp(y/n) < N < exp(n) then, for all 1 < k < n one has

emasx { L;'log N, Vb, \/k/nR(Ziog n (1)) }
< Ri(Kn) < Cmax{\/log N (loglog N)?, \/k/nlog N}
with probability greater than 1 — N1, where c(s) depends only on s. ‘o be
deleted;
In full generality one cannot expect something significantly better: for example, if g = pf is no s in this

the uniform measure on BY'/|B}| then R(Ziog n(1})) ~ log N, and for large values of N (i.e. statement
exponential in N) we get

Rk Kn) ~+/k/nlogN.

On the other hand, if p satisfies a ¢ estimate with constant b then we know that L,, < C1b (see
[20]) and we also know that I,(u) < cby/n (see [29]), which implies that w(Ky) < R(Ky) <
Csby/n. Thus, in this case (which e.g. includes the case of the standard Gaussian measure) we
get:

THEOREM 4.6. Let x1,...,xN be independent random points distributed according to an
isotropic log-concave measure p on R™ which satisfies a 19-estimate with constant b, and
consider the random polytope Ky := conv{=£xy,...,+ay}. If n < N < exp(n) and s > 1 then
K satisfies with probability greater than 1 — N~*°

(4.11) CUN max{\/_ \/W} Ri(Kn) (s)bmax{ﬂ,m}

for all 1 < k < n, where ca(s) Is a positive constant depending only on s.
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5. Entropy estimates and diameter of sections

For every pair of convex bodies A and B in R", the covering number N (A, B) of A by B
is defined to be the smallest number of translates of B whose union covers A. A fundamental
theorem of V. Milman states that there exists an absolute constant S > 0 such that every
symmetric convex body K in R™ has a linear image K which satisfies | K| = |BY| and

(5.1) max{N(K,BY), N(By,K),N(K°,By), N(By,K°)} < exp(Bn).

A convex body which satisfies the above is said to be in M-position with constant 3. Pisier has
offered in [31] a refined version of this result: for every 0 < a < 2 and every symmetric convex
body K in R"™ there exists a linear image K, of K such that

(5.2) max{N(K.,tBY), N(By,tK,), N(K3,tB}),N(By,tK2)} < exp <C(:‘#>
for every t > 1, where () depends only on a, and c(a) = O((2 — @) ~*/2) as o — 2. One says
that K, is an a-regular M-position of K (we refer to [6, Chapter 8] and [32] for a detailed
exposition of these results).

In this section we will first show that if p is an isotropic log-concave measure on R™ then,
for a considerably large range of values of IV, a random K is in a-regular M-position with
a ~ 1. To this end, it is convenient to set rnx = y/log N: recall that if n? < N < exp(y/n) then
v.rad(K ) ~ vy for a random K (in the case N > exp(y/n) one has the weaker estimate
clLﬁer < virad(Ky) < cory ). We provide estimates for the covering numbers N (K y, try BY)
and N(ryB%,tKy) for a random Ky and for all ¢ > 1; by the duality of entropy theorem
of Artstein-Avidan, V. Milman and Szarek [7], these also determine the covering numbers
N(ryKg},tBY) and N(BY, tryKY ), thus completing the proof of the four required entropy
estimates in (5.2).

ProrosITION 5.1. Let pu be an isotropic log-concave measure on R™. Then a random Ky
satisfies with probability greater than 1 — N~! the entropy estimate

@ ifn? < N < exp(y/n)
% if exp(y/n) < N < exp(cn).

for every t > 1, where ¢ > 0 is an absolute constant.

log N(Kn,tryBy) < {

Proof. We simply recall that a random K satisfies w(Ky) < c1v/Iog N ~ ry for “small” N,
and w(Ky) < cav/log N(loglog N)? ~ ry(loglog N)? for “large” N, by Proposition 4.2 and
Proposition 4.4 respectively. The bound for N(Ky,tryBY) is then a direct consequence of
Sudakov’s inequality log N (C,tB%) < en(w(C)/t)? which is true for every convex body C' in
R™ and every ¢ > 0 (see e.g. [6, Chapter 4]). O

We turn to estimates for the dual covering numbers N(ryBY,tKy). We will make use
of the following fact (see [16] and [11, Proposition 9.2.8] or [15] for the stronger statement
below): If p is an isotropic log-concave measure on R™, then for any 2 < ¢ < v/n and for any

1<t< min{\/ﬁ,q"l;zgq} we have

" nlog® qlogt
(5.3) log N (\/qBY,tZy(1)) < o

where ¢;,cy > 0 are absolute constants. Moreover, if ¢ < (nlogn)?/® then (5.3) holds true for
all t > 1. Analogous estimates are available for larger values of ¢, but they are weaker and do
not seem to be final; so, we prefer to restrict ourselves to the next case.
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PROPOSITION 5.2.

A. GIANNOPOULOS, L. HIONI AND A. TSOLOMITIS

1 — exp(—ci+/n) the entropy estimate

IOgN(TNBg, tKN) < C2

nlog” nlog(l + t)

t

for every t > 1, where c1,co > 0 are absolute constants.

Proof. It is an immediate consequence of the fact that Ky D c3Ziog n(1) with probability

greater than 1 — exp(—cj+/n). Then, we clearly have
10g N(TNBS, tKN) g log N(TNB;, CBtZIOgN(,U)),

and the result follows from (5.3).
Proof of Theorem 1.7: By Proposition 5.2

nlog® nlog(1 +t)

log N(ryBy, tKy) <c¢

By Proposition 5.1, since

t

N < exp ((nlogn)g/‘r’) < exp(0v/n),

for suitable absolute constant 6 > 0, we have

(here we can compensate for the extra factor 6 in the exponent since for the proof of
Proposition 5.1 we can use the fact that Zy (1) C 0Z 5 (1)). Combining the above bounds
we get the result.

REMARK 5.3.

log N(KN, tT‘NB;L) <

Following the reasoning of [14] one can also check that there exist absolute
positive constants c¢1, ca, c3 and ¢4 so that for every 0 < ¢ <1 a random K satisfies with

cn
t

probability greater than 1 — N~! the next entropy estimates:
(i) If n?2 < N < exp(y/n) then

(5.4)

cinlog Ct—2 <log N(Kn,tryBY)

(ii) If exp(y/n) < N < exp(n) then

(5.5)

As an application we provide estimates for the average diameter of k-dimensional sections of
a random K . This parameter can be defined for any convex body C'in R” and any 1 < k < n

as follows:

(5.6)

We shall use the next lemma that (in the case o = 2) can be essentially found in the article

cinlog %2 <log N(Kn,trnyBy) < csnlog

[26] of V. Milman (see also [11, Lemma 9.2.5]):

LEMMA 5.4. Let C be a symmetric convex body in R" and assume that

(5.7)

log N(C,tBY) < T

yn

Cq

< cgnlog —,

t

(log log N))2 .

t

Dy(C) = JG R(C N F)dvy ,(F).

Let i1 be an isotropic log-concave measure on R™. Then, assuming that
n? <N < exp((n log n)2/5), we have that a random K y satisfies with probability greater than

a

exponent
was 4/5

to be added

Here in
(5.5) the
referee says
that an L7
is missing
inside the
logarithm.
Do you see
this?
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for allt > 1 and some constants a > 0 and v > 1. Then, for every integer 1 < d < n, a subspace
H € Gy, q satisfies

(5.8) CNHL Cea™? (%)”a log (%) By

with probability greater than 1 — exp(—cad), where ¢1,co > 0 are absolute constants.

From Proposition 5.1 we know that a random r;,l K satisfies the assumption of Lemma 5.4
with 4 ~ 1 if N < exp(y/n) and v ~ log* n if N > exp(y/n). Therefore, for any k < n we have
that if N < exp(y/n) then a k-dimensional section of Ky has radius

(5.9) R(KNQF)gc“/loqu/nT_Lklog<nﬁk>,

while if exp(y/n) < N < exp(n) then the bound becomes

(5.10) R(KNNF) < cm/logN(logn)Qq/nﬁk log (nikz> ,

both with probability greater than 1 — exp(—ca(n — k)), where ¢1,¢2 > 0 are absolute con-
stants. From Proposition 4.2 and Proposition 4.4 we also know that a random Ky has
radius

R(Ky) < emax{y/n,log N} < en,

and the same bound is clearly true for all its sections K N F. Therefore, if nexp(—ca2(n — k)) <
1 (which is true provided that k < n — c¢3logn) integration on G,, j, shows that the bounds (5.9)
and (5.10) hold for Dy, (K ) as well. Taking into account the fact that Dy (Kx) < Ry(Ky) we
conclude the following.

PrRoOPOSITION 5.5. Let pu be an isotropic log-concave measure on R™. Then a random Ky
satisfies with probability greater than 1 — N~! the following:
(i) If n> < N < exp(y/n) then:
(i) If k <log N then Dy(Ky)
(i) Ifk >1log N then Dy(Kx)
(ii) If exp(y/n) < N < exp(n) then:
(i) If k < n(loglog N)*/log N then Dy(Kx) < c2y/log N (loglog N)?.
(ii) If k = n(loglog N)*/log N then

Dy(Kn) < c2 min{\/k/nlogN, m(logn)z\/Tklog ( n k>} |
n— n —

where c1,co > 0 are absolute constants.

c1v/1og N.
€1 min {\/E, Viog N /" log (ﬁ) ,logN},

N IN

REMARK 5.6. An alternative way to estimate the average radius of Ky N F on G, for
some values of k is given by the next theorem of Klartag and Vershynin from [21]: If 1 < k <
cin(M(C)/b(C))?, then

1/k
(5.11) T < (L R(C N F)* dun,kw)) <o

where ¢y, co, c3 > 0 are absolute constants.
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Note that a random Ky satisfies Ky D Za(p) = BY and integration in polar coordinates
combined with Holder’s inequality shows that

1 1
v.rad(Ky Viog N’

) ~
Therefore, we may apply (5.11) to Ky: for all 1 < k < ¢n/log N we have

M(Ky) >

1/k
(5.12) Dy(Ky) < (JG R(CﬂF)kdz/mk(F)) < MC(%) < es/log N.

We pass now to lower bounds for Dk(K ~)- In fact, we will give a lower bound which is valid
for the radius of every section Ky N F, F' € Gy, . We need the next lemma.

LEMMA 5.7. Let C' be a symmetric convex body in R™ and assume that
(5.13) log N(BY,tC) < Z%‘

for allt > 1 and some constants « > 0 and v > 1. Then, for every 1 < k < n and any subspace
F e G, we have

(5.14) R(CNF) > cay Y (k/n)t/*

where ¢ > 0 is an absolute constant.

Proof. Let 1 < k < n and consider any F' € G,, ;. The projection Pr(C®) of C° onto F satisfies

k
(5.15) N(Pr(C°),tBr) < N(C°,tB5) < exp(1-0),
for every t > 1. We apply Lemma 5.4 for the body Pp(C°) (with v = yn/k): there exists

He Gk7Lk/2J (F) such that
(5.16) Pr(C°)N H C cra(yn/k)Y*By.

Taking polars in H we see that Py (C N F) D cia(k/yn)Y/*By. Using the fact that for every
symmetric convex body A in R* and every H € Gy s we have M(ANH) < \/k/sM(A) (see
[6, Chapter 5]) we get

w(CAF) = M((CNF)°) > —M((CNF)P°nH) = %w(PH(CﬁF))

1
—M
V2

> co(k/yn)/®.
The same lower bound holds for R(C'N F). |
From Proposition 5.2 we know that if e.g. n? < N < exp((nlogn)?/°) then a random Ky
satisfies with probability greater than 1 — exp(—ciy/n) the entropy estimate
nlog” nlog(l 4 t)

log N(By, try' Kn) < c2 .

exponent
was 4/5
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for every ¢t > 1, where ¢, ca > 0 are absolute constants. So, we may apply Lemma 5.7 with
C=ry'Ky,v=log’n and o = 1 to get:

PROPOSITION 5.8. Let u be an isotropic log-concave measure on R™. If n? < N <
exp((n log n)2/5) then a random Ky satisfies with probability greater than 1 — exp(—ci1y/n
the following: for every 1 < k < n and any subspace F' € G, i,

~

(5.17) R(KNNF) > cy/logN

nlog®n’

where ¢ > 0 is an absolute constant. The same bound holds for Dy(Ky).

REMARK 5.9. The question to give an upper bound for M (K ) seems open and interesting.
Let us note that the analogous question for Z,(u) is still open. The best known result appears
in [15] (see also [16]): For any isotropic log-concave probability measure 1 on R™ and any
2 < ¢ < qo := (nlogn)?/ one has

M (Zy()) < €284,

vV

This estimate does not seem to be optimal; note that since Ky 2 ¢Ziog v (1) We also have

(5.18)

(5.19) M(Ky)<C

for a random Ky, at least in the range log N < (nlog n)2/5,

6. Remarks on the isotropic constant

In this last section we apply directly the method of Klartag and Kozma in order to estimate

the isotropic constant Ly, of a random K. The starting point is the inequality
1

(61) Kl < e |l ds
KN Jrey

(it is well-known that this holds for any symmetric convex body in R"; see e.g. [27] or [11,
Chapter 3]). Assuming that N < exp(y/n) we know by (1.6) that

K> oy VIOECONT)

(6.2) e

with probability greater than 1 — exp(—coy/n).

We write F(K ) for the family of facets of Ky and we denote by [y1,...,yn] the convex
hull of yy, ..., yn. Observe that, with probability equal to 1, all the facets of Ky are simplices
and that, for all 1 < j < n, z; and —z; cannot belong to the same facet of K. Following [19,
Lemma 2.5] one can show the next lemma.

LEMMA 6.1. Let Fy,...,Fy be the facets of K. Then,
1 n 1
6.3 - z||2de < —— max J uldu.
( ) |KN|JKN H ||2 n 4+ 2 1<s<M |FS| . ” ||2

here we have
a  problem:
because  of
log(1 +1)
the
parameter «
can not be
1, but 1 —¢,
and the
constands
appearing
will depend
on ¢. This
is on of the
reasons I
rewrote Thm
1.8.  Check
statement.
Another
reason is the
restriction
n? <N <

exp((nlogn)?/?)

which seems
to persist
for the low
bounds. Also
the prob for
upper bound
is1— N1
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Let y1,...,yn € R® and define F =[y1,...,yn]. Then, F =T(A"!) where A" !=
le1,...,en] and T;; = (y;, €;) =: y;;. Assume that det T' # 0. Then,

1 2 1 2
— du = Tul||5d
1 | Il = e | il
2
1 n n
:WLHZ >y | du.
i=1 \j=1

Using the fact that
1 14 0; 5

6.4 - ) dy = — Iz

(6.4) o | () du =

we see that
2

. — dy = ———— e y ,
(65) |l = s S| S+ >

i=1 \ j=1

from where one can conclude that

1 2
(6.6) 7 | Tl < P e -+ el
Next we use a Bernstein type inequality:
Reference?
GAFA
LEMMA 6.2. Let gi1,...,g, be independent random variables with E(g;) =0 on some Bourgain-
probability space (€2, iv). Assume that ||g;|ly, < A for all 1 < j < n and some constant A > 0. Lindenstrauss-
Then, Milman  or
N 2 . S(l)m(f:thing
6.7 P a;gi| =2ty <2exp|—cmin{ ——— else:
o Z e p( {A2||a||%’A|a|oo}>

for every t > 0.

We first fix # € S"~! and a choice of signs ¢; = £1, and apply Lemma 6.2 to the random
variables g;(y1,...,yn) = (€;y;,0) on Q@ = (R™, u)". Since p is isotropic, we know that ||g;, <
C'. Choosing oo = Cylog(2N/n) we get

(6.8) P {[{e1y1 + -+ enYn, 0)| > an} < 2exp(—can).

Consider a 1/2-net ' for S"~1 with cardinality |A/| < 5". Then, with probability greater than
1 — exp(—coan) we have

(6.9) [(e1y1 4+ -+ enyn, 0)] < an

for every 6 € N and every choice of signs ¢; = 1. Using a standard successive approximation
argument, and taking into account all 2" possible choices of signs ; = £1, we get that, with
probability greater than 1 — exp(—czan),

(6.10) max |le1yr + -+ enynll2 < Cran.
gj==%1

Now, we use the fact that

(6.11) F(Ky)| < (2: ) < exp(esan/2)
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provided that C is large enough. Therefore, taking also Lemma 6.1 and (6.6) into account, we
see that, with probability greater than 1 — |F(Ky)|exp(—csan) = 1 — exp(—cqan),

1
| KN |

(6.12) —J |z||3dz < Caa?® = Cslog?(2N/n),
KN

where C3 > 0 is an absolute constant. From (6.1) and (6.2) we get (with probability greater
than 1 — exp(—cy/n))

(6.13)

2 Cy4 1

L < z||2dz < Cslog(2N/n
v < togaNT) TR 13 < Clog@2/m)

and hence L, < Cg/log(2N/n).

10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.
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