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Kegaato 1

Avasromm ey Ty L8LoTNTLY
TOY wyastxey aptinmy

1.1 Bacixot opiopot

'Eotw 61t o R eivat to gbvoro twv Tpaypatinwy aptbpov. YTdpyovy Tavw
oto R 800 ahyePpinés mpdetg + no - vt pia oyéon ohnrig Sudtalng <. H ahye-
Bpuen Sopn (R, +, -, <) elva éva ohxd Sratetarypévo cwpa (e TV aAyefpLen
gvvoLa).

H emumiéov diétyta mov yapoxtypilet to Statetaypévo swpa R eivar
TANpéTNTA WS TPOS TV StdTal:

Kabe dvo poayuévo un nevé vrocvvolo tov R €yer supremum.

Mo Suoxohio-otéheto Twv TpAYLOTIX®Y aptOpmVY Elvat 6TL LTTAPYOLY TOALHVLLY
E TPOYWLATIXOOS GUVTEAEGTES TTow Gev éyouy pileg péoa oo R. To amdodotepo
Tét010 TOALGYLP.O elvan To 22 + 1. Auth 1) Suonohio avtipetwrileTot pe Ty
ETEXTAGY) TOV TPAYLATIRGY 0pLOp®Y HOGTE T0 véo GbaTNP.A Vo StaTnpel 650 T0
SuVOTOY TTEPLGGOTEPES AT TS LBLOTYTES TWVY TPAYLOTIXWY optOP®Y %ot GLYYPO6-
ywg vor éyet Ty Tpoaletn itotnTa T oyeTixy we Ttg pileg Torvwvopmy. To véo
auté sbatrpa eivat ot pryastxol aptipol, 1o GOvoko Twy omolwy supBoAilovpe
pe C.

Opiopég 1.1 Q¢ abvodo, o pryastxol aptipol C tavtilovtat pe to xaptestavd
ywopevo R X R = {(a, b) : a,b € R}. Ot Tpatetg opilovtat wg ke

i) +:C x C — C 6érovtog (a,b) + (a',b') = (a+a’, b+ b).
ii) -: C X C — C bérovrag (a,b) - (a’, ") = (aa’ — bb’,ab’ + a’b).

B¢étoupe emiong 0 = (0,0) xat 1 = (1,0).
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0 molhamiastasp.og opiletar xatd dtalovia adyeBpinéd Tpémo, Tov €yet
6w GopY| YEWPETPLXY eppvela, 6Twe Oo Sodpe TapaxdTo.

Me toug optap.odg avtoig 1 akyeBpuny) Sopn (C, +, -, 0, 1) eivar éva adyeBpixd
swpa. O Teptasdtepeg 13L6TNTES TOL GBPATOS eTaAnfebovtat apéong. H povy
) TETPLLLLEYT LTy Ta elvat 6T, xdbe 2 € C, pe 2 7= 0 éyet (ToAamAastaotind)
avtiatpogo. Ipdypott av 2 = (a, b) 7= 0, Tote Eyovpe

., 1_< a —b )
T \a? + b2 a® + b2

6T popolue va ehéyEovpe e xat evleloy emarrfevo.

1.2 Xyéom pe toug wpaypatinods aptlnods

Bétovpe ¢ = (0,1). OpiCovpe ¢ : R — C pe ¢(a) = (a,0). H ¢ eivor
teopoppLap.og (BnAady) 1-1 ametxovion Tov Statmpel tig Tpdets: ¢p(a + b) =
d(a) + ¢(b) xot @(ab) = ¢(a)p(b)) rat péow avtod Tavtilovpe to R pe éva
vrosop.a tov C, dniadnh tavtiCoupe to a € R pe ty etxdva tou, ¢(a) = (a,0) €
C. 'Etot, omwg Tavticape Tpy to 1 pe to (1,0), ypdpovpe yevixotepa

(a,b) = (a,0)(1,0) 4 (b,0)(0,1) =a-1+b-i = a+ ib.
Avtog o terevtalog TpdTog Ypapng evies piyadtnod aptBpod eivat o suvnOtaévog.

Mapathenen 1.2 i) Hopatnpodpe 6t i = (0,1)(0,1) = (—1,0) = —1.
"Etot TouAdyLlatoy, To apytxd ToA®VLLO TToL eldape yopitepo 22 + 1
éyet wryadny) pila to i. Apydtepa o Sobdpe 6tt auté Loybet Yo xabe py
otafepd ToAL®VLP.O e ULYadinodg GUVTEAEGTES (Bepeundes Bewpnp.a
¢ AhyeBpag).

ii) O woAhamhastaspés Suo peyadixwy aptdpwy pe tov supBoiowsd a + ib
avti Tou (a, b) elvat Told o edxohog:

(a,b)(a’,b") = (a + ib)(a’ +ib’") = aa’ + iba’ + iab’ + i2bb’
= (aa’ — bb") +i(ba" + ab’) = (aa’ — bb’, ba’” + ab’).

MetaBaivovtag amé to sopa R ato eupdtepo swpa C xepdiCovpe xupivg to
Bepeitmdec Oewpnpa g AlyeBpag, yavovpe 6uws xade évvola Stdtalng.

Optapéc 1.3 Karobpe poauuind datetapuévo edua éva Ledyog (7, F ) dmou
F, < F wote va toybouy ot g

i) yiaxdbe x € F'\ {0} eite x € F eite (amoxhetotind) (—x) € F, nat
i) yio xale z, y € F | woybetx+y € F xavx-yCF, .

Me tov Tapamdve optapt taydet To axéiouvlo:
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Hpérasm 1.4 To C dev umogel va Oswonlel cov poauuind diatetayusvo eoua.

Amégely: Av to C frav Statetaypévo cwpa tote eite ¢ € C elte (—i) € C.
(aod wavepd i # 0).

Avi€Ctéte —1=1i-i € C dpa —i = (—1)-i € C_, dromo, apod dev
propel va supfBaivouy xat ta 8o pali. Opoiwg av —i € C. O

1.3 Terpaywviny) ptla

Ye auth) T evétyta Do voAoyicoupe Ty TeTpaywviny pila xdle pryadixod
oaptbpob z =a+ib € C,pea, b CR. Avw =c+id, pec,d € R elvar pLa
TeTporywvint pilo tov 2 thte 2 = w?, dnhady (c+id)% = a—+ib xat wg ex T00TOL
¢ —d? = a o 2¢d = b. Hapatnpodpe 61t (¢ +d?)? = (2 —d?)?+4c2d% =
a® + b2, Suvemog éyovpe 6Tt ¢ —d? = a xat ¢ +d% = Va® + b%. Ané avtéc
ebxolo TPOXVTTEL 6TL

2= %(a —i—\/(z?——l—bZ), d? = %(—a +\/(JL2——|—I)2>,

Ao avtég xat Ty 2¢d = b Bpionovpe:

6]
Va= ++a wb=0,a>0

+i4/—a oaovb =0, a <O,
6mov b/|b] = 1 avaroya petoav b > 01 b < 0.

(/Y e V@) il (et V@ T ) avb#0
(/4 )+ i/ 4 ))

0 mapamdvew vroroyiop.og o amhomoindel anu.avTixd Le yp1on ToL THTOL
de Moivre tn¢ Evétntag 1.6.

Acnmoelg

Asxmem 1.1 Avz = (a,b) € C xo

2717< a —b >
 \aZ + b2 a2 + 02

L=l =1.

emalnledote 6Tt 22—

Acxmon 1.2 Abste ty ebicwon 2t + i = 0.

Asxnen 1.3 Ymohoylote Tic Tiée Twv axbrovbuv ptldv: V1 —+ 14, v/ 1 + Vi xa
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1.4 Xvolvyia zat amdAlvty TLpm

'Eotw étt 2 = a +ib € C. Oétovpe 2 = a — ib xat tov ovop.alovpe culoyy
tov 2. Hpayuarird wégog Tou & ovopdlovpe 10 Rez = a € R xow wepadind wégog
tovztolmz=10b€R.

ITpopavig toybouy (xat aphvovtat »wg daxnay)

1 1
Rez = E(z—f—é), Imz= 2—@,(2—2), z-2=a’+0b>>0.

Oétovpe |z| = Vz -2 ) amdlory ) Tou 2. Pavepd oydet 22 = [2]2 xou
lzw| = |2| |w] (doxnoy).

Hpétacy 1.5 [ nctOe 2, w € C toydovy ov aviedTnreg:
i) —[z] <Rez < |z|, —lz] < Imz < 2.

i) |le4+w| < o]+ |w| xaw pevind |21 +2o 4+ ... 42, < l2q|+ 29| +...+ 2,
H weotnro woyver av xaw wovo av yia ncbe k, £ € N eive 2, = 0 elre 2, = 0
elve 2,/2, > 0.

i) [J2] — ol < |z — wl.
iv) |e| < la| +1b], pra 2 = a + 3b.
v) Awvieéryra Cauchy-Schwarz: av 24, ...,2,, wy,...,w, € C rdve:

|'21wil+ e Zan|2 S (|21|2 + |2n|2)(|w1|2 + o+ |wn|2)'

H 166tnTa woyder av xow wovo av eite wy = - = w, = 0 eire vwagyel
A € C dote z; = dwj, pua xdbe j = 1,2,...,n.
Amégedn:

i) Toyder —Va2 +0% < a < Va2 +b? cvveng —[z| < Rez < |z|.
Opolwg vt 0 b = Ime.

i) ‘Eyovpe:
(el + [w))? — (le + w])® = |2]* + |w]* + 22| || — (2 + w)(z + w)
= 2|z| |w| — (wz + we) = 2|2| |w| — 2Re (zw)
= 2(|zw| — Re (2w)) = 0,

amo to (i). Zovemwg 2| + |w| > |z + w|. H weétnta toybet tote xat p.ovo
tote av Re (2w) = |zw|, ot amwo tov optop.d tou |z| éxetat Im (2w) = 0
xot Re (zw) > 0. Apo 2w > 0. Edv w == 0 téte 2w > 0 av xat n.ovo av
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iii)

iv)

z/w = (zw)/|w|®> > 0. Soverwe |z + w| = |2| + |w| av xat wovo av eite
w=0¢elte 2 = 0 elte z/w > 0.

H aovisotnta g +29 + ... 42, < |zq| + 29| 4+ ... + |2,| elvat Tpopave
(e emaywyn).

‘Botw 6t toybet nweotrar |2q + 29 + ... 2, = [21] 4 |2g] 4 ... +[2,|.

Téte
le1] + e+, = |21 + oo + 2, = (2] +29) + ... +2,]
<oy + 2ol + oo+ 2] < logl 4+ ...+ 2,
Apa|zy 429 = |21]|4129]. Ométe elte 2y = O eite 29 = O clte 24 /25 > O.

‘Opota epyaldpacte Lo Suo TOYOVTA 2y, 2p. DUUTEPAIVOLLE OTL €4V LGy DEL
N 6ot Ta ToTE 2, /2, > 0 Y TuybVTa 2y, 2y 7 O.

Avtictpoga: éotw 6Tt 2,,/2, > 0 otav 25, 2, # 0. T'wobétovpe 6L 2y # 0.
Tote

ley + ... +2,] = |24]

g Z
1+2 4.+
1

1
— |24 <1+22+...+Z> (oo 2,./2; = 0)
= |24 ( :Z?: || 1:> (Tah aob z;,/z; > 0)
= |z¢]| + ... +|2,l.

Apo oot toyheL av xat Wévo av 0 A6Y0S U0 TUYGYTWY W) LNSEVIXMY
opwv elvat OeTixoe.

lz] = (& —w) + w| < |z —w| + |w| dpa |2] — |w| < |z — w|. Opoiwg
lw| — 2] < |z — wl dpa

—le —w| <[] —w| <z —wl
Brad lle] — o] < |z —wl.
[poxdmret dpesa ané to (i), apod |i| = 1.

Bétovpe A = |2(|? + ... + 12,12 B = |w|* + ... + |w,|? v C =
20y + ... +2,w,. AvB = 016te w; = 0 yra xdfe i = 1,...,n ot 7
ovteotn T tayLet TeTptppéva. ‘Eotw twpa 6Tt B > 0 (omwéte B € R xa
o’(poc B = B). Téte

IBz — Cw |2 = (Bz — Cw; )(Bz — Cw,)
Wi

j=1
=B Z 52— BOY. 27— OB 3 0,01 .
j=1 j=1 Jj=1 Jj=1

— B4 — B|C|]2 = B(AB— |C]?).
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Suvenig AB — |C]2 > 0 3nhady |C2 < AB wou etvar v {ntobpevy.

H wsotnro toyber av xaw povo av Bz; — Cw; = 0 o xdbe j = 1,2,...,n

oV Xot 1LOvo av z; = le omovl=C/Be€Cyxndbej =1,2,...,n. O
Iépiopa 1.6 To (C,|-|) elvar mAnjong ydoog we vogue, xe oot TANONS eTOLAOG
yDeog we ™) weTouen) p(z, w) = |z — wl.

AréBeiEn: Davepd |2] = 0 av xat pévo av 2 = 0 xat |Az| = |A]|2] yto xd0e
A€ R xot i xdle 2 € C. H tprywvien) avisotnta |2 + w| < [2| + |w)| SeiyOnxe
ctyy Ilpétacn 1.5.

H mampétntoa elvan dpecy cuvémeta tng TAnpotrTag tov R. Mpdypatt, av
2, oxorovdia Cauchy ato (C, | - |), awod

|Rez, —Rez,,| =|Re(z, —2,)| <z, — ¢

m |

aré to (i) g Hpdraong 1.5, supmepaivoupe ott xat 1 Ree, eivar Cauchy ato
R. Opolwg etvar Cauchy xat v Imez,. Apo oo tnv TAnpdtnTa Tov R vwdpyouvy
a, b € R wate Rez, — a xat Imez, — b. Zupwepaivoope 6Tt

|z, — (@ +ib)| = |Rez, + ilmz, —a —ib] < |Rez, —a| + |Imez, — b| — O.

Apa 7 2, elvar suyxAivovsa e bpto tov pryadind a -+ ib, oAoXANPWYOVTAS TNV
am6detty. O

Tro emopeva 0o ypagovpe S(z,7) Yo Tov oavonté dioxo axtivag r > 0 xot
xévtpou z € C, dnhady

S, r)y={wecC: |lw—z| <r}
To S(z,r) b supBoAilet Tov xAetath diaxo, SnAady
S(z,r) =1{w€C : Jw—2z| <7},
wat Téhog Oa ypdpovpe S’ (2, 1) Yio Tov avotxté Sloxo ywpic To xEvTpo Tou, SNAadY,
§'(z,7) = S(z,r) \ {z}.
To abvopo tov S(z, r), 3nhadh o xdxhog {w € C : |w— 2| = r}, O cupBoli-
Cetat pe C(e, r).
Acnmoelg

Acxmon 1.4 Av ez = x + iy pe z, y € R, vwoloyicte To Tpaypotind xot
povtactid pépog Twv aptBpmy 1/z xow 1/(1 + 22).

Acxymon 1.5 Amodeifte tnv 8L16TNTA TOL TAUPAAANAOYPALLOL:
|z —wl? + |z +w|> = 2(|2]2 + |w|?)

vt xabe 2, w € C.
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Acxmon 1.6 Amodeifte v moAtr) TavtéTnTa: Yo xdle 2, w € C toydet

1 . . . .
aw= (|l + wl* — e —wl® + il + iwl* —ilz — iw]?).,

Acxmem 1.7 Acifre 6t yio xd0e puyadiné aplbué 2 toydet Re (i2) = —Imz xot
Im (72) = Re-.

Asxnen 1.8 Amodeifte 6t o xdle pryadind aptbud 2 taydet
lz] < |Rez| + [Imz| < V2|z|.

Acxmen 1.9 Av to V elvar avoxtd vosbvoro tou petptxod ywpov C (6w
oto Iéptapa 1.6), amodeilte ott ot cuvapthcets f(2) = |z], g(z) = Rez xat
h(z) = Imz Sev éyouv péytoty tph oo V.

Acxmen 1.10 Amodeifte 6t ot suvapthoets f(2) = Z xat g(2) = |2] elvar
opotopopya suveyelc suvapthaets ano to € ato C.

1.5 Tewpetpny] avarmapdstasy wyadtxwy optipny

"Eyoupe 8et dtt wg abvoro ot pmyadixol aptbupol C tavtilovtar pe to xapte-
slavé ywopevo R X R, Sniady to Tpaypatind 2-Sidstato eninedo. H tabdtion
TWY TPAYULOTIXOY aptBdV pe DTOGMIA TWY PLYaAStX®Y apLtip®Y YEWUETPLXA
elvat 1) TadTLay) Ty Tpaypatiemy optbumy pe tov optlévtio dEova Twy x tov
peyadtxod emtmédon. I autd o dEovag autog xakeitat Tpaywotixés dEovag. Av
2 € C xat Rez = 0 tote 0 apOpig 2 xareltar pavractixds agibudg. O @a-
vtoatixol aptbuol Tpogovwe arotehoby tov xdleto dfova Twy ¥ Tou PLyastxod
emLTESoL xat YLor auTh 0 AEovag auTHS RaAelTal PavTacTindg doveg.

‘Evag pryoadinéc aptbpog z = (a,b) € C
elvat Topa éva anpelo Tou pyadixod emtmé- R
Sov, xat eriong opilet (vat propel vo tawtt-
otel pe) Stdvuopa wou apyilet amd Ty apyn b ¢
v afévoy O xat xotadnyet oto 2. H awo-
ot np 2| = Va? + b2 tou pryadxod )
elvat To P1xog Tou SLavdGPOTOS e To 000
toutiletat. H avisotnra |z +w| < |2| +|w)
elval 1) YEWPETPLXY] TPLYWVLXY] aVLGOTY T, 0 o R

H mpéoleon twv myadixov aptdp.oy ei-
vaL, LE TNV TOPATAVW TadTLeY, 1) Tpoaleay
SLavLGULATOY (e TOV XAVOVI TOL TTAPOANY-
roypappov). T v eetdooupe ) yewiLe-
TPLXY epUmVEln TOL TOAAATAAGLAGP.OD BUO
PLyasStemy optipmy xAavoule Yp1No Twy To-
MWy cuVTETAYPEVLWY. Ay 2 = a-+ib = (a, b) € C t0Te 0L TOAXEG GUVTETAYWEVES

Zxr'”m 1.1 rsteTler'] avana-
péomoq HIYG&KOL') aplepoﬂ)
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tou 2 ebvat ot (r,0), pe r > 0, 0 € (—m, 7], éwov @ = rcos O xat b = rsin 0.
Mmopodpe va ypadoup.e

2 =a—+1b = rcos 0+ irsin0. (1.1)

Avty) elvat 1) TPLYWYOUETPLRY] LLOPPT] TOL 2.

BéBara, o meptoptap.oc 0 € (—m, ] apopd GTLE TOALXES GUVTETAYWLEVES, EVD T
oyéam (1.1) cuveyilet vo taybet av avti yia 6 ypadovpe 0 4 2kw yio wabe k € Z,
awob ot cuYaPTAGELS NEiTovo xat suvp.itovo eivat Teptodixés pe Teplodo 2. H
yovia 0 € (—m, 7] ovopdletan mowTedov doioua Tou 2 xat T cupBoiilovpe pe
Argz. Me arg), z supBorilovpe to dooua 0+ 2kw = Arge + 2k, émov k € Z,
evw e arge = {arg, 2 : k € Z} 10 GOVOA0 TWY 0PLGULATWY TOL 2.

Bu Sobpe Tapaxdtw (Seite Optopé 3.3 xat petd) 6t 1 tedevtala éxppaa
oty (1.1) ypdwetar xat wg re'’; énppacn Ty omoia Ba yprotpoTolobpe oTo
ebng xaw yla Ty omola tayhovy 6Twe O SodLe, GAES oL LBLOTNTES TWV AAYEBPLR®Y
Tpakewy 6Twe Ttg Yvwpilovpe Yo Ty Tpaypatier) exbetiny suvdptnoy. Pavepd
wwyder r =vVa? 4+ 0% =[2| > 0.

Ay hourdy 30Boby ot pryadinol aptbpol 2 = re'

row w = pe'?, téte

2w = rpe'®+9),
Anhadh 1 TpLYmVopeTpy] Lopey) Tov zw. Omtwe yvwpilovpe xat Teptpévoupe

lew| = rp = |2 |w| xat
Arg(zw) = (Arg(z) + Arg(w)) mod 2.

Apo to TpwTedoy bptapa Tov Yvopévon pryadtxwy aptipmv teobtat e to dlpot-
S TV TPWTELOVTWY optap.dtwy modulo 2. [N Tapddetypa, To TPOTELOY
bplop.o tov 2 = e 47/3617/3 Jey elvar 87/3 (apod o TpwTedoy etvar TEVTA 670
(—m, 7)) adhé 87/3 — 2w = 27/3. BéBawax to 87/3 eivan éva amé T oplopota
TOU TPONYOVLEVOD 2 X0l GUYXEXPLLEVE TO argy 2.

Hapatipneyn 1.7 H emthoyy) tov Stastipatos (—m, 7] ©< T0 GOVOAO TLLGOY
Tou TpwTebovTog oploatog eivat avlbalpety, xat xovelc propel va emtAéEet
omotodnTote StaoTne TAGTOUS 27T, dTtwe (/2,27 + /2] % (w/3 — 27, w/3]
xo. Mio tétota emdoyn Befalng Oo petafdiiet xat Tig TipéS TV arg;.

Acrmoelg
Acxmem 1.11 Amodeifre oty 2, w € C pe 2 7= 0 nat w 5= 0 woydouy ta ke

arg(z) = —arge, arg(z/w) = argz — argw,

6TIOL pe — arg z ewoolLE TO GOVOAD TwY avTLOETWY TWY GTOLYE(WY TOL GUVYOAOL
arg z, Xot PLE TO argz — arg w evoolP.E To GOVOAD Twy Stapopwy xdbe aTolyeiov
Tou arg z pe xdale atovyeio Tov arg w.
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1.6 TOmog de Moivre

AT T TpLYWVOP.ETPLLY Pop@T) Tov 2 = a + ib = re”’ goupe apesng OTL
(e z # 0) 2" = e yiam € Z. Avr = 1 té1e 2" = ! Inhadn ()" = ™.
[Tpoxbmtet 3nhady o thmog tou de Moivre:

(cos 8 + isin 0)" = cos(nb) + isin(n0).

YrohoyiCovpe Twpa Tig Nn-0TES pi-
Ceg evog wyadixod aptbpod z #= 0 yia c=re
n € N. Ilpémet va Aboovpe v ebi-
swon w" = z. 'Fotw 6t 2 = re'? xou
w = pe'?. Téte g'e™? = re’. Taip-
vovtag To pétpa toug Bploxovpe ot
o = rwa dpa e’ = €. Tuvemarg
o= 1" vou ngp—0 = 2km ok € Z. T
Anhadh

0 2n

p=r" wou @=—+ "k
noon

‘Etot Taipvovpe Stopopetinég Tt- n=12

pméctov weavk =0,1,2,...,m— 1.

Emopévie 1 Aoy e elcwong w" =

2 dlvetat amd Tov TOTO 2yNua 1.2: [ewpetpiky avanapacta-

wy, = 1m0k, on twv dwdékatwv pilav
vk = 0,1,2,...,n — 1. lapatnpodpe dtt bheg ot pileg wy, éyouy Ty (Star
am6ALTY) T /" xan Ta opiopatd Toug améyouy eficou petath toug. Mewpetpund
gyovpe to Tynpa 1.2,

Anhadn ot n-ateg pileg tov 2 = re’” eivar ot xopuPES TOL XAVOVIXOD TOALY®-
Yo [Le 1 TTAELPEC TTou elvat eYYEYPAUILEVD GTOY XOXA0 pe xEvTpo To O xot axtiva

1/n

ri/n,

Tty etden Tepintwar Tov 2 = 1 ot pileg e povddag eivat ot wy, = e
ok =0,1,2,...,n—1. Av 6écovpe w = ’>7/" éyovpe 6Tt ot pilleg Tng povédog
elvat ot wy, = wh Tk =0,1,2,...,n —1.

i0

k(27 /n)

Acrmoelg

Asxnen 1.12 ArmodeiEte tov tomo tov de Moivre pe eraymyy.
Acumem 1.13 Eavardate v Acxneoy 1.2 pe ypron tov thnou tou de Moivre.

Aswnoy 1.14 Xprotpomomate tov tomo de Moivre Yo va Bpeite Toug thmoug
Sthasiou xat TpimAaaion T6EoL Yo To cuvnuitovo xat To Mpitovo. Aniady
exppdate to cos(2z), sin(2x), cos(3x) xat sin(3x) pe SuVApELs TV cos x xoL
sin z.
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Acxmon 1.15 AmodelEte tig TpLywvopeTpixés TawTtoTyTES Tov Lagrange:

1 sin((n+ $)z)

L coszAcos 2w+ cosna = 5 4 —5 o

Lot

sin(na/2) sin((n + 1)x/2)
sin(x/2) ’

sinx + sin 2x + ... + sinnx =

LT6 TNV TPobmolean ot sin(x/2) # 0.

Asumen 1.16 Amodeifte Ty tawtéTnTa

<sin %) <sin %) (sin ( 7@ 1)%> = 2;:

TAPAYOVTOTOLWYTOS TO Tl 42+ 1 YPNOLLOTOUDYTOS TLS N-GTES
ptlec e povadoag, avtiadiatwytag 2 = 1 xat Taipvovtag pétpa atny ekiowan
TOL TPOXOTTEL.

1.7 Opiax 570 5OVoAG TwY pryadirey aptnmy

Adpe, xatd ta yvwotd, ot o axoiovbio 2, € C suyxiivet gto 2 € C av
T xdfe ¢ > 0 vmdpyet ny = ng(e) € N wote yia xdbe n > ng vo taydet
lz, — 2| < e.

Ye avtibeon pe 1o R oto omolo éyovpe 300 eidy) amelpou (to +o0 xat To —oo)
ato C éyoupe éva xat auTo apopd GTNY ATOGTAGT, Ao To PNoév. AnAady) Aéue oTt
2, — 00 oY KoL LOVO oV |2, | — 00 wg axolovbio Tpaypatiwy aptbumy. ‘Etorn
2, = —n evw ato R teivet 6T0 —o0 xat Ypdepoupe 2, — —oo, 6tav epYalop.acte
oto C Oa ypagoupe 2, — oo (ywplc Tpoanwo) evowvtag 6Tt |2, | — o0 sto R.

‘Opota petoyetptlopaste xot Tor 6pLo GUYAPTHGEWY:

i) limZﬂZO f(2) = £ ov xat p.ovo av Y xabe & > 0 vmdpyet & = d(e) > 0

wote av 0 < |z —2o| < 0 va taydet |[f(2) — 0| < e.
ii) lim, f(2) = oo av xat povo av yra xdbe M > 0 vrapyet 6 = 6( M) > 0
wote av 0 < [z — zo| < 0 va toydet |f(2)] > M.
iii) lim,_ . f(2) = £ ov xot povo av yra xéle ¢ > 0 vmapyet K = K(¢) > 0
wote av |2| > K va woydet |f(z) — €] < e.
iv) lim,_, f(2) = oo av xat wévo av yia xabe M > 0 vwapyet K = K(M) >
0 wate av |2] > K va wayde [f(2)] > M.
Me Toug mapamdvw optapods, pro axorovdic ato C éyet mdvta pia uwaxoiovbio
70U elte GLYXAIVEL Ge pryadind aptBpd (av ) apyen axoiovbio eivat @porywév)
elte Telvel 60 0o av M apyLrr) axolovlio Bev elval Qpoyévy.

Hapatipmeyn 1.8 Iapatnpriote ott evw to opto lim, (—1)"n ato R Sev
uTapyet, to C toydet lim,_ (—1)"n = oo, apod lim,,_, [(—1)"n| = +oo.
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Acrnsetg
Asxmem 1.17 Bpeite to medio optap.od ¢ cuYAPTNGETS
et — 422+ 3
& =—7g 71—

xaBog xat to lim,_ o f(2).

1.8 Muyagixég Suvaposstpés

Ot optop.ol xot ot t8LOTNTES TWY GELPOY PLyadtx®V aptBumy eivat ev yévet
TOPOP.OLES PE QUTES TWV GELPMOV TRAYLLATIXMY AXOALOL®Y.

Optopés 1.9 i) H oetpd X2 ap, pe a;, € C ovpxliver 6to s av i xdle
e > 0 umdpyet ng € N oote yo xdle n > ng oydet | X a, — 5| < e.

ii) H oepd Y72 a5, pe a;, € C, suyxiivet amodvrmg av 1 oetpd Y52 la
GUYXALVEL.

Hpérasn 1.10 Av n Y72 a;, cvyxdiver amoddtmg 16T N GeLod Yiie ) a;, GVPRAL-
veL.

Amégely: Emed) to C elvar TApre petpinds yhpog xot

é Z |a/k|

k=n+1

m

2L o

k=n+1

oupmepaivovpe 6Tt M axorovlio ¥ a; eivar Cauchy, apod xar v 3 |a;l
eivar Cauchy wg suyxAivovsa. Apa xat 1 X7 @; GUYXRALVEL. O

Yuyvd atov Ametpostind Aoyiops ta xpttpta sOYRAaNg n-atng pilag xat
AGYOU LG GELPAS Yoy @,,, YL AGYOLE ATTAGTNTAG, TapovatalovTal (e Tn) Bondeta
Ty opiwy lim +/a, | %o lim la,41/a,|. Exetd? autd to 6pto 8ev udpyouy mavta
7 avamtuln g Bewplog pe ™) Boreta Twy lim sup xat liminf eivar o axptfng
xot €80 axorovbodpe avthv:

Mapatnpodpe 6t av Yo a;, € R 6éoovpe b, = supla,, @, 1,...} xatc, =
inf{a,,a,q,..} Yo B =1,2,... T01e

by >by>...20,> .. ot g g <o <¢, <.

Apa ot axorovlieg b, xat ¢, Eyovv Tavta 6pto ato R U {H-oo}.

Opiopés 1.11 'Ectw ot m {a,} sivar o axorovdia Tpaypatixwy aptOpomv.
BOétoupe:

lim sup a,, = ilgllg(sup{an,an+1, ..}) = lim (supf{a,, @, 1,---})

Nn—00
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%o
liminfa, = sup(inf{a,,a, 1,...}) = lim (inf{a,, @, qs...})-
neN -

Optopés 1.12 T éva dmetpo vwoshvoro A tov N Aépe 6t 1 otnta p(n)
toybet suyvd ato A otov Yo xale n € A vwdpyet m € A pe m > n wote p(m)
a1,

[Ma éva detpo vosdvoro A tov N Aépe ot v ibtnta p(n) toydet Tedund ato
A btav vmapyetl ny € A wote yia xdbe n € A pe n > ngy, 1 p(n) eivar akning.

I Tapdderypa, v axohovdio (—1)" eivar suyvd peyarbtepn tov 1/2 6to
N, ahd byt tehind peyordtepn tou 1/2. H axolovbio 9/n Bploxetat tehind ato
Staotnpa (—1,1).

Optopde 1.13 'Evaanpeio a € RU {00} Aéyetat ogueend onueio prag axorovbiog
a,, otay uThpyet vaxodovbia a ¢ a, wote lim, a4 = a.

Ilpérasm 1.14 Av a, axodovbic moayuatindy agibudv, Tote o @ = limsup a,,
xaw 7o b = liminf a, efvaw ogrand onueic g a,,. EmmAéov to a eivar To épiemo
ogLaxd enpelo Tng xaw To b To eddyLeTo.

ATé8eily): Av a = +o0 t61e 1) a,, dev elvan dvw ppaypévn (adhwg, av a, < M
Yo xamoto M € R ebrora wpoxdwtet 6Tt limsup a, < M). Xuvemwe umdpyst
vroxohoubio @, — —+-o00. Anhady) To oo eivor oplaxd opelo xaL TPOPUVHS BEV
LTCAPYEL PLEYAADTEPO.

TroBétoupe twpa ot @ € R. H x, = supla, : k£ > n} éyet 6plo w0 a
suvemwg PBploxetat tedxd 6to (@ — 1,a + 1). Katd cuvérnea z, € R. To
supfa;, : k> n} — 1/n Sev elvat dvw @pdypo tov suvérov {a, : k > n} omdte
uTapyet k, Hote

supfa;, : k> n} — % <, < supia;, : k> n}.
AT to Oedpnpa TwY LGOGUYRALYOLGMY oxoAoLOLLY TpoxdTTEL 6TLlim, . a, =
a, SnAady fg]z ebvat opLax\é onpelo g a,. ’ S

Etvat opwg xat to peyaddtepo optaxd anpelo tne. Hpdypatt, av ¢ éva dido
optoxb g ampelo, vTdpyet vtaxokovbio a,, wste lim, . @, = c. AAAG
povepd

a n g Sup{ak  k 2 mn} =

m, My, *

aipvovtoag Optar C TPOS 1 TPOXHTLTEL 6T ¢ < a, apob M z,, ©¢ vToxoiovbia
¢ T, GuYXAlvEL GTO a.
‘Opoto xavoupe v amddettn xat yio to liminf a,,. O

Hapatipmen 1.15 I xdbe ¢ > 0 to gdvoko {m : m > nwstea, >
lim sup a, + ¢} eivow wemepasp.évo sovoro. Hpdypatt, av tay dretpo sdvoro
Yo ot & > 0 tote fa umNpye vTaxorovbia g a,, 0T M @) , VGTE
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a, > lim sup a, + . Aut’n 7 uTcomokoueLa site Ss/v sivaw @porypévy, omote Exel
pLo TEpaLTéP® LITAXOAOLOI (e GpLo To 400, elte elvat QpaYLEVT), OTTOTE EYEL Wi
Tepattépw vTaxoiovlio pe dpto peyaribtepo 1 (oo pe to limsupa, + & Auto
elvat dtomo dtott TotE M @, €yet optaxd onuelo Yynoing peyardtepo amd To
lim sup a,, avtipdoxovtag pe Ty Hpotacn 1.14.

Opiopde 1.16 AJvvauoseiod pe xévtpo to a € C elvat pLa Getpd T Popene
oz —a)", omov ¢, 2 € C.

oo

H yewpetpind aetpd Y52 2" elvat éva amd to amhobotepa Topadelyp.oto 8-
vopoaetpdg. EEetdlovpe o motx 2 € C suyxAiver v yewpetpin) oetpd. Eyovpe

1— 2n+1

1+z+22+. +2"=—"—
11—z

Av |z| < 1tételim, 2" = 0 dpa 7 yewpetpiny cetpd cuyxhivet xat éyoupe
N2 02" =1/(1—2). Av 2| > 1 téte lim,_, 2" ! = oo xou 1) seLpd amoxAivet.

Avth v supmeptoopd eivat TUTLRY) GTLS SUYAP.OGELPES, SNAadY| Yo xd0e Suva-
poaetpd vmapyet aptlpioc 0 < R < oo wate

7 Gelpd guyxAlver v [ —a| < R

7 oelpd amoxAivet Yo [ — a| > R.
Optapés 1.17 'Eotw 6t 0 (X, p) elvar petpinog ywpog xat f, + X — C ya
n=1,2,...0¢tovpes, = f1+fo+...+ [, Adpeotins(x) = Yo, [, (x) av

s(x) = lim,_ . s, (x) yta xabe x € X. H aetpd Y02 4 f,,(x) cuyrAivet op.olopoppa
av s, — S OULOLOULOPPOL.

Ba ypetactodpe to Tapaxdtw xprthpto (Seite [1] Bewpnua 4.6.3).

Ipérasm 1.18 (Kpitnplo tov Weierstrass) Forw o1t o (X, p) elvar uetoindg
x®gog xau [, + X — C ovvagrioeis dote av écovue ||f, |l = sup,cx |f, ()]
Eyovue 72 o Ifullee < o0, Tote n cerpc 372 [, 6vyrAiver opoiduogpe.

AméBegm: Oétovpe s, = f1 + ... + f,. Tt n > m éyovpe

5,(2) — s, @ =| Y @< Y 1@< Y il
k=m—+1 k=m—+1 k=m-+1

Agod naepd Y |If3]lee sYRAIVEL eivot Cauchy dpo eivan Cauchy xat v axoov-
Oia (s,(x)),,, ouveT WS GUYXALVEL GTOV TAT)PY) LeTptxb Ywpo C (to6T1to C = R X R
elvat TANPYNG e TV petpx) d(z, w) = |z — w| agprvetat wg doxnem). A uro-
0éaoupe 6Tt GuyrAiver oe éva puyadind aplud s(x). ‘Etat opiletarns: X — C
xot yloo xdle € > 0 vwdpyet ny = ng(e) € N vate

s,(x) —s@|=| D, @< X 1@< Y Ifille <e
k=n—+1 k=n—+1 k=n—+1

Apa s, = s, Snhadn 1 252 [ SUYRAIVEL op.oLOUOpQO. O
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Oswpnua 1.19 Na xdbe dvvayoseiod Y5 a,(z — a)" 0 agtbudg

- 1
lim sup |a, [/*

(R = 400 av lim sup Ianll/" = 0) 0 omwolog ovopdgeTor axtiver GOHYRALGTS TNS
SuvaLoceLpds, Eyet Tig &ng LoLbTyTES:

i) 0 <R < oo
ii) av |e —a| < R vdve n 6erpd svyrliver amélvra.

iii) av 0 < r < R vdve ) 6erpct 6vyxliver ouorduogogpe 6o S(a,r) = {2 € C :
|z —al <1}

iv) av |z —a| > R vdte n ceipd amoxdivel.

Amégedn:

1
< —+-o0.

i) II wO0<R= ————
i) Hpogavie 0 < lim sup |“n|1/" —

ii) Xwpic BAdBn ¢ yevixotytag a = 0. 'BEotw |z| < R xat emdéyovpe ry
wote |z| < ry < R.Téte 1/ry > 1/R. Zuvemwg

1 .
il [k .
. > y}irg<sup{|ak| k> n})
Omorte vmapyet ny € N wate yio xdle n > ng vou taydet
1
— > supflay| k=) = a, |V
0

‘Etot yta xabe n > ng maipvoope |a, | < 1/75. Zovernwg |a,"| < (J2|/rg)".

Apa m cepd X7, a,2" GuyrAiver ambluta, apod QpdocETaL amd TNy
A oo n
Yewpetpud 3oL, (12]/70)".

iii) ‘Eotw twpa 6t |2] < r < R. EmAéyoupe ry wote r < ryg < R xot
emavaiapBavoupe to Tponyodpevo. Omote 1) Getpd X2 @, 2" GuYXALVEL
op.otopopea amé to xptrrpto tou Weierstrass, agob |a,2"| < (r/rg)" xa

r/ry < 1.

iv) Av|z| > R téte emréyovtag 7y wote (limsup |a,|V") ™ = R < ry < |2|
sup.TEpalvoLpLe 6Tt Yo dmetpo TAY00¢ atotystwy toybet |a,| > 1/75. Apa
ouyva taybet |a,z"| > (|z]/rg)" > 1 ombte 1 a,2" Sev Telvet aTo pundév.
SUVETMC 1) GELPA Yoo @, 2" ATLORALVEL. O

Hpérasn 1.20 Oswoodue n dvvaposeiod Y7 o a,(z—a)" pe antive cOyriiong
R xau vehund a, # 0. Av vo lim,_, |a,/a, 1| vEcdoyel T0Te avTo sivar (6o e
70 R.
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AréseEn: Xwpic BAABN e yevixotntag vwolétovpe ott @ = 0. Bétovpe
A= limnﬂoo |a/n/an+1 |

Av 2 = 0téte a2 5 0 woydet lim,,_ o |a,2"/a, 12" 1| = 0. Apo umdpyel
ng € N tote yia xdbe n > ng woydet |a,2"/a, 2" < 1. Soverog 1 |a, 2"
v n > ng elvat Ywnolng adfousa kot GLVETWS eV TElVEL 6TO PNdév. Apa 1)
oelpd amoxAlvel, cuveTwg B = 0 = 4.

Eotw topa 6tt 4 > 0. Oeswpodpe 0 < r < 4. Apa umdpyst ng € N
wote v xdbe n = ng woyder r < la,/a, | Boverog |a, | < la,,l/r
Eroyoywd |a, ] < Ianol/r" Tk > 1. Oétovtag n = ngy -+ k cupmepaivovpe
la, | < lay,|/r""0 v n = ng. Bewpobpe z pe |z < rxow napatnpodpe ot

i |a 2n| < 7‘”0|a | i <ﬂ>”
n - no » 4
n=nq n=ng
7 omola suyxAlvet. Apa 1) apyixy) oetpd suyxAlvet Yo xdle & pe [2| < r omdte
r < R.Twr— 21" cupmepaivovpe ott 2 < R.

Av 1 = +o0, tote amé To TponYobuevo emtycipnua Eyovpe r < R yia
x&0e r > 0. Enopévwg B = 400 = 1. Y'molétovpe Aotwoy oty cuvéyeta Ot
0 < A < o0 xat Oewpodpe omotodfywote r > A. ‘Etot, umdpyet ny € N vote
vto xdle n > ng toyet |a,/a, 1] < r. Av topa 2 wote |2] > r O éyovpe 6Tt
2

!

a,
|an+12n+1| > | n|

Zoventig 1 |a,2"| elvat yvnolng abEouaa, dpa Sev telvel 6to pndév. ‘Etot v apyixy
oetpd amoxivet. Yupmepaivoupe 6t B < r xat dpo i v — A mwaipvovpe
R < A, ohoxAnpwvovtag Ty amodetty). O
Acnmoelg

Acxmen 1.18 Amodeitte ott yioo xdle axorovlio a, € R pe pn pndevinode
6poug, Lo HoLY oL AVIGOTYTEG:

< liminf :/ la,| <limsup \"/ la,| <limsup

AT autég Tig aviabTnTeg arodelfte pe daiho tpémo v lpdtaoy 1.20.

.. a a
lim inf | 2L Int1

n n

Acxmon 1.19 Amodeifte 6t xat o téacepa 6pla Tn¢ Aoxnerng 1.18 pmropel va
elva Stapopetind, vworoyilovtdg T YL TV axohoudia

_ o(—1)"n—n
a, =2 ,

xot Selyvovtag OTt

a " 1
liminf 1 =0, liminf /@, = —,
a, 4
n . a
limsup +/a, = 1, limsup —4L = o0,

n



22 1. ANAZKOIIHEZH TQN IAIOTHTQN TQN MITAAIKQN APIOMQN

Acxumen 1.20 'Eotw 6t a, € C\ {0}. Actéte ott av limsup |a, 4 /a,] < 1
téte v celpd Y02y @, cuyxAivet ato C, evw av liminfla,  /a,| > 1 7 cetpd
aTtoxAiveL.

1.9 Tevixég Aonrjocic Kepadatiov

Asumen 1.21 'Eotw ot o (X, p) elvan petpinog yopog vt A = X. Eva B= A4
ebvat avotxto 6To (A, ol sq) av xat povo av B = A ) G ywa xawoo G = X
aVOLXTO.

Acumen 1.22 Xe éva petpixd ywpo (X, p) to p.ova sopmayy) shvora elvat ta
TETEPAGILEVO 0V XAl LOVO &y HAx T LTTOGOVOAX Tou X elvat avoLrTd.

Acxmen 1.23 O R” yia n > 1 eivat TANPNG LETPLXOS Y WPOS.

Acumen 1.24 Av (X4, ), (Xs, po) slvar cupmayeic petpixol ywpot, TOTE 0
(X1 X Xy, p) elvat GULTAYTS LETPLROS JWPOS PE

(21, 29), (41, y2)) = maxip (x1,y1), pa (g, Y2)}-

Acumon 1.25 Av 2z, 29, 25 € C, |2¢]| = |29] = |23]| xat 2y + 29 + 253 = 0 T0TE
TOL 21, B9, 25 ELVAL XOPLPES LGOTTAELPOL TPLYWOVOL.

Acxmem 1.26 Ay ¢ : C — C eivar avtopopplopog (ahyeBpinds xot Tomoroyindc)
tote P(z2) = 2 Yo wdbe 2 € C 1) ¢(2) = 2 Y xdbe 2 € C.

Asxnen 1.27 Opilovpe tnouvdptnen D, () = N, e yiot € R. Nat devybet

ot
sin((n + %)t)
D,(t) — T, av t =+ 2k,
2n+1 o t = 2km.
Yk € 7.

Acxmem 1.28 'Eotw 61t A = C. Kahodpe %ot Oy conv(A4) 1) (A) tov 4 tny
TOUY] GAWY TWY XLPTOY GUVOAWY TTov Teptéyouy To A (SnhadY) To eAdyloTo xVPTH
ahvoro Tou Teptéyet to A). No Sevylel ot

conv(d) = jz = Z Aig; + I memepaspévo , 2; € A, 1, > 0 xa Z Ai=1t.
il i€l

Acxmen 1.29 To cbvoro Twv ptlov Tng Tapaywyou evog Tolvwydpou Badp.od
> 1, meptéyetat oty xLpTY 0Nxn Ty plov ToL TOALWLYLLLOL.

Aosxmem 1.30 'Eotw b1t 4 = C, A 5 &. Tote Srap.((4)) = Stoap.(4).

Acxmom 1.31 'Eotw 61t 4 = {z4,...,2,} = C. Téte 1o (4) slvar sopmayéc.
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Acxmen 1.32 Av A = C xaw 2 € (4), tote umdpyovy a, b, ¢ € A wate 2 €
({a, b, ct).

Asxmem 1.33 Av A < C cupmayée tote xan to (4) eivat supmayés.
Acxyon 1.34 H cuvdptnoy f(z) =2+ ¢ yia 2 € C pe Rez < 0 eivar 1-1.

Acxumon 1.35 Amodeifte pe emaywyn 6Tt yia xdle 24, ...,2,, wy,...,w, € C
tay et ) aviedtnta Cauchy-Schwarz:

21wy + .. +2,w,] < \/lzllz + ..z, 2 \/lwll2 + o |w, |3,
axohoulwvTag To Tapaxdte BHuata.

i) Asitte wpwta 6Tt M 0 < (¢ — w)(2 — w) cvvendyetat T 2Re (2w) <
217 + [w]?.

ii) Xpnotpomotnote To Tponyodevo Yo va Setfete Ty avisdtyyta Cauchy-
Schwarz Yoo n = 2 Eexwvdvrag amd Ty Tapdotacy [2,w; + 29ws 2.

iii) o to emaywyted BApa vtobéote 6Tt 1 avisoTnTa toydet Yoo n — 1, xat

eQapULOGTE TNV TPOTYoLUEVY (n = 2) aTNV éxppacT)

2oWy + ... +2,w,
(lwg? + .. + |w,[?)

1/2
2wy + T (lwal? + o+, [2) ).






Kepahato 2

OAdpoppeg GLYARTYGELS

Y10 xeQUANL0 AT LEAETAPE TIC BAGLXES LOLOTNTES TWY WLLYASLLOY GUVAPTY-
cewy Tou €youy Tapdywyo ato C xat Ttg omoleg ovopdlovp.e OAGLOPEPES.

Optspés 2.1 'Eotw 61t to Q eivat éva avorxté voshvoro tov C xat f: Q — C.
i) 7 mapaywyog e [ 6T0 2y € Q elvat To dpto

i 1 —10)

4
Z fr—
f'eo) = Jim BE =1

oY VTG LTTAPYEL.

ii) H f Aéyetat odduoogn ato Q av umdpyet v £ (2) Yo xdle 2 € Q.

To chvolo Twy GLVIPTHGEWY TToL elvat 0AOPOPPES 6To Q To cupBoAilovye
we H(Q).

iii) H f Aéyetar axépoun av @ = C xat vwdpyet v f'(2) i xdbe 2 € C.

‘OTwe %ot TS TPAYWLATIXES GUVAPTNGELS ot 6 LaYHOLY BLAPOPES YVWGTES
BLOTNTES OTWE BAETOLYE GTIE TAPARATW TPOTAGELS.

Ipétacy 2.2 Av 10 Q eivar avorxtd vwocvvodo Tov C xar f+ Q — C duagogi-
o 670 2g € Q, ToTe 1 [ elvon cvveyng 670 2.

Amégeldn:

T (/) — £Go)) = Jim (e —20) - LELZLED g pregy —0.

— 2

Ipéracm 2.3 Av Q = C avountd, f, g : @ — C oddpoopeg nar a, b € C, vére
af +bg € H(Q) wow [+ g € H(Q).

25
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Amégedn: ‘Eotw o1t 2y € Q. Tote yio ndle 2 € Q pe 2 # 2 €yovpe

Af @)+ by(e) — (af o) +byo) _ | f@)— [le) _, 92) — go)
z2—2 - z—2 z—z9

Av mapoupe to 6plo Y 2 — 2o Bplonovpe ott uTtdpyet To (af + bg) (29) %ot
aydet (af + bg) (29) = af’(29) + b9’ (20). Op.oiwg, amé T oyéoy
[(2)9(2) — [ (20)9(20) _ — £ )9(2) 9(0) oz )f(Z) f(z0)

Z—2 — 2 — 2y

Bploxovpe ot vidpyet to (f - g) (29) xat toydet (f + 9) (20) = f(20)9" (20) +
1" (20)9(20)- O

Igétasy 2.4 (Kavovag arvagidac) Av Q xnar G avowxtd vwocvvoia tov C,
f:Q—0C,g:G— Colduogpeg cvvagrnceig e [(Q) = G tote 1 6vvbeon
g o [ elvar oAdpogpn xa toyver

(1) (z0) = g"(f(20))["(20) V2o € Q.

AréBeEn: 'Eotw 6t 2y € Q. Oétovpe: wy = [(2y) xot Yp7oLP.OTOLOOPE TNV
«rwapathpney Kapalbeodwpip- opiCoupe:

f(Z) [ (o)

20

f (30)7 g E Q \ {Zo}a

e(2) =
£a0) = W — g g), wE G fy).

Tére: lim,_, &;(2) = 0, lim

220

w—wg E2(W) = 0 xau 1oy bovy:

f(2) — [(20) = (" (20) + 1(2))(2 — 2),
g(w) — g(we) = (9’ (wo) + e9(w))(w — wy).

Bétovtag w = f(2) not wy = f(20) 6T debTEPY Gyéan) xat ovTixallaT®YTOS
TNV TPWTY) GE AUTY] €Y OVLLE!

9(f(2)) —g(f(20))

2—2p

= (9 (F(e0)) + &2 (F(2) )(f"(20) + £1(2))

Yo 2 = 2o. Ao o), kot apod v [ elvot GUVEYTS 6TO &g, ETETAL OTL UTTAPYEL Y]
Tapdywyos (g ° [)(29) xow toybet: (g < ) (20) = 9" (f(20)) - 1 (20)- ]

Hapageiypata 2.5 1) H f(2) =2" (n=10,1,2,...) elvat oAép.open ato C
apa xabe ToAvmvLPo elvat oAdp.opeY cuvdptrer ato C.

2) H f(2) = 1/z elvaw 0Adép.oper ato C \ {0}.

3) Amo ™ 2) xot tov xavéve aAvaidag émetat 6tt av Q@ = C avotxtd, f,
g : Q — C ohopopopeg xat g(2) # 0 yia xabe 2 € Q, tote /g € H(Q).
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Acrnsetg

Acumen 2.1 'Eotw o1t 1o U eivar avotxté vwoshvoro tov C. Bétovpe U* =
{2 : 2 € U}. Anodeitre 6t av 7 [ 2 U — C ebvou mapoywyiown oto 2o € U téte

1 9(2) = [(2) ebvar Tapaywylowwn ato 2y € U*.

2.1 ZXuv0mxeg Cauchy-Riemann

0 mapaxdtw optap.og eivatl 0 TUTXES 0PLGUOS TNG SLaPOPLSLUETYTAS YLok
GuYaPTHGELS SU0 peTaBANTdy xot propel va Bpebel oe xdbe Bifiio Ametpoatinod
Aoyiop.od Yo GUVEPTHGELS TOA®Y PLETABANTOY.

Optopés 2.6 'Eotw 4 = R? avowxtd, [ : A — R xan (x4, yo) € A. H f Aéyeto
duagogioun 6to (g, o) oy xar pévo av vdpyet T : R? — R ypappixs wote
va Loy et

[ y) — (o, yo) = T(x —To,y —¥yo) _ 0
(@.9)—(z0-0) [(x — 0, ¥ — Yo)l

Mo ypoppnh) amewdvion T : B2 — R ebtvar tg popeic T (2, y) = ax+ by,
6mov a, b € R, xat yewpetpina v ekicwon ¢ = T'(x,y) = ax + by ctov
R3 meptypdpet o eninedo Tou Siépyetar amhd TNV apyY| Twy atdvwy xot elvo
ToUPAIANA0 GTO eQaTTONEVO eTTiTedo T [ 6To aMp.elo (g, Yo). Oétovtag T va
eivat 0 1 X 2 wivaxoag (a, b), 0 Tponyoblevog optap.og eivat LooSHVaLos Pe TNV

lim f(x,y) — [ (xg,yo) — alx — xp) — b(y — yo) —0.
(@.9)—(0.90) |(x — 29, ¥y — Yo)l

Amodetxvietat 6tov Ametpoatixd Aoyiapd (Seite [5], Evétnra 2.7) éteavy f
elva Stapopioipn ato (xg, yy) TOTE LTEPYOLY OL LEPLXES TaPAYWYOL TNS [ GTO
(g, Yo) not Layet

fx(x()’ yO) = a, fy('rO’ yO) - bv

émou [, = df /dx xou f, = df/dy, supfoliop.d Tou ypnoLpoTotodpe o GTo
TOPORAT.

Oczwpmpa 2.7 Eorw o1t Q@ = C avowrtd, [+ Q@ — C nar 2y = xy + iy, € Q.
Oévovue, u(x,y) = Re f(x + 1y) naw v(z, y) = Im (x4 ty), x + iy € Q pe x,
y € R. Tore ta e&ng eivar t6odvvaua:

i) Prdoye n waodywyos [ (2q) s f 070 2.

ii) Ovu, v elvar duaegogioieg 670 (g, Ygo) xaL LEXVOVY 6TO 6NWELD QVTE 0L
ovvinreg Cauchy-Riemann:
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2 weginrwon avty woyver: Re f/(2) = u, (2o, yo) = v, (g, Yo) xa Im ' (z9) =
_uy(x(ﬁ yO) = v.l‘(xo’ yO)' Anlaé\ﬁ

f=u, —iu, =0, +iv, = u, +iv, = v, —iu,. (2.1)

AréseEm: Ymdpyet a +ib € C wote lim (f(z)—f(zo) —a— ib> =0 av
Z*’ZO g — ZO

%ol Wovo v

f&) — f(e) — (a+ib)(z —20) _

2—2

Ja+ib € C vote lim 0. (2.2)
220

[Mapatypodpe 6t
[(2) = [(29) — (a +ib)(z — 29)
= [u(z, y) — u(xo, yo) — alx — x9) + b(y — yo)]
+i[o(z, y) — v(2g, yo) — b(x — o) — aly — yo)l-
Apan (2.2) elva taodhvapn pe ™y dmapkn a + ib € C date
u(, y) — u(xo, yo) — alx — o) + b(y —yo) _

lim 0
(r.)~(z0.50) |(x — 0,y — yo)|
xo
v(, y) — v(xg, Yo) — b(x — o) — aly — yo) —0
(@:y)—(x0,90) |(x — 20,y — yo)
Avto oybet av xar wovo av vmapyovy a, b € R, wate ov w xot v vou ebvat
Stapopiotpes pe u, = a, u, = —b xat v, = b, v, = a (70 (2¢,¥)) av xa

wovo av ot w xo v elvar Stapopiatpeg xat TANPoLHY TLg suvhTreg Cauchy-Riemann
ato (29, o), Snhadh 1 (ii).

EfSope mponyovpévuwg 6t Re [7(29) = a = u, = v, nouw Im f7(29) = b =
—Uy, = V,. O
épiopa 2.8 Forw Q@ = C avontd, [ : Q — Cue f(Q) = R xow 25 € Q pre
70 omolo vdgyel N wagdywyog (). Tote f'(2y) = 0.

Amégetn: ‘Eyovpe v =Imf =0 xou f'(29) = v, +iv, = 0. O

Optapéc 2.9 ‘Eva gbvoro Q = C xakeltat tdmog, av elvat avotxto, ) xevé xot
GUVEXTLXO.

Igétasy 2.10 Eorw dte 1o Q@ = C eivou vémog now '+ Q@ — C oddpoogn ue
' =0. Tore n f elvar 6T,

AméBelln: Ané tp (2.1) gyovpe 1 = u, —iu, = 0 ométe u, = u, = 0.
Opolwg v, = v, = 0. Apa, apod To Q elvat GUVEXTIXO WS TOTOS, OL U, ¥ elvat
otabepée, dpa [ atabepy. O
Iépiopa 2.11 Eorw 610 10 Q = C eivar vémog now [+ Q@ — C odduoopn ue
f(Q) = R. Tove 1 [ elvar 6Talbeen.

Amé2eily: Ano to [lopiopa 2.8 éyovpe 6t [/ = 0. Apa m f eivae otabepy. O
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Acrnsetg
Acxmom 2.2 Efetacte wg mpog Ty OTapky Tapay®wyou TiS GUVXPTYGELS:
i) f2) =zl 2 € C.
i) f(z) =2/, 2 €C.
iii) f(2) = 2/lz], 2 € C\ {0}.

Acxmon 2.8 'Eoto 6t 7 f etvar axéparn. Eetdote av oL g,(2) = f(2) xo
go(2) = [(Z) ywa 2 € C elvor axépateg.

Acxmen 2.4 'Eotw 61t Q@ = C témog xar [ = @ — C oképopen. Téte ta
axohoubo elvat toodbvap.a:

i) H f elvou otalepm.

)
ii) H |f] etvor aTabep).
i) H £ eivow orépopen.
iv) Hu = Re f elvat atabepy) (avtictorya, n v = Im f elvat otabepr)).

Acxmon 2.5 EmfeBatwote tig suvdnxeg Cauchy-Riemann yio w1 cuvdptnon
fle) =1+ 22

Acxmen 2.6 Efetdsteavy f: C— C pe

(1 + i)Im 22

f(2) = e
0, avz =0,

ave =+ 0,

wAnpot ttg suvlnxeg Cauchy-Riemann oto 2 = 0 xa av vwdpyet 1 /7(0).

Asxmem 2.7 Eotw bt £(2) = 2°/|2|* av 2 5= 0 xow [(0) = 0. Asitre 61t 10
bpto lim,_ ¢ f(2)/2 Sev vmdpyet. Acite ott v [ ixavomotel tig cuvlvxeg Cauchy-
Riemann 6to 0 addd v f7(0) Sev vmdpyet. Avtipdoxet avté pe to Bemprpa 2.7 ;

2.2 Iapaywyog Suvaposelpds
I o empevo Bemprpa Do xdvovpe ¥p1NGT TWV TAPARATY TAPATYPHGEWY.

nt/0= =1, O

N—00

Mapatipnon 2.12 lim, . n'/" = 1 ot lim

Hapatipmen 2.13 Av b, > 0, lim, b, = b > 0 xat ¢ = limsupa,,, ToTe
limsupa,b, = ab.

[Ewedny lim sup(a, b,) = blimsup(a, (b, /b)) xat b,/b — 1 aprel va amodel-

Eovpe 6Tt av ¢, — 1 tote limsup a,c, = limsup a,,.
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‘Eotw 6tt @ = limsup a,, € R xat éotw ¢, — 1, ométe tedwnd ¢, > 0. Emetdy
a = limsupa,, uTdpy el uTcaxo)\oueLf)c (ar, )/ WoTE @), — a. Acp/oo Cr, = 1, éyovpe
a, ¢, — @ SNAaSY) T0 @ eivar opland omMuEelo NS a,c,. Tuvemog lim sup(a,c,) >
a.

Avtiotpoga, éotw £ = limsup(a,¢,). 'Eotw 6tt £ > a. Oswpodye vwaxolov-
Ot (ay, cp, ) T0¢ (a,c,) wote ay ¢, — £ > a. H (a;, ) eite elvor gpaypévn nat
€yet suyxAlvovsa vTaxoiovlia elte dev elvan dvw @paypévy xat éyet vTtaxoiovdio
e 6pLo To 400 efte Bev elvat xdTw Epayévy xat éyet vtaxoiovlbi e bpto To
—o0. Ye xafe TepinTwon propodpe va bofécovpe, TEPVWYTAS GE LTAXOAOLDIN
o ypetaotel, 6T (ar,) cuyxAivel oty extetapéyn Tpaypotixy evbela éotw
ato d, SnAadh

ncn

a, — d E [—OO, —'—OO],

Erewdn) ¢, — 1, maipvovpe a;, ¢, — d. Apood = £ > a. Avté dpug elvou
aBOVOTo, apod xavéva EXTETALEVD optaxsd onp.elo Tn¢ (a,) Sev wropel vo elvat
ueyorbtepo ano limsup a, = a. Entopévwg
lim sup(a,c,) < a.

Suverwg lim sup(a,c,) = a.

Av g = H-o0, vyt xd0e M > 0 vdpyovv dretpot Selxteg pe a, > 2M, xou
telnd ¢, > 1/2, dpa a,c, > My dretpoug deixtes. Eropévoc limsup a,c, =
—+oo. H wepintwon a = —oo elvat avaroy, apod tedna 1/2 < ¢, < 3/2 not

ty = 700]

Hapgatipeney 2.14 H axtiva sdyxitang R g Suvapoacetpds Y
Sivetat xat amé Tov THTo

o]
n—

0 (J/n(Z _ a)n

1 . 1
B limsup |a,|—T.

[Apxel va amodeifovpe 6Tt To Ghvola ToY optaxdy anuelwy ¢ |a,|!/” xa

¢ la, |V rautifovta. ‘BEotw 61t to s eivar opraxd enpeio tg |a, |/
(n > 2). Ymdpyet Aoimwov vToaxolovdio |akn|1/(k%*1) Tou €yel 6pto to s. Tote
opwe, sbppwva pe Ty Aoxnaer 2.8 aybet

A . (knfl)//cn
|akn |1k = <|akn |1/ 1)) — s,

no To s elvo v optoxd enpelo g |a,|*/". Opotwe epyalépacte av To s eivat

oplaxt anpelo g |a,| V" Yo va Tpoxdder bt etvor xar tg |a, [V (n > 2).
Apod hotmov Ta cOvola Twy optaxmy erp.elwy toug tawtilovtat Oa Eyouv to (Lo
supremum, SnAad lim sup |a,|'/" = lim sup |a,, |/ —1).]

Oczwpmpa 2.15 Av y dvvapoceiod f(2) = X g a,(z — a)" éxel antive 60-
yrlong R > 0, vdre n ovvdgrnon [ magayoyiletar xaw woyver: /() =
Y na,(z—a)" !y xdbe 2 € S(a,R) == {2 € C : |z —a| < R}.

n=
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AnéBetEn: 1) Bzwpobpe tn cepd 30 4 na,(z — a)" " o Bétovpe R’ tny
oxtiva shyrAtofg tne. ‘Eyovpe otu:

1 . 1 . 1. 1
= lim sup |ra, |1 = lim sup |»|»—7 limsup |a,,|—1
1 1 1 1
= lim |n|>—T limsup |a, |—T =1 = = =
u bla, ==z

Ao TLE TopaATAvw Tapatnpnoes. Apa R' = R.

2) Apxel va amodeifoupe o fewpnpa Y a = 0. ' [2] < R Oétoupe

9(2) = Z na, 2" 1, s,(2) = Z a,2", l,(2) = Z a.2",
n=1 k=0

k=n—+1

xat Topatnpodue ot f(z) = s,(2) + £,(2).
Béhovpe va amodeifovpe 6Tt Yo xdbe 2o €

S(0,R), 0 " (2q) vrapyet xat [ (29) = g(2¢)-
Emikéyoope r, 6; > 0: g9 < r < R xat
S(29,07) = 8(0,7). ' 2 € S(zg, ;) €xovpe

f(Z; : Z(Zo) — glzg) = 5,(2) : 5,(20)
0 2%
- S;z<20) + 811(20)
0,E) = bu(zo)

— 2.3
9(20) + pr—— (2.3)
Hapatnpodpe ot
L& L) _ 5, =2
£ %0 k=n+1 £ %0

xot Ao Bavovtoag vTtediy 6Tt

k k
g —2p

= |+ 2P AT <kt
2—2

ool 2, 29 € S(2g,0;) = S(0, r), Taipvovpe 6Tt

L,(2) —1,(20)

Z—2

< i k|ak|7.k71'

k=n—+1

'Eotw ¢ > 0. Egécov r < R 7 oetpd 32 4 kla,|r* ! suyxiiver (amé to (1)
¢ ambddeltng) xat dpa vmdpyet ny € N date yoo n > nq va taybet

én(z) _ éﬂ(gO)

2 —2

&

3 (2.4)
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vio xdle 2 € S(zg,0;). ‘Eyovpe emiong wpopavig ot s,(29) — ¢(20). Apa
uTapyet ng € N wate av n > ng va Loy bet

(20) —g(z0)| < 3. (2.5)

B¢tovpe ng = max{ng, ny} 0wOTE LY LOLY TAVTOHY POV ot 7 (2.4) xat 1 (2.5).
Twpa Tov emAyOnre o ng, emAéyovpe 0 pe 0 < 0 < d; wate av [z — 2| < 0
va Loy bet

() —p(20)

g —¢p

&
< 3 (2.6)

%0 ZO)

"Eyovpe télog amo Ty apyixn ayéan (2.3) xat tig (2.4), (2.5) xat (2.6) ot

FO=LE) | <o parle—zl <o
z2—2g
a6 to omolo éxetat ott g(29) = [ (2¢)- O

Iépiopa 2.16 Av y dvvagocegd f(2) = X2 a,(6—a)" éyer axviva 6vyriiong
R > 0, tore:

1) n [ elvaw amweguopiota diagpogioiun xaw toyver:

o]

f(k)(z) = Z n(n— 1)(7@* k -+ 1)%(5 o a)n—k et |Z o al < R.
n=Fk
2) a, = f"(a)/n! pan=0,1,2, ...

Amégedn:
1) amé to Bewpnpa 2.15 pe emaywyy).
2) Xpnotpomotwvrog to (1) éyovpe: P (a) = kla, Yok = 0,1,2, ... O

Opiopée 2.17 'Eotw 6wt Q = C avorntd xat f: Q — C. Aépe étt v [ elvan
TopaeTdoun ue dvvauocergd ato 8, av ya xabe S(a,r) = Q vwapyet pla
Suvapogetpd 257 ¢, (2 — a)" = f(2) v xdbe 2 € S(a, r).

Acnmoelg

Acxmem 2.8 Amodeifte 6Tt av @, > 0 pro axorovbio Tpaypatieomy pe lima, =
lxow b, >0 peb, —1tote alr — 1.

2.3 Tevizég Asnmoeig Kepadalon

Asxmem 2.9 Ymoloyicte to Sagopid T = (gi g;) LS Topoywyiotpng
suvdptnang 2 C — C Oewpwvtag Ty w¢ uvapTneT 800 PeTafAntoy, Sniady
ogpta f: R2 — R2, xot amodeifte tic ouvlrxeg Cauchy-Riemann Seiyvovtog

6t o T elvon g popehc (4 7,0).



Kegpdiato 3

Bacixnég suvaptioetg

3.1 H exletina] svvdpmoy

[Ipowavig GUVAPTAGELS TAPAGTAGLLES [LE SUVOP.OGELP Elvat aTepLopLaTa
Stapopiotpec. Hapddetypo tétotag guvdptnong eivan v ¢ pe Q@ = C. Opilovpe
v € emextelvovtag Tov Thmo Touv Taylor yia Ty e* pe x € R oto C: opiloupe

o] n

exp(z) =€ := Z =

|
n=0 n:

vtz € C. O optopde elvar xahég 8ot 1) GeLpd GuYRAIVEL, ol GuYXAIVEL aTTOAD-
twe. pdypatt avtsd elval gaveps apod 1 X |2]"/n! elvat cetpd Tpoypatiewy
aptBpey xat cuyrhivel améd to Oedpnua Taylor oto el

Me tic ttéTnTeg g suVdpTNGETS ALTYS, ToL aupBoAilovpe pe exp, bo aayo-
AnBobue Tapoxdtw.

H mapdywyoc avtic voroyiletat pe Bdan to Oewprpa 2.15 wg ebng:

, o 4 el B pn—1 o

exp’(z) = <Z n‘) = Z 2" Z Z o= exp(2).
n=0 """ n:l n= 1 n=0 """

Apo exp” = exp.

A76 ta Basind mapadelypata ato Bempnua Taylor yvwpiloupe 6t yia xdle
Tpoypotind aptBpd ¢ taydouy ot kg oyéaelg:

o ( o2n _ ( 1) 21z+1
cost = Z (2n)‘t sint = ,,Zo (2n—|—1)' ,



34 3. BAZIKEY EYNAPTHIEIZ

oetpég ot omoleg suyxAivouy yia xabe ¢ € R. Iapatnpodye 6Tt

©  ipn 2N+1 /.y N .2k N -1\ 2k—+1
M (it) . (it) . (it) (it)
e = ), S = jim Z;) P e Z @h)! +k§3 @k +1)!

n=0 n=

_ 1 (=" 2% G
ﬂ&‘l&(z el T Z (2k+1)|t
= cost + ¢sint.

Apa

¢t = cost+isint yio wdbe t € R.
ATé avtév Tov tOTo Yot = 7 Talpvovpe Tov 6p.opeo tHTo tov Buler o omoiog
auvdudlet xat Toug TéVTE «onpavTixodon aptdpode:

e +1=0.

EmiwAéov, Tpoxdmet dpeca ot cost = Re e xau sint = Im e xot amé Tov
Bostxd Tprywvopetpixnd tomo cos® ¢ + sin? ¢ = 1 wadpvoupe apéong || = 1.
Tewpetpind o aptBpéc e elvar atoryeto Tou xbxiov C(0, 1), xor xdbe ctotyeto
owTo TOL XOXAOU eVl AVTNG TNG POPPTIS PO EYEL GUVTETAYWLEVES TNG LOPPTIS
(cost,sint).

Lpétacy 3.1 e tyw enletins) cvvdornon, pua xdbe 2, w € C, toydovy o eEng
10LoTnTEG:

2 Z

i) e =c¢e

w 2w

ii) ee” =¢
iii) e =1 aw o wovo av z/2mwi € 2.

Amégedy: (i) amd T cuvéyeta T 2 — Z youpe

— 2" kL gn kL g _
F=lm Y —lm Y D —1m Y o=
n! 2 n! ; n!
n=0 n

(ii) Mo xaBe a € C Bewpodpe T suvdptnay f(2) = €*e" . A6 tov xovova ahuai-
Sotg %ot YLVOP.EVoL YLor Ty TapdywYo Talpvoupe [ (2) = efe" i +efe" F(—1) =
0 yta xd0e 2 € C. Zuverwe, ewedr) to C eivan témog (Ilpdtaoy 2.10) v f elvar
otalepy). Anhady) umdpyet ¢ € C wote ¢’ = ¢ wa xdle 2 € C. Apa Yo
2 =0 € R maipvovpe ¢ = e*. 'Brotl i xdfe a € C xaw yi xdbe 2 € C raydet
e’e" % = e". Bétovtag a = 2 + w mpoxdTTEL To {NTobUEVO.

(iii) Twe 2 = @ + ib pe a, b € R, xow awd to (i) éyovpe &€ = e’e’. Apa
av e’ = 1 cuvermdyetar [e%e| = 1. A& yvopilovpe 6t || = 1 omdte
supmepaivovpe e* = 1 pe a € R, dnhadh a = 0. Apa 2 = ib nou e* =
cos b—+isinb = 1 omwéte cos b = 1 xar sinb = 0. Apa b = 2nzw yia xaTdAAnA0
n € 7. Xoverwg 2/2wi = (ib) /271 = n € Z.

Avtiotpdong eivar Tpopavég: av /2w = n € 7 cuveTdyEToL & = 2N,
ortote ¢ = cos(2an) + isin(2an) = 1. O
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Acrnsetg

Asxmon 3.1 Aeitte o toybdouy ot oyéoeic: cost = (e + ¢")/2 xau sint =
(e — e")/2i yio ndbe t € R. Ttn cuvéyeta oplote avahdymg Toug pwryadeods
TpLywvopetptxodg aptdpode cos z xat sinz yto 2 € C xat amodeifte Tig oyéoelc:

i) cos®z +sin?z =1,
ii) cos(z + w) = coszcosw — sinzsin w,
iii) sin(z 4 w) = sin z cos w ~+ cos 2 sin w,
Yo xabe 2, w € C.
Asxmen 3.2 Adate trp eklowan cosz = 1/2.
Asxmem 3.3 Asifte 6Tt v suvdpTyon sinz ametnovilet xdle evbela y = a % 0
TaPAAANAY) Tpog Tov TpayLaTixb atova ae eAeldy) xat xdle evleia x = a pe

sina 7 0 xat cos a 7 0, TapdAANAY) GTOY PavTaaTIXG dEova Ge LTEPBOAY).
Bpeite Ti¢ etxbveg autwv TV eLOELDY XL VTG TNV COS 2.

Asxmem 3.4 TI'padre oty popen) a + ib pe a, b € R toug aptbpode:

3T cos(1 +14), sin(2 + 39).

3.2 H AoyaptOwixy) suvdptrey
H emépevn mpbracy pag Sivet T SuvatéTnTa Vo 0piGovp.e TNV €vvota Tou
AroyaptOpov.
Hpétacy 3.2 [N xctbe w € C\ {0} vrdoye 2 € C dore ¢ = w.
Améeeily: 'Eotw 6t w € C\ {0}. Tote |w| > 0. Pavepd w/|w| € C(0, 1) dpa

udpyet 0 € R hote 9 = w/|wl|. Suverdg w = |w|e? = eloglwl+if, O

Ztov embpevo optapd vevbvpilovpe, suvodilovtag, Toug 0pLaoLE TWY optL-
opdtmv pryadteod aptdp.od.

Optopés 8.3 Avz € C\ {0}, téte umdpyet O € R: 2/|2| = €', 3nhadhy 2 = |2]e”,
N TPLYOVOPETPLXY) popen) Tou 2. To ahvoro twv 6 € R Yo ta omola taydet
z = |z]e" nakeiton douopa Tou 2 xou To cupBoAilovpe pe argz. O povosripavta
optopévog 0 € R pe —m < 0 < 7 xow 2 = |z]e”’ nahelton Bastxs, mpdro ¥
Tpwteboy bplopa Tou 2 xat supBoAiletar pe Arge. ‘Eyovpe tote:

argz = {Arge + 2km, kCZj}.

Eriong ypapoupe arg, z yio tov aptbud Arge + 2km.
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Apay
log|z| +iArgz : C\ {0} = {x+iy : x€R, y € (—m, 7]} =R X (—m, 7]
elvat avtioTpoey NS

¢ : R X (—x, 7] — C\ {0}
xofwe xot Yo xdbe k € Z

log|z| 4+ targ,z : C\ {0} = {x+iy : x € R, y € (—n + 2km, w + 2k7]}
=R X (—7 + 2km, w + 2k7n]

elvat avtioTpoey NS

e+ R X (—x+ 2kn, w + 2kn] — C\_{0}.

Autég ot avtiotpoweg cuvaptvcetlg ovopalovtal xdddor Tov oyogibuov. O
vpdwoupe Logz yia Ty cuvdptney log |2| 4 éArgz xat tnv ovop.dlovpe modTo
1 TewTeVV %Adtdo Tov LopaoiOuov, evw Yo Ty éxppac log |z| 4 iarg), z Oa
vpapoupe Log,z xat B Ty ovopdlovpe k-xAddo tou Aoyapifp.ov.

Hapatipensm 3.4 O wpohtog hoydptbuog Sev elvat v avticTpogn cuvdpTHEY TNS
e : C — C\ {0}, agod 1 teevtalo dev elvar 1-1 yio va elvat avtiatpédepn
(1o Tapdderypa €7 = €37 = —1). Eivaw pévo dekid avticTpoen awthc TNC
exfetinng 6mwe xat xale k-xhddog tou hoyopiOpov. Hpdypott, yio xdle k € Z
éyouvpe
eXp(LngZ) — eloglelt-iarg, 2 |2|eiargk2 —z

v ndle 2 € C\ {0}. Aev efvar bp.we (dTwg avapévoupe apod 1) exdetiny) Sev elvat
avtiotpédrpn) aptotepd avtictpoer. [a Tapdderypa Loge®™ = log|e®7| +
iArge™ =log 1 +im = im  i37.

Ilpétasm 3.5 To momrevov doiouc Arg eivar cvveyng cvvdgrnon 6ro C\ {f €
R : ¢t <0}.

AzméBedm: Ou deifovpe Tpwta 6t M [ = Arglp 1)\ 1y Ebvo GUYEYNS, 6OV
C(0,1) = {2 € C : |z] = 1}. Av o6 Sev Loybet, TOTE LTAPYEL 2) = e'fo e
0o € (—m, ) cTo omolo 1) f Sev eivar cuveytc. Kotd suvémeta, urdpyet 2, = €'
ve 0, € (—m, ) Tou GuyrAivel ato 2g adAd 0, + 0,. 'Etat vdpyet ¢ > 0 mate
cuyvd 0, ¢ (0 — &, 0y + &), uveTig aut éyet axolovlia, éotw Ty 0
wate 0, ¢ (0y — & 0y + ¢). Opwe 1 0, oviixel oTo supTayés [—m, 7] ométe
é€yet suyxAivousa vaxoiovbia. Ag ovopdsovpe auTy) TNV Iaxoiovbio @, e
6pto to @ € [—m, ] naw ¢ % Oy (apod @, & (0g — &, 0y + €)). ANNG oo Ty
udBeam e — €% (v €'n eivar TaxoloLBin TNE 2,) eV aTh TN GLVEYELL TYC
exfetinc O Tpémet e — €7, Apa €7 = %, omére /(P00 = 1. Ané
[Mpéracy 3.1(iii) éretat bt (p—0p)/ 27 elvor axépatog. AAAG emed) |p— 0| <
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27, apob @ € [—m, 7] xat Oy € (—m, ) cupmepaivovpe 0Tt (¢ — 0y)/2w = 0
SN ¢ = 0, Tou eivat dromo. Apa f Guveyng.

Opiovpe twpa h: C\ {t€ER : t <0} — C(0,1) \ {—1} pe h(e) = 2/2|,

omote N Arg|en yicr <oy = [ oh elvan cuveyns wg obvleam cuvey Y GuVaPTYGEWY.

O

H iSto amddetly pmopel va yiver xat yio to véroima opiopata. ‘Etat xdle

*hddo¢ Tov Aoyapilpou elvat suvey g cuvdptnar ato sbvodo CN\ {{ € R : ¢ < 0}.

3.2.1 Ilapdywyos »at Suvapessipd AoyaptOnmy

H mopdywyog vroroyiletot edbxoro amd Tov TOTO Topay®YOL ovTiGTPOPNS
suvaptnane. o Adyouvg TAMPOTYTAS 0 OVaAUTIXGS LTTOAOYLGWES lvat wg b
Avz,zg ECN{HER : ¢ <0} nat 2 — 2y T0TE ATO TY) GUVEYELX TOV
AoyapiBpou toydet w = Log,z — Log,zy =: wy xat 2 = €, 2y = €0, apod
%0 hoydptBpog eivar Sebid avtiotpopy e exfetixne. 'Etot éyovpe
Log; 2 — Log; 2, L w—w 1 1

/( J— s J— J— J—
[ (z9) = lim = lim — = — = —
0/ 2 — 2 w—wg €0 — 0 0 2

Yoventwg (Loge) = 1/z yiaxdbe 2 € C\ {{ € R : ¢ < O} v xdkbe k € Z.
IMo to avdmTuype o€ SUVAP.OGELPE TOPATYPODP.E TPWTA OTL AUTY TPETEL Vo

€yl xévtpo dAro amd o 0, apod to undév Bev elvat 6To TEdlo oplalod XavevoS

hoyaptOpov. Me xévtpo T0 1 TopatnpodUE Ao TY) YEWUETPLLY] GELPG OTL

4 1 1 oo n S n n
(Loge) = 2 =175 = Eou —2)' = ;0(—1) (e—1)".

"Etat, atov tomo S(1, 1) Oa €yovpe

<L0g], Z ( l)n 1)n+1> :0’

ométe vrapyet atabepd ¢ € C wote

(="
n+1

Log,z = ¢+ Z (2 — 1)1,

[ 2 = 1 mpoxdwret ¢ = Log,1 = log|1| 4 ¢arg;, 1 = i2kw. uverwg

Log,z = i2km + Z ( +1)1( — 1)

n=0

xot M axtiva sOYRALGNE TPOXVTTEL ehXoAa OTL taobhTat e 1, teodhvap.a
o0 —

) (_1)n 1

Logez = izkr+ 3,

n=1

(z—1)", (3.1)
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I to avamToypo pe xévtpo éva ampelo 2y 7 0, Bétovpe

w=2"_%0
20
Téte
z=2zo(1 4+ w).
Av |z — 29| < lzgl, Tote |w| < 1. Apa to 1 + w avixet otov dioxo S(1,1), 0

oTolog 8ev TEWVEL TNV apynTirh) Tpaypatiny nptevleio. Eropévwg o Tpwtedwy
AoyaptOpog Log eivat optopévog ato 1 + w, xat toydet

ol (_l)n—l
Log(1 +w) = Z Tw", |w| < 1.
n=1

Opiloupe tipa, atov dioxo S(2q, [20l), ™ cuvdpTnoy

LZOJf(z) = Log;zy + Log<1 + c ; 20>,
0

6mou oto Sebtepo pérog To Log eivat o Tpwtedwy Aoyaptdpoc. H suvdptnoy
Lzo,k elvat avoAuTLOS XAdBog Tou AoyapiBuouv atov Blaxo S(zg, |24), apod

z—z z—z
e2042) — gLogizo (1 + 0> =2 <1 + 0) =2z,
20 <0

xot ETUTAEDY
Lzo,k(ZO) = Log,2,.
Eropévwg, yio |z — 2g| < |2, Talpvovpe
& (-1
n

L., 1(2) = Logizo + )
n=1 0

(2 —2)". (3.2)

Me diha AéyLa, o Tapamave eivat to avamtuypa Taylor tov Towtxod xAddou
Tou AoyaplOupouv Yhpw amé o 2 Tov Talpvel TV Tty Log, ey 610 2¢.

Acnmoelg

Acxmsyn 3.5 Bpeite Suo Stapopetinode pmyadinods aptlpode 2;, 25 € C\ R
wate va toydet Log(z29) = Log(z;) + Log(zs), xat 8o dhhoug w, wy € CN\ R
wate Log(w,wy) # Log(w,) + Log(w,).

Asxmem 3.6 Amodeifte 6T To evphTepo GHVOAO GTo omolo elvar oAdp.opEN M
f(z) = Log(zzy) — Logz, yia 2o ¢ [0, +00), amotekeitar ané 8bo cuvextinég
GUVLGTMGES Xal 6e xdle pia amo autés 1) suvdpTneY [ eivat atadepy.
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Acxmon 3.7 (Opropie pwryadiemy duvdpewy) Me Bdon tn oyéon a¥ = ev'o8?
amh Toug Tporypotixods aptBpods opiCovpe a2 7= 0: 2(;) = e”Logr* gmou Log,
0 k-xAddog tou AoyaplOuov. Aniady) yio xd0e xAddo tov AoyapiOupou opiletat
xat évag xAddog dvvaung tov z oty w. T 2 7= 0 xaw w 7 0 pe to adpBoro %
supBoriCovpe tov eM8)/ ¢roy Logz o mpwtebwy hoydptbpoc. T 2 = 0 660
7 Svapy pe exbétn w %= 0 600 xow 1 w-pllo pe w 5= 0 opiletat vo elvar (om pe
uNéy.

i) Amodeifte btt uTdpyet p.ovo évag xAddog Tng Shvapng 2
To w elvat axépatog.

“ oy xot LOvo av

ii) Amodeifte btt av 0 w eivan ptoc TG popene m/n e m € Z xou n € N xa
To m/n eivat avaywyo TOTE To 2V €yel n SLapopeTinéS TULES, TIS N-GTEC
ptleg Tov 2™,

iii) Av to w etvan dpprnrog ) Imw = 0 téte 10 2" €yel dmetpo wANBog TLLOVY.
Aswnoy 3.8 Ymoloyiote bheg Tig Suvatég TLpéS Twy aptOp.dy
iy, (=), 20 logl, log(i), log(l+71)

6ToL YLor Tov optapd Twy duvdpewy deite Ty Aoxuner 3.7 xat pe o log evvoobpe
v Bpefodv 6heg ot Suvatég Tupég, Snhady) 6ha ta Log, Yo k € Z.
Asxmem 8.9 Amodeifte 61t v cuvdptnoy f(2) = 22 amewoviler To Tp®TO
tetopnpuipto A = {# € C : Rez > 0, Imz > 0} oto dvw npieninedo
B:=1{z€C : Imz > 0}.

Amodeifte 6t 1 g(2) = /2, pe g(0) = 0 xar g(2) = *¢/2 yia 2 £ 0,
ametxovilet To C oto sdvoro

D=1{0} U{z €C\ {0} : —7/2 < Arge < m/2}.
Asxymen 3.10 Armodeite 6t v f(2) = € ametxovilet ™) Awpida
{z€C:Rez<axatb<Imz<<b-+ 27}

610 S(0,e*) \ {0}, yto xd0e a, b € R. Meketnate to wedio Tipov tov Log, btav
o medio optap.od eivar S(0, R) \ {0}, 6wov R > 0.







Kegahato 4

Mwyadixy) OAorAMpway,

2T0 xe@dAato auTod TNG 0AOXAPWGTS BEAoLUE Vo 0plGoLP.E TO OAOXATIPWULA
Lo YoSteig suVapTNGYE f Tavw G pia xap.wOAY Tou emtwédon. Mtny ovsla
TPOXELTOL YL TO ETLXAUTOALO 0AOXATpwL.a 6w To Yvwpilovpe amo Tov Amet-
pooTixd Aoytopé pe T Staopd bt v [ Bev éyet amapaltnTa TpoyLaTiRéS TLRES,
oaAhd tpég ato C. ‘Omwg xat 6Tov ametpoatind AoYLGRO T0 OAOXANPWLLL OUTO
eV uTTApyEL TavTa, xat 1) OTopEy) Tou Twpa ebaptdTat oyt Povo amd Ty [ alid
XL ATTO TNV RAPTOAY) TAV® GTNY 0TTO(0 GAOXATPWYOLLLE.

Y10 xepdAato auté Bo TopouGLaGoLYLE Lo aTAOTOIP.EVY) LopeY) TN Dewplog
pe Ty emiAoy uTO0EaY) OTL 1) GUVAPTYGY) TTOL TEPLYPAPEL TNV XAUTOAY TAVW®
oty omolo Oa OAOXATPWVOLP.E E(VAL XOTA TUNHLATO GUVEY WS TapaYWYiGtUY):
Snhadh extde améd wemepasévo TAN00S GNEiwY 1) GLVAPTNGY) TTOL TTEPLYPAPEL
TNV XOPTOAY eival Tapaywyioty xat 1) TapdywYo6S ¢ elval GUVEYTC.

Ev tod7totg, av xdmotog 0éAet var Set v yevinn avdmwtuly e Oewplog tote
ovTl Lot UTO TO XEPAAXLO LTTOPEL VO LEAETYIGEL TO ETOWLEVO XEQPAANLO GTO OTO(O
7 avamtuEn g Bewplag yiveTat Yo GuVUPTYGELS PPaYLEVNS XOPAVETC.

Av ¢ : [a,b] — C pra Tapapetporoiney g xapmwdANG oty owola Oa
OAOXATPWGOLP.E, TOTE ElVOL YAVEPD, AXOAOLOMVTAS TLS TEYVIXES TOU OTTELPOGTLXOD
AOYLGP.00, OTL TPETEL YOl XATAGREVAGOLP.E afpoloPAT TN LOPPTIS

DGO () — $(tiy)),
i=1

bmov a =ty < t; < ... < t, = b dapépion tou [a,b] o by < 1, <
evdtdp.eca anpelo TNe SLapéptans, ETLELOXOVTAS Yo TETOYOLWLE Wta 0pLaxy) Ty
6tov M AemtodTNTA TN Stopéplamg Telvel aTo pNdév. Av auTy) 1 optaxy) Ty
urapyet Do TNV OVOULAGOLPE «OAOXATIPWPIN.

H mapamdvw éxppaay Ypapetal xot wg

¢(1«‘) ¢(tl 1)

l—

Z () (t—ty).

4
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Av Aotméy vofésovpe O0TL 1] @ elval GUYEYWS TopPaYWYIGLLY) TOHTE YPAPOVTUS
v ¢ ¢(t) = x(t) + iy (t) pe z(f), y(t) € R, awoé to Bewpmpa péong Tipng Tov
ametpoaTixod Aoytapod, udpyet §; xat n; oto Stdotnue (£, t;) (bt amapaitnta
wetakd toug (oa) wate
x(t;) —x(t,_ , &) —y(t,— ,
(1,) (2 1) = (gl) Yo ?/( ) y( 1) :y (772)
ti—tiy ti—ti 4

v ndle i = 1, ..., n. (lHapatnpodpe 6w 6Tt to Ocwpnpa Méong Tipyg tov amet-
poaTLX00 AoYtaP.0l Bev Loy bel amapaiTnTo Xal Yo SLOYUGULOTIXES GUVOPTYGELS.)
'Etat walpvoupe to dbpotspoa

D0 L@@ () + iy 1)) (b—tiy). (4.1)
i=1

Agrvovtog Topa ) AeTTOHTNTA TNG SLapéplang Vo Tdet 6To Pnséy, xatahaBal-
voup.e StoeaOnuind ot ta 7y, §; xaw n; B cupmésouvy 6to (Slo ampelo divovtag To
OAOXATPW L fab o)’ (t) dt.

Evohhooetixd popodpe vor yprnotioTotsoupe TNy vvota Tou Stapoptol Xat
va Ypddovpe

ot;) — ¢(tiy) =~ ¢ (€Nl — tiq)

xot xortd T d0potay) Pe TNV AETTOTNTA TNG SLoPEPLonS Vo TEIVEL GTO PNSEy
umopolie va Seffoule 6Tt TO GQAALA TNG TPOGEYYLONS TEIVEL XA AUTO GTO W13EY
xoTodyovtag oty (Sto ExppacT j;b ()¢’ (t) dt.

Av topa M ¢ elvat cuveywg Tapaywyloipy extds ané to anpeio a < ¢ <
ey < ... < ¢ < b, TOTE TO OAOXATpWYL.A tGoLTAL e To dOpolapa

c1 cg b
/ PN 1)t + / PO O dl+ ot f PO 0 dt

SnAaldy) TAAL pe To fab flo)g'(t) dt.

Opiopés 4.1 Av ¢ : [a,b] — C elvar pla Topapetpiomolney Wog xotd
TUNPLATA GUVEY WS TAPAYWYIGLUNG XAUTOANS P *al To oAoxATpwp.o Riemann

fab (@)’ (t) dt vmapyet, Ty TP avth v ovop.alovpe ohoxApwpa g f
GTNV XAUTOAY P XAl YPAPOLP.E

b b b
/ fg = / A0 d(t) = / PO (Bt

Opiopée 4.2 M suvdptnon f 2 Q@ — C, émov Q avotxté uToshvoro ToL
C, Aéyetan magacTaciun ue dvvauoceigc 670 Q ov v xale avotxtd xOXAO
S(29,8) = Q7 [ moptotavetar pe Suvap.osetpd atov S(zg, €).

Ozopmpa 4.3 Eotw 61 g : [a,b] — C ovveyig, ¢ : [a,b] — C nard tujuare
ovveyorg magayeyicun xer @ = C avourto we Q@ N g([a, b]) = @. Tore



i) novvdagrnen f: Q — C ue

M dg A
o= [ 2= e

elva TaQaoTAGIWY (L OVVAUOGELQd.

ii) woyver

. R0
( (2) _”‘/ (g — )n+1 = nl . (g(t)fz)”+1

e xabe 2 € @\ g([a, b]).

Am62ein: Hopatnpodpe, amwd tov THTo dlpotamg Tne YEWWETPLINS TPo6So, 6Tt

3 1 z2—2 \'_ 1
l;) g(t) — 2o (9(t)zo> Ty —z (4.2)

ov 1) oeLpd suyxAivet. Av Dewprjcovpe atalepd to 2 € S(2y, &) = Q ToTE 1) GELPd
oUTY), WG GUVAPTYGT) TOL {, GLYXALVEL opotopopea. Ilpdypott, 1 pev 1/]|g(t) — 20|
elva ppoaryévy) suvdptnay Tou ¢, éatw amd to M > 0, Stott elvat GuveyTic 6To
[0, b] wa |g(t) — 20| > & (axp0d @ N g([a, b]) = @), xou

z2—2
g(t) — 2

|2 — 20l

< <1

&

Omote

oS}

20 0o,
!](t)—zo<g(t)—50>‘_MZ‘ <+

Yoverog, amé to Bewprpa tov Weierstrass, 1 cOYxALGY TG GELPAS GLVAPTYIGEWY
Tou ¢ atny (4.2) elvat opotop.ope.
Zvupmepaivovpe Aotmov ([1] Bewprnpa 4.3.2) 6t

" ez > °°< ' dg >
— TR0 ) g = Y Ve
o= <Zo o) T 2 / GO—zy )

%0 b
d¢
= a,(z —zg)", 6oL a, / — .
Z 0 . (g—zo)rtt

n=0

Q¢ ostéy (pe emaywyn) a, = " (z9)/n! ohoxknpovovtag Ty amédelty. [

Hapatipnen 4.4 Ané to Tapamdvw fewpnpa BAéTovpe 6Tt 1 xatnyopla TwV
GUVOPTAGEWY TTOL E(VOL TTOPUGTAGLLES PLE SUVALLOGELPA E(VOL LEYAAT.
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Acrnsetg

Aoxmem 4.1 'Eotw otta, b € R, a < bxat f: [a,b] — C ohoxinpwoipy. Tote

1 b -
b_a/ f(&) dt € f([a,b])).

Acxmor 4.2 'Eotw 6t to Q elva avotxto xot xvpté, xat f:+ Q@ — C oAdp.open
we Ty Re /7 vo umy éyet pila oo Q. Tote v felvar 1-1.

4.1

KapmdAeg pe pajrog

Optspés 4.5 i) Mix suveyng suvdptnem p : [a, b] — C Aéyetow xopwdAY

ii)

iii)

iv)

cto C.

To cbvoro p* = {p(l) : a <t < b} = p([a, b]) Aéyetat {yvog tng y M
unove TNG Y.

To ohoxAfpwp.a fab |9 (£)] dt To ovop.dlovpe pnjrog THe xaP.TOANS P *at
to oupforilovpe pe w(p). O Adyog eivar 6Tt Lo TPOGEYYLGT TOL PAXOLS
®op oA pe Bdan wia Stapéptan a = ty < t; < ... < t, = b elvae
o abpotopo Y4 [p(¢) — p(ti_1)], »ot epappolovtag TaAL To Bewpmpa
WEGMS TUULTIC TOU ATELPOGTIXOD AoYLaPol Yia To Tpaypatixd x(f) xat to
povtactind wépog y(t) e p(t) = x(t) 4ty () 6Twe xat oty (4.1) Yo Ty
ROUTE TPAP.ATA GUVEY WS TapaywYioy P, avté ypdpetot Nr_ |2’ (&) +
iy ()|t — ;1) Yoo xatdhAnia eviidpeaa anpeia §;, 1;. BuveTwg 6tav
7 AETTOTYTO TNG SLopépLamg Telvel To P1déy TPOXVTTTEL TO OAOXATPWLOL

Ly @l at.
H xatd tumpata cuveyong Tapaywyiowpn xoapwddn » Ayetal evbvpoapui-
oLun N xaewwodny we unrog av w(y) < —-oo.

Hoapagetypota

i)

ii)

'‘Eotw étt a, b € C. H xapwdiny p : [0,1] — C pe p(t) = (1 —Ha +tb

ROAELTaL (TPOGAVATOMGEVD) eVOVYOQLILO TUNE |LE TPMTO GXPO TO & XAL
8ebtepo to b xat cupforiletar peptxés @opéc xat [a, b]. To urxog avthg

elvat ) )
w»):/ |y’<t>dt=/ b—aldt=[b—al.
(0] 0

H xapmodn p : [0,27] — C pe p(t) = a+ re' émova € Cxarr > 0
*oAElToL (TPOCAVATOALGUEVY)) TEQLPEQELC REVTPOL @ XL AXTIVOS 7 XL
supBoriletar pe C(a,r). To pAxrog avthg elvat

2w 2w ) 27
w(C(a,r)) = / Iy’ ()] dt = / lire| dt = / rdt = 2mr.
0 0 0
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iii) H xopmoin p : [0,27] — C pe p(f) = acost +ibsint, a, b > 0 eivar
(mposavatodioévy) Eldeupn e nuiatoveg a, b.

Ilgétasy 4.6 Eorw éte ny : [a,b] — C eivar xaunddn we unrog nar ¢ :
[c,d] — [a, b] wie nave TuRUOTE GUVEY S TTogaypioLy, yyNcia avfovea (1
yvieie plivovea), xaw emi ovvdgrnon. Tove u(y o ¢) = w(y).

AméBely): 'Eotw mpwta 6Tt n ¢ eivat yvhoto adtovsa. Emetd) v ¢ eivat xotd
TUALLOTO GUVEY WS ooy wYlGty) xot ovoTtovy, taybet ¢’ (£) = 0 oe xdlbe omp.eio
bmou umdpyet N Tapdywyos. Apo |¢'(E)] = @' (f) i bAo T oMpela exToC
a6 Temwepaciévoy TAloug onpela, to omola Sev ennpedlovy To OAOXAT PO
Emopévwg

d
wred= [l drolin— (1) ¢ (1) at

Me v adhay?) petafAntig s = @(t) xat ewed) v ¢ eivar ext arno to [¢, d] oto
[a, b], Talpvoupe

b
Mwwszﬂmw=mw

Op.ow)g ov 1 ¢ elvat Yol cp@wooca (n ¢’ Bo Byet amd oy aATOALTY) TLLY) }LS
éva eMLTAE0Y TANV ARG To § Twpa o xopaivetat amd b éwg a).

Optopés 4.7

i) 'Botw ot p; : [a,b] — C, py : [c,d] — C elvar xopmdrec. Aépe bTt
M 1 elvat 1eoBhvapn pe TN Py (Xatl YPAPOLYE Py ~ Pg) OV LTAPYEL
@ : [e,d] — [a, b] xotd TpHpata suveywe Tapaywyicty, Yoo adEovaa
(dpo xat 1-1) xot el OGTE Py ° P = .

ii) Bewpodpe ma xap.wOAY 9 ¢ [a, b] — C. Opilovpe wg avtifetyn xop oAy
™y Ty —y ¢ a, ] (C p.e (—)(t) == p(a+b—1). Hapatnpodpe 6Tt
—y =y gborcougb —[a,b] pe () =a+b—1.

iii) ‘Eotw 6tt 94 : [a,b] — C, py : [¢,d] — C eivar xapmdieg wote p;(b) =
7o(c). Optlovpe to dfpotopd Toug Py + pg va ebvat 1) xoTbAn 9y + pg
[a,b6+d—c] — Cpe

IRRAGE wa<t<b,
(71 +72)() = yoll+c—b), avb<t<b-+d—ec.

Ilpéracy, 4.8 Ioydovy ta mapardtwo:

i) H oyéon ~ eivar oyéon toodvvauicsg.
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i) Avyy ~ py T0Te (1) = w(p2)-

i) w(—=y) = w(y).

iv) Av yq ¢ [a, 0] — C, ps : [¢,d] — C naumdleg dove p1(b) = py(c) TdTe

@y +72) = p(y1) + w(y2)-
AméZeil: (1) Aprvetal wg doxney Pe TNV Tapathpnen 6Tt av Py o ¢ = Py 6OV
¢ [a,b] — [c,d] xatd TuMpaTa GLVEYHS TopaywYISLLTY), YVTGLa adEousa xat
el ToTe y = P o ¢ bmov ¢ 1k [e,d] — [a, b] elvar xotd TpHpata cuveymg
Tapaywylotny), Yvnola adfovaa xat eml.
Ta (ii) xa (iii) eivar dp.eoeg suvémeteg g lpdTacnc 4.6.

(iv) Ho : [b,0 +d —c] — [c,d] pe ¢(t) = ¢ + ¢ — b ebvar cuveywg
Tapaywylopy, Yvhoto adfovsa xat entt awetxovion. ‘Eyovpe

b+d—c
w(yy +p9) = / |(yy + p2) (t)| dt

b b+d—c
=/ !(71+72)/(f)\df+/b (1 -+ 72 @) d

b b+d—c
= [ ola+ [
a b

= (1) +uyz > @)
= u(yq) + w(pe) (a6 Ty Hpéracn 4.6) O

(ot -+ ¢ — 1)) ()]t

4.2 Exmurapmdiio OAoxApmpo
Optopés 4.9 'Eotw 6ttm y : [a, b] — C eivar evbuypappioipn xapmdiy, xatd

TpARaTo GuVEY WS Stapopliotun xat [ p* — € suveync suvdptney. Opiloupe
¢ ETLXAPTOALO oAoxANpwpa TG f el TNE ¥ To ohoxAnpwya Riemann

b b
f (o) de = / fopdy — / @)y (6 dt.
y @ a

Hapatipenen 4.10 i) 'Eotow 6t
Il = supllF @) = 2 €57 = sup [f(O)] < -+
t€la,
Tote amo Ty TpLywILLY avicoTyTa EY0VUE OTL

/y f(2) dz

b b
f f(y(t))y’(t)dt‘< f @)y ] dt < I u)-
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ii) 'Eotw 6tt ot f,, : p* — C elvon cuveyeic suvaptroet. Av 1 axoiovdia
(fi)nen (avtiotovyo m oewpd 307 1 f,) cuyrAbver opotbpopga oty (Guveyn)
f. Téte woybet fyfn(z) dz — fyf(z)dz (avticTotya Z;"Zlfy f,(2)dz =
fy f(2) dz), yeyovoc mou TpoxdTTEL ApPéSWS OO TO TPOTYOOLEVO ROl TO
ot

< Fw = Fllooe(p)-

, g)az A‘ g)az /7‘ g 4 e

Napadeiypata 4.11 i) Avyny : [a,b] — C eivatl xatd TpApata GUVEYMS
Tapoywyiotpn xoapTdAn xat [ = ¢ atabepy) cuvdptney toTe fycde =

Loy’ () dt = e(p(b) — p(a)).

ii) Bewpodpe 24, 2o € C xo 1o eLOOYpappo tppa p : [0,1] — C pe
p(t) = (1 —18zy +tzg. Avn [ p* — C elvat cuveyric suvaptnem éyovpe

1
'/[ ]f(Z)dZZ/O f(21 + (22 —2)t) d(2y + (22 — 29)t)

1
=%—m17@+@—mwt

Avzy, 29 € R éyovpe

1
/[ ]f(Z)dZZ/O f(21 + (29 —2)t) d(2y + (22 — 29)t)

2/22 f(x)d.

iii) ‘Hotw 61t = C(a,r) xat [ : y* — C suveync suvdptner. Tote

27 27
f(z)dz = fla—+re't)ydy(t) =ir (a + retyet dt.
? 0 o

Buaitepa yio f(2) = (¢ — a)", n € Z, éyouvpe

27 ) ) on ‘
/f(z) dz = W/ (re'y"e’ dt = ir" 1 / it 1) gy
v 0 0

27 27
= "+t / cos((n+ 1)t)dt +i / sin((n+ 1)t) dt
0 0
(o, n—1,
| 2w, = —1.

Apa
0, n =+ —1,
(z—a)'dz = ) . o
/C(W) 2w, n=—1.
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Igétasy 4.12 Eotrw ot n p : [a,b] — C elvar xard tujuate cvveydg
wogaypieun naumodn ue unxog, ¢ : (¢, d] — [a, b] cvveyns, yvneie adfovoa
(avtiorovya yvioie plivovea) xatd TUNULATE GVVEYDG TAEAYWOYLGLUY xatt ETTL,
xar 2 p* — C ovveyrig ovvdgrnon. Tove éyovue fyf(z) dz = /;Dqﬁ f(z)dz
(avrioTouya fy f(2)dz = — fM) f(2)dz).

AméBedn:
d
/;ﬂaw—:/jﬂW°@mXW¢ﬂnw
po ¢

B / d / <?’<¢<t>>)7’<¢<t>>¢’<t> di

Amo to fewpnpo adhoy g LetafBAnTig tov ATtetpoatixod Aoyiap.ol, xat 0Tovtag
s = @(t) O éyovpe ds = ¢’(¢)dt ombte

b
f(z)dz = F(r(s))y’(s)ds
A¢ lﬂy y

= [ @),

?
OAOXANPWYOVTOS TYY ATTOIELET). O

Ipétasm 4.13 Oswgodue tig xaunvleg avrov Ogioud 4.7 xow wi cvveyy ov-
vaotnen [ ogiouévy 6ta (yvn tovg. Tote éxovue

i) Av iy, ~ py Tdte fm f(z)dzzfyz f(2)da.
ii) f_yf(z)d,z:—fyf(z)dz.
iii) th}Z f(z)dZnyl ]"(z)dz—l—fy2 f(2)dz.

Amégeily: Ta (i) xau (i) Tpoxdmwtovy dpesa o v Mpétacn 4.12.

(iii)
b+d—c
/ f@%=/ﬂ £+ ) A + )
71+72 a
b b+d—c
—/ f°71dm+/b [eysedd(ys-d)

2/ f(z)dz + [(2)dz
7

y2°¢

= / f(&)dz + f(2)dz, (amé v Ilpétacy 4.12)
7

72
omov @ : [b,b+d—c] — [c¢,d] pe ¢(t) = t+c—b (Beite [Ipbracn 4.8(iv)). O
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Ozopmpa 4.14 Eorw it Q@ = C avowxtd, p : [a, b] — Q evbvpoaupiown xard
TUNUaTE GUYEY®MS TTopaypiowun xoumvin kot [ Q — C cvveyng cvvaornon
we mapdyovee (0nledn vraoyel F : Q@ — C dore F' = ). Tore

f £ dz = Fly(8) — F(p(a).
7

AméBetl: Aol m p elvar xatd TUNHPAT GUVEYWS Tapaywyioty Téte

b b b
f(2)dz = feoypdy= fy@®)y' () dt = F'(p(8)y’(t) dt
[revi=["rpar= [ /
b
— [ @yt =Foo) — Fo) O

Ilépiopa 4.15 Eorw éte n y = [a,b] — C\ {0} eivar #dewor) naumvdn ue
wnrog (vhewst| xadeitow av p(b) = p(a)). Tove yia ndle n € Z \ {—1} toyde
[, 2"dz = 0.

y

AxméBeen: H F(2) = 2"/ (n+ 1) etvan mapdyovsa tng f(2) = 2". Apa o
T0 Tponyobdpevo fewpnpa éyoupe fy g"dz = F(p(b)) — F(y(a)) = 0. O
Acnmoelg

Acamon 4.3 Av Q= Cxat f, f,, : @ — C,m = 0,1,2, ... elvar svuveyelc,
fn — [ (avtlotoryo 357 o f,, = [) xow m cdyxAtom elvat op.otop.opg), Tote
[, fudz — [ fdz i xdBe xapmidg pe pixog y oto Q.

Asxmem 4.4 No uTohoYtaTo0y Ta ax6AoLOa ETUXAUTOALX OAOXANPOPATA:

v
I, = %dz,nzl I, = zdz Iy = |z| dz
c©,1) ¢ [—i.i] [—i]






Kegaiato 4

Mwyadixy) OAorAMpway,

2T0 xe@dAato auTod TNG 0AOXATPWGTS BEAouYE Vo 0plGoLP.E TO OAOXATIPWU.A
pLag LYoStuig suVApTNGYS £ Tavw G pia xap.OAY Tou emtwédon. Mtny ovsla
TPOXELTOL VLo TO ETLXAULTOALO 0AOXATpwLa 6w To Yvwpilovpe amod Tov Amet-
pootinb Aoytopd pe T Staopd 6t 1) [ Sev éyet amapaltnTa TPoyLaTiRéS TLRES,
oG Tipég oo C. 'Omwg %ot 6Tov aTELPosTIXG AOYIGP.O TO OAOXARPWL AUTO BEY
LTAPYEL TAVTA, xot 1) OTapEy Tou Twpa eEaptdTat 6yt Wovo amd TV [ aAAd xat
OO TV XAULTOAY] TAVWD GTNV 0Tolo OAOXATPWVOLYE. DTl TapaxdTw Ho Topovatd-
GOLLE L YEVLXY) XOTNYOPLOl XOUPTOAWY, TLS XOUPTOAES (PPAYPEVNS ROULAVGTIS),
oTLg omoleg ot GuVEYELS (TOLVALYLGTOY) GUYUPTYGELS £YOLY OAOXATPWILA.

Av ¢ : [a,b] — C pra Tapapetporoiney g xapmwdAng oty owola Oa
OAOXATPWGOLPE, TOTE E(VOL PAVEPD, AXOAOLOMVTAS TLS TEYVIXES TOU OTTELPOGTLXOD
AOYLGP.00, OTL TPETEL YOl XATAGRELAGOLP.E afpolCPAT TN LOPPTIS

Z f(@Or) (@) — bt 1)),
i=1

bmov a =ty < t; < ... < t, = b dapépion tou [a,b] xow by < r; < ¢;
evdtdpeca anpelo TN¢ SLapéptans, ETLBLOXOVTOS Yo TETHYOLILE Lo 0pLaxy) TLY)
dtoy 1 AemThdTN T TNG Stoéplomg TElVEL GTo UNBEV. Av auTh v) oplonet) TLWY) UTTAp-
yet Oa Ty ovopdaovpe «oroxhnpwpor. Enetd) oe avtibeor pe tov ametpootind
roytops ot Tipég g 1 8ev mohamiaatalovtat e tig Stawopés t; — t;_q alhd
e Tt Stapopés (t;) — ¢(f;,_1) To ohoxAfpwpa autd Aéyetat «OroxAHpwpo

Riemann-Stieltjes». Tov axptf7 optowé tov o tov Sodpe Tapaxdtw.

4.1 Xovaptnocts Qpayévns xOpaverg

Opiopéc 4.1 'Eotw 6Tt a, b € R pe a < b. 'Eva wenepaspévo sdvoro P =
fa =ty < t; < .. < t, = b} rakelrar deepéoion tou [a, b]. To cbdvolo

Twy Stapepicewy tov [a, b] to supBorilovpe pe Dla, b]. Tov aplbps A(P) =
max{|t; —t;,_4| : ¢ = 1,2, ..., n} xarobdpe lenrdrnre Tng Stapéptang P.

b1



52 4. MITAAIKH OAOKAHPQEH

Optopég 4.2 'Eotw 6t v f : [a, b] — C (avtictoyo R”) elvat pea suvdptnan
ot P =f{a =ty <ty <..<t,=b}padopépian tou [a, b]. ZupBoilovpe
pe Af; m Suagopd f(t;) — [t 1)

i) Kahobpe xduaven (petafory)) tne f wg wpog tnv P tov aptbpd
V(f,Pla,b) = V (£, P) == Y |f(t) — f(t;—)| = D 1Afil.
i=1 i=1

ii) Kaobpe oduxn) xduaven tng f oto [a, b] tov aptbpé

V(fvaab):V(f): sup V(f,P)
PED[ab]

iii) H £ xokeltor @paypévne xdpavang ato [a, b] av V (f) < —-oo.

Hoapagetypota 4.3

i) Avnf:[a,b] — R eivar povotovn tote ) [ elvat poypévng xOmavemg
xar V(f) = [ (b) — f(a)].

ii) Av ytatp [ : [a,b] — R vwdpyet vy Tapdywyos [ xot eivar ppaypévn
(BnAady) vdpyet M > 0 wate |/ (x)] < M o xdle x € [a, b]) tote v f
ebvat ppayp.évng xdpavene (Adyw tov fewphpatog néang TLUNC).

iii) Av7 f:[a,b] = C () R") elvar ppayp.évng xduaveng tote v f elvar xot
ppayuévy (apod av x € [a, b] tote |f(x) — f(a)l < V (f)).

iv) Hf : [0,1] — R pe f(z) = sin(1/x) yia 2 € (0,1] ot f(0) = 0, dev
ebvat @poypévne xopavene. Ipdypatt yio ™) Sapépion

1 1 1

‘2an+ 3 2an— I 2a(n— 1)+ %’

1 1 1
2a(n—1)—3" """ 2+ 3 2w — %’

P:

n

1

eAéyyovpe ebxora ott taydet V(f, P,) = 2n — oo,

Hapatipnen 4'.4 Av P = @ dvo Sopepioets tou [a, b] tote améd v tprywvixy
ovteotnta Tpoxdmtet 6t V (f, P) < V(f, @) (Aoxnor 4'.1). Katd cuvémeta
av P,y Stapéptom tou [a, b] taydet

V(f) =sup{V (f,P) : P € Dla,b] xar P = P,}.

Mpdrypart, av ovopdsovpe po TV TosotyTa ota Sekid, amd tov optopé g V (f)
pavepd toybet po < V (f). Evo av e > 0, emwetdn vwdpyet P Sapéptom tou [a, b]
wate V(f,P) > V (f)—ebaioybetpg = V(f,PUPy) = V(f,P) =V (f)—s,
SnAadn pg = V (f) — & na dpa pg = V (f).
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H emépevn mpotacy avagépetat oty ooy Tng vdpavens pag ¢ ¢ [a, b] — C
(M R") pe ty ¢’ btav oty vdpyet xat elvar suveyne. Hlapatnpnote 6Tt e oty
NV TEPITTWEY 1) ¢ éyet Tedio optap.od évar SLAGTNUA TPAYLATIX®Y opLtOp.KhY
(xat oyt o C). 'Etor v ¢’ Sev elvat 1 puyodiny) Tapdywyog ahhd 1) TopdymYos
6Ttwg auty opiletat atov Ametpostind Aoyispé. Toco 1 Tapdywyog 660 %o
T0 OAOXAT|POL GE QUTY) TNV TEPITTWAY] EVWOOUVTAL XUTd GLVTETAYEVY). ‘Etat
av ¢(t) = (¢1(0), ..., 8,(£)) pe T @; vou €youvv cuvey] Tapdymyo Yoo xdle
J=1,..,nt6te ¢'(t) = (¢1 (1), ..., $), (1)) ot taybet To Oepeiiddes Oewpnpa
Tou Aretpostixod Aoyiop.od, Sniady

Y Y Y
/ gb’(t)dt(/ gb’l(t)dt,...,/ ¢;(t)dt>

= (61(y) — $1(®); ., 8, (y) — $, () = 9(y) — (),

vio xd0e x, y € [a,b] (Seite [B]). Tto mapaxdtw 1 Tapdotacy ¢ (f)] eiva
To pétpo Tou wiyadteod @' (f) xat av v ¢ éyet medlo Tpmv to R” téte eivan v
Euxheieta voppo tov ¢’ (1).

*lpérascn 4.5 Avnovvdotnen ¢ : [a,b] — C (11 R") elvar svveydg dagogiciun
(OnAadn vwdoyer n ¢ oto [a,b] xaw elvar cvveyng 6e avtd) TéTE N @ elvan
poayuévng xduaveng xaw V (¢) = fub |¢’ (£)] dt.

TMo v amédeltn Oa ypapoope S(1¢’|, P) yia to dbpotspa X |¢" (6)|(¢; —
t;_1), To omolo eivat to dlpotopo Riemann tg [¢’| ot Stapéptan P pe enthoyy
eviLdpecswy anpelwy ta by o Sebd dxpo Twy SlasTNUATOY NG StapépLarg.

Axé8eEn: ‘Hotw 6tt e > 0. H ¢ elvar suveye, dpa (amd t Oewpio tou
ohoxAnpwypotoc Riemann atov Anetpogtind Aoyiop.o) umdpyet 07 > 0 mote Yia
xd0e Srapéptan P tou [a, b] pe A(P) < 0y vo Loydet

b
‘S(|¢’I,P)f Iqﬁ’(t)Idt‘ < g

H ¢’ eivar opotopoppa suveyne ([1] Oswpnpa 3.4.12), dpa vdpyst dy > 0 hate

v xdle by, ty € [a, b] pe |ty —to] < 0 vataybet |¢' (E)—¢ (L) < &/ (2(b—a)).
Bewpodpe Sopépton @ tov [a,b] pe A(Q) < min{d;,ds}, xot Stap.éptom

P={zy<..<z,} o0 [a,b] pe P = Q. Tote A(P) < 0; xat dpa

b
‘S(lqﬁ’LP)f |¢’(t)|dt‘<;. (4.1)
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Exiong

|V (¢,P)—S(¢|,P)| =
=1
5(

f ¢(t)dt—f & (x,) dt

i) — ¢(33i—1)| - |¢/($¢)‘(1’1‘ - xil))‘

/mi @' (t) dt| — >

gy dt

Ti—1

|/\

_IA

— Li—

P>
Z/WWG)¢@Mﬁ

7

’ & &
< 20 —a) o @ — ) = ER

I/\

6mov ) teAevtala avtedTnTa taybet Stott i xdle ¢ € [z;_q,x;] éypovpe bt
|t — ;] < AUP) < AQ) < 9y ombre ¢/ (D) — ¢' (2)| < &/(2(b— a)).

SUVETOC
V($.P)— S/, P)| < 5. (42)

Amo tg (4°.1) xou (47.2) walpvoupe 6Tt

b b
L/|ww—s<vawgf|wmw+s

vt x60e Sopépton P = Q. Apa (amo v Hapathpnon 4°.4, xat Taipvovtog
supremum ¢ wpog¢ P € Dla, b] pe P = Q)

b b
/ |¢’Idts<V(¢)§/ ¢’ ()] dl + ¢

xou suverde V(g) = [ 19 (8)] dt. O

Hapatipmen 4.6 H napamdvew mpétacy pmopel va yevixeutel apod yivel 1)
ax6houdn cbpBacn: to /['Lb f(t) dt éyet vompa xot 6tav 7 [ opiletat oe 6o To
[a, b] extog amd memepacp.évo TAN0og onpelov 2y < a9 < ... < z,, oTA
omola av Oécovpe Tipég f(x;) = a; ¢ = 1,2,..., 1, UTAPYEL TO fab f(t) dt, xou
poAtaTo elvat aveEdptnTo amo Tig TUéS avTéc. Av M ¢ elval xaTtd TUHpoTa
oLVEY WS Stapoplatpy), SnAadn) vTdpyowy @ = xy < xy < ... < x, = b ®oTE
N @' vo umdpyet xot vo eivan suveyng ae xdle [z, 2], 1 = 1,2,...,n tote
V(g) = fab |¢’ (£)| dt. H amddetén eivar suvduaopds twv Ilpotdsewy 47.9 xat
4°.5. 'Eva mopddetypo tétotag suvaptnoms ¢ eivat (o tebhaopévn ypaupy.



4/.1. SYNAPTHZIEIZX ®PATMENHE KYMANZIHZ 55

Hgétasm 4.7 Av f, g : [a,b] — C elvouw cvvaprioeig goayuévng xduaveng
xew A € C véte now o ovvagtioeis | = g, Af, fg eivar cvvagrneeg poayuévng
xopaveng naw woyvovy V(f = ¢g) < V(f)+ V(g) o V(Af) < AV (f). To
(0vo toyver ovaw f, g ¢ [a, b] — R” 2o L € R prx mig f == g wo Af.

H amédettn aphvetar o doxney pe ty axbhovldy) uwédetty Yo to Ytvopevo
fg: ©étovpe h = fg. Ao o Hapdderypa (iii) éyovpe ott vdpyovy A, B > 0
wote |f(x)] < 4 rat |g(x)] < By xd0e x € [a, b]. Hapatnpodpe twpa 6Tt
Ah; = [(t)Ag; + g(t;_1)Af; dpo

DAk < AN |Agil + B Y AL < AV (9) + BV (f).

Ilgétasm 4.8 Eorw 6t [ : [a,b] — C, f; =Ref, fo =Im[f. Tére n [ eivar
poayuivng xbuavens 6vo [a, b] av xow uoévo av ov fy now fo eivon poayuévng
xOpavong 67o [a, b]. Emmdéov woyder V(f1), V (fo) < V() < V(1) +V (fs).

H amédettn aphvetal we doxnon xadmwg xat v YEVIXELSY) TNE Yo Ty TEp(-
wtwey Tov £ = (f1, for..» [) ¢ [a, 0] — R” (Aounom 4°.2).

Npétacn 4.9 Eorw én [ : [a,b] = C (1§ R") wew a < 2 < b. Tdre
V(fra,b) = V(fra,2) + V(fr2,b).

Amégedn: ‘Hotw étto P = {t, < ... <t} eivou Srapéptom tou [a, b] xat iy o
Setxtng yio Tov omoto wybet ;_ < a < (. 'Eyoupe

V[, P) = D 1f () — [(tiy)l
i=1

io—1
< D) — FU D+ |ty —1) — [(@)]
i=1

n

@) — I+ D 1) —fEiy)]

i=ig+1
<V({f,ax)+V(f, z0b). (4".3)
Apa V(f,a,b) = SUP peop(a,b] V{,P)SV(f,a,x)+V(f,x,b). Avtiotpopug,

av @, Qs Stapepioets Twy [a, x] xat [x, b] avtictotya. Bétovpe Q = @ U Q».
H @ eivar Stapéptam tou [a, b] xot taybet

V(@) + V(@) =V (@) < V([ a,0).

IMaipvovtog supremum wg wpog @ € Dla,x] xat Qs € D[x, b] Tpordrtetl v
avtiotpoen e (4.3). O

Ilépiopa 4°.10 Eotw 6tv n f : [a,b] — C (1 R") eivar ovvdornon goayué-
vng wduavens. H ovvagrnon Ux) = V (f, a, ), n owola AéyeTar 6vvdgTnon
wopaveng g f, elvar adfovea nar poayuév. O
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Oswpnpa 4'.11 Eorw drey [ : [a,b] — C () R") elvar poayusvng xduaveong
xaw ovveyng. Tére n ovvdornon xduavens g f, Us : [a,b] — R: Up(z) =
V(f,a,x) elvar cvveyig.

AndBeaign: 'Eotw o1y € (a, b]. O deifovpe ot lim,_,— U(f) = Uy(y). Eredn
opog n Uy etvar abfovoa woybet lim,_, — Uy (t) = supy, ,; U/(f). Apo apxet
va Getboupe ott supyeq, ) Up(l) = Up(y), now yia awté apret yio xdbe ¢ > 0
va Bpobpe t € [a, y] oote Up(t) = Uy(y) — &, agobd 1 aviictpopn, SnAadn 7
SUPe(q,y Up(l) < Uply) ebvou dpeamn amé to 61 Uy ebvon adEovsa. Isodbvapa,
apxel va Bpodpe t € [a, y] wote V (f,a,t) > V (f,a,y) —e.

Amo tov optapd e V(f, a,y) Bewpobpe Stapépton P = {a = x5 < 21 <
W<z, <z, =1y} ou [a,y] wote V(f,P,a,y) >V (f,a,y) — /2. Etot
Loy bet

n—1

V(fay) —e/2 < ) 1f @) — @)l +1f) — fle, )l (4.4
=1

Emikéyoope ¢ € [x,_;,y] wote |f(y) — [(§)] < &/2 1o omolo vmdpyet, agpod
7 [ elvae suveyne. Soveyilovtag twpo amo Ty (4'.4) e TpLywytny) avieotyTa
Talpvoup.e

Vil ay) —e/2 < i [f () — ()| +1f(O) — [ (@, )| + /() — 7]
< V(f,a,t)+8/2,

oL Mty 1 Cntodpevy.
Opoiwg, av y € [a, b), amodetxvdetat 6Tt llmHZ/+ Upt) = U(y). Apom Uf
elvat GuveYnC.

Oczwpmpa 4'.12 Eotw éte n [ : [a,b] — R eivar poayuévng xduavens. Tére
vrdgyovy cvvaptices [, [ ¢ [a,b] — R adfoveeg o poayuéves dore
f=1"—1"

Av n f elvaw xow ovveyng téte xaw ov [, [ elvow cvveyels.

AméBeln: Oérovpe [ = Upnon [~ = [+ —f. Tote f = [+ — [, xu
ool 7 [ elvat eporypévng xopaveng ot [ xar [ elvar gpaypévec. H 7 elvan
avkovsa (I1éptopa 4°.10) xabwg xar v f: éatw a <z < y < b. 'Eyoupe

=) — @) = Uly) — Uplx) — (F(y) — [ (2).

Bewpodpe ™ Stapépton P = {x < y} tou [x,y]. Téte éyovpe V(f,P) <
V(fs,y), Snpady [f (2) — )l < V([ 2,). AXrd

V(t,z,y) =V (f,a,y) — V(f,a,x)
(amé v Llpéraan 4°.9). Apa f(y) — f(x) < V(f,a,y) — V (f,a, x) nhad?
=) — (@) = Uyy) — Upa) — (f(y) — [@)) = 0.
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Qote 1 [~ elvar adfovsa. Av 7 f eivar cuveync Tote elvan cuveyhe xat 1 [

(Oewpnua 4°.11) dpa v [~ = f+ —f.

Amé o Tapamdve Oewpnuo TpoxOTTEL dpEco 6T SeV elvart GAES oL GUVEYE(S
TPAYLATIRES GUVAPTNGELS Ppayévne xipavens (av NTav, Téte we SLapopd
avkoustv, Yo Tapdderypo Do uTNHpy Y TAVTA Ta TAELPLXA bpLa oe xdle amp.elo).

Mpogavig 1 avdivey = [ — f Bev elvar povadinr) (yia Topddetywo
f=ft—f"=({"+¢)—(f +c¢) vy xdbe ¢ € R). Eta Tapaxdtw Oo
fewpobpe 6t [+ = U,.

Iépiopa 4'.13 Eorw duw n ¢ : [a,b] — C eivar cvvdornon poayuévyg xi-
waveng. Tore vmdoyovv @7, ¢, ¢y, ¢g avboveeg cvvagrices bote ¢ =
¢ — o1 il — 3 ).

Av n ¢ elvaw naw ovveyng ToTe naw o ¢, O, dy xow ¢y elvan xow avtég
ovveyelg.

Améoeln: Bétovpe ¢y = Re @, ¢y = Im ¢. To amotérespa elvar suvémeta ¢
[pétaang 4.8 xat tov Oewpripatog 4°.12. O

Acrmoelg

Asxmen 4.1 Amodeilte 6t v xbpoavan V (f, P) prag suvdptnens f = [a, b] — C
elvar adEovsa suvdpTnem g Stapéptone P. Andadh av P = @ duo Srapepioetg
tou [a, b] téte V(f,P) < V (£, Q).

Acxmom 4.2 Amoleifte v Ilpdtacy 4°.8 xat T yevixevon g pe ) Boneta
TS AVLGOTLXYS GYEGTE

| <lzlly = 4 / D) 22 < Z i,
=1 =1

T xdbe j = 1,2,...,n xow o xdbe x = (24,29, ...,2,) € R".

Asxmon 4.3 Amodeifte btt v cuvdptnoy

Z cos z, oav x € (0,1],
f(x) = x

0 av e =0,

elvar suveyn ato [0, 1] xo Sev eivat cuvdptnoy epaywévng xOUavere.

4.2 OioxAvpwpo Riemann-Stieltjes

Optspés 4°.14 'Ectw ott f, ¢ : [a,b] — C, P—{a—t0<t1 . <t,=
b} € Dla,b] nav T = (r;)1<i<y, emko«m evdLdpesmy anpelwy tne P. OpLCoupe
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o¢ evitapeso dbpotspa e [ we wpog P xat T tov aptOué
S(P,T)=8(f,¢, P, T) = ), f(r)($(t) — $(t;1)).
i=1

Aépe ot febvar ohoxinpostpy xatd Riemann-Stieltjes w¢ mpog ¢ av umapyet
aptOp.oc I wate Yo xabe ¢ > 0 vo vmwdpyet 0 > 0 date av P Stapépior tou [a, b]
ue A(P) < dvataybet [S(P, T)—1I| < &y xdle emthoyy) eviLdpLeswy anpeiwy
T tne P. Tov apBpé I epocoy umdapyet, Tov Aéue xat 6pto Tou abpolicpatog
S(fs ¢, P, T) xabwg A(P) — 0 xow ypapovpe I = limypy o S(f,¢,P,T). To
6pto auTh To xahobpe ToTe odoxATpwya xatd Riemann-Stieltjes tng f we wpog
¢ xot o supBoAilovpe pe j{;b fdé.

Hapatipneyn 4'.15 Tlposéite 6Tl o Tapamdvw 6pto Sev EPTITTEL oXpLBHOS GTNY
évvota Tov oplov dTwe TNy Yvwpilovpe amd tov Ametpootind Aoyiowd, ot v
moaotyyta S(P, T) dev elvar cuvdptnem g Aemtotntag A(P) tng Stapéptong
P, adhé tng (Brag g Stapéplomng. Auto Sttt elvat pavepb ott wopel yia 8Ho
Stapeploete Py xat Py vau taybet A(Py) = MPy) adhd S(Py, Ty) # S(Pq, Ts)
oxdpo xat av toe Ty wow Ty towtiCovtat. I'ta évay evolhaxtind oplops Seite Ty
Acxnom 4’ 4.

Hapatipnen 4'.16
i) Avr felvan otalepy) iom pe ¢ t6Te T0 fab fd¢ vmapyet xat Loy bat fab fdo =
c((b) — ¢(a)). Hpdypaze S(f, ¢, P, T) = Ny e(4(t;) — ¢(t; 1)) =
c(¢(b) — P(a)) yia xabe (P, T) € D.
i) Eivaw @avepd ott av = f1 +ify nat ¢ = ¢y — ¢g + i(d3 — ¢4) To1e

S(f,¢,P,T) :S(f1,¢1,P,T)—S(f1,¢2,P,T)
—8(f2:¢3: P, T) 4+ S8(fo, ¢4, P, T)
+i(S(fo, 01, P, T) — S(fo, ¢9, P, T)
+8(f1, ¢35, P, T) — S(f1, 94, P, T)).

Apa. oy LTAPYOLY TOL OAOXATIPOULATA fab fidg; = limypy_o S(f; ¢, P, T)

i =1,2 xat j = 1,2, 3,4 161 T0 0AOXApWLA fab fd¢ vrdpyet not
teodTaL e

/abfd¢:/abf1d¢1—/abf1d¢g—/abf2d¢3—|—/abf2d¢4
+z‘</abfzd¢1—/abfzdgbz+/abf1d¢3—/abf1d¢4>,

iii) Av|f(z)| < Mywondbe z € [a, b] xorto fab fd¢ vmdpyet thte | fub fdél <
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MV (¢). Hpaypoate:
IS(fs . P, T = | D5 £ (p(t) — $(ti1))
i=1
< 2 IFEg) — gl < M Z |6(t;) — (4 1)
i=1 i=1
<MV (¢).

Apac| [ Fdgl = |limypy o S(f ¢, P, T)| < MV (9).

iv) Av [, ¢ : [a,b] — R pe f ouveyy) xat ¢ abdbovoa, P = {a = t, < t; <
e < t, = b} Srapépiom tou [a, b] xat evdidpesa onpeia

T — {rl,rz,...,rn t o <<ty i=1,2..nl,

Oewpoly.e, 6w xat atov ATelpoatind Aoyiop.o, TiC TOGOTNTES

n

L(f,P) = Y mi (§(t) — 6(t;1)), émov m;= _inf ]f(t)

=1 €lt;—1,8
U(f,P) = 3, M;($(t) — ¢(t;y)), bmov M= S O
i=1 telt;—1:t;

R(AP,TY = Y () ($(8) — dti_1)),
i=1

61ou Yor A6youg evxoilag Tapoisidape T ¢ awd ta sdpfora L(f, P),
U(f,P), R(f,P,T). Otav yperaletat va tovicovpe mota eivar 1 ¢ Ha
vpapovpe L(f,¢,P), U(f,¢,P), R(f,¢,P,T) avtictotyo.

Ebdxoha eréyyovpe (axptfug 6mwg xat 6to odoxApwia Riemann) étt yia
omoteadnrote Stapepicets P, @ tov [a, b] toydet

L(f,P) < U(f, Q). (4.5)

(Av Py exhémtovar e Py tote L(f,Py) < L(f,Py) xat U(f,Py) >
U(f,P,), ombte yio tuyobaes P, @, emedh) P U @ elvar exAémtuven xat
e Porat g @ mpoxdmrer L(f,P) < L(f,PUQ) < U(f,P U Q) <
u(f,@.)

Emetdn n ¢ éyet thpa vmotebel adlovoa xat Tporypatiey) suvapTneY) Loy bet
o) — d(ti_y) = 0 xow emwedn) n [ éyet wg cuveyhs oto [a, b] eiva
ppoypévy taybet —oo < m; < M; < oo. Katd cuvémeta

L(f,P) < R(f,P,T) < U(f, P)

vt xale emAoyy) evdtdpeswy onpeiwy 7.
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To Oempnp.a mou Do axorovdvcet pag Sivet Lo GuVOH XN YLor TNV RAPTTOAY
¢ WGTE TOLALYLGTOY OL GUYEYELS GUYAPTYGELS Var €Y 0LV OAOXATpwa. Bo ypeta-
GTOVPE OPWE TPWTO EVOL ATy

Afppo 417 Av f: [a,b] — R elvar cvveyng covdotnen xow pue 0mote6dn-
wote axodovlisg dvouepicewv P, xar @, we AM(P,) — 0 xaw A(Q,) — 0 woydet
lim, ., (U(f,P,) — U(f,Q,)) = 0 wdte to dguo limypy o U(f, P) vrdoyet.

AmégeEm: H f wg ouveyc ato [a, b] elvar ppaypévn, éotw 6t |f(x)| < M
x60e x € [a, b] Yo xatdidnio M > 0. Apo yia xd0e Stapépion P = {z;}_,
Tou [a, b] taybet

OGP < Y 1M — ) < ) Mz — ) = M(b—a).
=1 =1

Bewpodpe axorouvdia Stapepicewy @, pe A(Q,) — 0. H U(f, @,) sivar ppoy-
pévn dpo LTApyEL GuYxAlvousa vtaxoiovbia, éotw N U(f, @ ) pe oplo tov
aptBud I. Twpa yia xdbe axorovbio P, pe A(P,) — 0 ané tnv uwobean toybet
lim, ., (U(f,P,)—U(f, @,)) = 0. Hposberovtag tny lim,, ., . U(f, @y ) =
I madpvovpe 6t lim,_ o U(f,P,) = 1.

‘Etot éyovpe amodeifet 6tt yia xd0e axohouldia Stapepicewy P, pe A(P,) — 0
Loy beL

lim U(f,P,)=1. (4°.6)

Av topa to 6po limy py o U(f, P) 8ev umdpyet, téte dev eivau (oo pe I, dpa
udpyet € > 0 waote Yo xdle d > 0 vmdpyet dapéptay P wov eaptdtal amwod
0 0 wate |U(f,P) — I| > e. Epappblovtag avtéd yio 6 = 1/n Bpioxouvpe
Stapépton P, pe A(P,) < 1/n wote |U(f,P,) —I| > ¢ avtupdarovtag pe v
(4'.6). O

Ozswpmpa 4'.18 Av [ : [a,b] — C eiven cvveyng xow ¢ : [a, b] — C poayuévng
buaveng téte vdgyet o [ fdg.

AréBeiEm: Amé to Osvpnpa 47.12 xar v Hapatipnen 4°.16 (ii) apxel va
amodeifovpe OTL TO OAOXATPWP.A LTAPYEL v [ TPAYLATIXY, GUVEYTIC GLVAP-
NG ROl @ TPAYLATINY, adEouca xatl @poYévy) cuvaptnay). ‘Omtwg xat atny
HMopoathpnen 4°.16 (iv) woydelt L(f, P) < R(f,¢,P,T) < U(f,P).

‘Etou apxet va eifoupe 61t T bprac limypy o L(f, P) %o limypy_o U(f, P)
LTTdpyoLY xat elvat (Ga. Auté eivat Tpopavég av ¢ ataldepy) (eivan kot Ta 300
bpta pnév). Ymolétovpe o6t ¢ byt otalepn, xat apod eivar abdfovaa taybet
$(a) < ¢(b).

H f w¢ suveyng ato supmayés [a, b] eivat opotdp.oppa cuveyng, dpa Yo xdde
e > 0 vmapyet & > 0 wate av U(P) < 0 va toydelt M; — m; < &/(p(b) — ¢(a)).
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Suvemtog av A(P) < § 0o éyovpe
0 < U(f,P)—L(f,P)= Z(ML'* m;) (¢(ti) - ¢(ti—1))
i=1

. &
< @‘:21 m (¢(tt) * ¢(ti—1)>

== &.

Oxéte to 6pro limypy o (U(f, P) — L(f, P)) umdpyet xau eivar ico pe undéy.
Méver va Setyfet 6L umdpyet xow o limypy o U(f, P). Av 8ev umdpyst, toTe,
a6 to Appa 4°.17, vdpyet & > 0 xot axorovdicg Stapepicewy P, xat P,
pe A(P,) — 0, A(P;) — 0 pe U(f,P,) —U(f,P,) > e o xdle n € N
(xavowwxd |U(f,P,) — U(f,P,)| > & adké émote U(f,P,) — U(f,P,) <O
petovopdloovpe v P, oe P, xat Ty P, oe P,). AN amé to Tpoyyyodpeve
lim, . (U(f,P,) — L(f,P,)) = 0, dpo vrdpyet Seixtng k wote U(f,P,) —
L(f,P,) < ¢/2. Zuvemwg

L(F P — UL P)) = U(fP) — 3o — U P) = e — 5

1
§S—§€>O

avtipaoxovtag pe Ty (4.5). O

Igéracm 4'.19 Av [, g : [a,b] — C ovveyels, ¢, P : [a,b] — C poayuévng
xduavong o A, w € Cxa P = {a = x5 < 2y < ... <, = b} toydovw:

) S Of +ug)dg =1 [, fdp+u [ gdg.
i) [, £dOg+wp) =2 [ fdp+p [ [dp.
i) [, fdp =iy [, [ 9.
Andgedm: Tpdgovpe T ¢ wc (§ — ¢1) +i(p3 — d5) pe ¢ abfovaeg,
j=1,2, xat ypnotponotodpe tny Hoapathpron 416 (ii). O

Ipétacm 4'.20 Avy f, : [a,b] — C eivar axolovbic cvveyody cvvagticew,
n axolovlic f, (avvicrowya n cewpc Yoo 4 [,) CUYxAiveL ouoLduoopa Ge et
(ovveyn) ovvagrnon [ nar ¢ = [a, b] — C goayuévng xduaveng, téte fab fdo =
lim, o, /" f, d¢ (aviicroye [ fdp =32, [ [, dd).

AméBeiln: ‘Eotw 6t e > 0. Ydapyet ng € Noote |f,(x)—F(2)| < &/(1+V (¢))
vt xdle n > ng wor v xdle x € [a, b]. Tote yia xdbe n > ng pe wn Bordeta
g Hapatnpnone 4°.16 (iii) éyovpe

/abfndsﬁ—/abfdsﬁ’:

b
/ (fn—f)dgﬁ‘ <y W< O
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Ngétasm 4'.21 Av [, ¢ : [a,b] — C ue f ovveyn xaw ¢ cvveydic draepogioiun
(1 xatd Tuiuata ouveytg duepoglown) wyver [ fdé = [ f(t)d () dt.

AxéBeEn: H [ elvon @paypévn, Snhads vmdpyet M > 0 wote [f(H)| < M
T xdle ¢t € [a,b]. 'BEotw ot P = {a =, < t; < .. <t, = b} € Dla,b],
T = (1) 1<i<y emthoYT evitdpecwy anpelwy g P rot ta evitdpesa afpolopata

S, = S(f,6.P.T) = 21 FONE) — §(t_)
Sy = S(f/.P.T) — Zl PO ) — ).
"Eyovpe
18, — 8p| < li\fm)\ |§(t) — $(tiy) — ¢ ()t — tiy))|
< Mziw“i) —¢(tiy) — ¢ (Pt — b)) (4.7)

‘Eotw 6t ¢ = ¢y +1ido, P @1, @o : [a, b] — R. Tote and to Osipnpa tne Méang
Tuumg Tov Ametpoatinod Aoyiop.od vdpyouy ;, y; pe by < x5 y; < t; OoTe
G1(t) — ¢y (1) = 1 (@) (G — 1) xow §o(ty) — holli 1) = do(y)(t;— 1t 4).
‘Etotn (4°.7) ypdpetat

1Sy — Sol < M Yt — b (82 — 91 0)% + (95 ) — B (r))™.
i=1
(4°.8)

Ot ¢, @5 elva cuveyeic 6to [a, b] dpa eivar xat opotbp.oppa cuveyels, SnAasn
vto xdle € > 0 vmdpyet 0 > 0 wate av x, y € [a, b] pe |x —y| < d va toydet

g1 (@) — @1 ()| < rat |5 (x) — d5(y)| <

& &
VeM(b— a) VeM(b—a)

A6 ta Tapamavw, ov A(P) < 0 eivar avepd ot

n e
IS1 — 8ol < MZ;(Q_ ti—1)m =é.
YoveTwe
b b
M}grioISl — S| = /a quﬁ—/a fto (t)dt‘ <e

Avté ioybet Yo ndbe e > 0 dpo [ fdp = [ F(D¢ (¢)dt.



4'.2. OAOKAHPQMA RIEMANN-STIELTJES 63

Av n ¢ elvat xatd TpApaTe GUVEYNS BLapoploLy), Talpvoup.e SLoPEpLaT
a =z < 2y < <z, =bwaten ¢ va civar cuveyws Stagoplotpy oe
ndBe [2;_y,x;]. Tto memepaopévo onpele @y, ..., 1,1, av 1 ¢" dev opiletar,
¢ Sivoupe avbaipeteg tiprée autéd dev emmpedlet to odoxAfpwpa Riemann.
Epapp.olovtag to Tponyodievo oe xdle vwodidatyua xat alpoilovtag, Taipvouue

/ bfdszﬁ:‘é f _ qus:(:le f _ ros i [ “fogma. o

Zta emwopeva Do ypagpovpe S(a, r) yio Tov avorxtéd xOxho {2 € C : |z —al <
r} xévtpov @ € C xow axtivag r > 0. Eniong 0o ypagovpe C(a,r) yio Ty
Teptpépeta Tov xOxAoL xévtpov a € C xat axtivag r > 0, 3nAad Yo To ghvoro

{2€C : [z2—a|l =1}

Opiopée 4°.22 M suvdptnon [+ @ — C, émov Q avotxtéd vToGHVOAO TOV
C, Aéyetan magacraciun ue dvvauocelgc 610 Q av Yy xale avotxtd xOXAC
S(zg, &) = Q1 [ Taptotavetat pe duvap.ocetpd atov S(zg, €).

Oczwpmpa 4'.23 Eorw ot g : [a,b] — C ovveyng, ¢ : [a,b] — C poayuévng
xduavong xar Q@ = C avounts ue QN g([a, b]) = @. Tore

i) novvagrnon f: Q — C ue

B b d¢ B b dgb(t)
GRSy

elva TaQaeTAGLULY WE OVVaLOGELQd.

ii) woyver

e b dg B b dg(t)
f ()(3)_’“/“ G2 ") GO

ya xabe 2 € Q.

Aw62ein: Hopatnpodpe, amd tov tomo dlpotarg TN YeweTpLrns Tpoodoy, 4Tt

oo 1 s — 20 n B 1 /
;) 9() — 2o (g(t) —zo> T () —z (4.9)

ov 1) oeLpd suyxAivet. Av Bewprjcovpe atalepd to 2 € S(2y, &) = Q ToTE 7 GELPd
oUTY), WG GUVAPTYGT) TOL I, GLYXALVEL opotopopea. Ilpdypott, 1 pev 1/]|g(t) — 20|
elva pparyévy) suvdptnay Tou ¢, éatw amd to M > 0, Stott elvat GuveyTic 6To
[0, b] wan |g(t) — 20| > & (axpod @ N g([a, b]) = @), xou

2 —2
g(t) — 2

< |2 — 2] < 1.

&
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Omote

¢S}

Sl Goos ) | = S <o

—0 g(t) — <20

Zuvenwg, amé to Bewprpa tov Weierstrass, 1) aOyxALon g GELPAS GLYAPTYGEWY
Tou ¢t atnv (47.9) eivar op.otép.open.
Ao v llpotacy 47.20 suprepaivoupe 6Tt

b oo
_ =z / >
/) /a <nZO (9(t) — 20)n+1> < (9(5) nﬂ S
= ﬂ;o (,ln(Z — Zo)n, 6TTOL a, = /{; W

Q¢ vostéy (pe emaywy) a, = [ (z9)/n! ohoxknpodvoviag Ty axddetty. O

Hapatipenen 4'.24 i) Ané to Tapamdvew Oedpnpa BAémovpe 6Tt v xoty-
Yopior TWY GUVAPTAHGEWY TOL EIVAL TOPAGTAGLLES LE SUVALOGELPE ElvaL

WEYAA).
an|: 1 ngﬁ) "{LO(?’&—O 1, 2
—2)
Acnmoelg

Acxmon 4.4 'Evo pm xevéd abvodo X pe pro avoxAasTtiny] xot PeTaBotixy
oyéamn < ovopdletal xarevfuvduevo av €yet Ty eTLTAEOY L3LOTYTA 6TL VLo wd0e
Cevydpt aTolyeinv ToL GUYOAOL VTG EYEL XATTOLO GTOLYELD TTOU EVAL AV PPATLA
Toug SNAASY) av &, y 8vo GToLyela evog xoTeLOLYOLEVOL GUVOAOL TETE QWTO €Y el
éva atoryelo 2 wote x < 2 xan y < 2. H oyéon < oe éva xateubuvop.evo cbvolro
ovopaletor «xatebBovary. Aépe otL x, — oo oty xatebdbuven av yio xdbe
x € Xumapyetn €N wste x < z,,.

i) Acifte 6Tt To Ghvolro
T ={P,T) : P€Dla,b], Tevirapeon onpeio tne P}
we (P, Ty) < (Py, To) av xat pévo av Py = Py elvat xatevbuvopevo.

ii) Xe xdbe xatevbuvépevo ahvoro X pe xatedBuovan < Adpe 4Tt 1) GLVAPTNAY)
f:+ X — Céyedpro £ oty natebboven <, o ypdooupe lim,c ¢ f(x) = £,
oV xat Povo av Yo xale & > 0 vmapyetl xy € X wote ya xdle x € X pe
xy < xoydet |f(x) — L] < e. EmimAdov Aépe ott o bpto oty natedluvay
elvat To 0o v xat Wovo av Yoo xale M > 0 vwdpyet xy € X vaote Yo xde
x € X pexg < xoybet |f(x)] = M.
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Ymobétovpe ott v [ elvar suveyyc xot 1 ¢ @payévne xdpavens. Arodeifte
ot to limypy_o R(f, P, T') umdpyet ov xaw n6vo av uTdpyeL 1o 6pLo tng
R(f,P,T): T — C oty xatedbuvon = xat taydet

li P, T)= li P, T).
W;QOR(J”, ,T) (P%lgﬁ(f, ,T)

Acxmon 4.5 'Eotw oty f: R — C elvan suvaptnon xat 24 € R.

i) Amodeifte 6Tt av v xd0e 3o axorovlieg x, ot y, Pe &, — Ty KoL
Y, — g toydet f(z,) — f(y,) — 0 tote 0 6pto lim,,_, [ (x) vwapyet oto

C U {oef.

—x0

il) AmoBeifte 6Tt To TpoYodUEYO taybEL Xt avTiaTpoa av eTLTAEOY LTOOE-
coupe 6Tt M £ eivat ppaypévn. Awate éva Tapddetypa py epoyrévng f yta
TNy omola Bev Loybet To avtiaTpopo Tou (i).

Acxmen 4.6 Amodeifte Tt ov v @ : [a,b] — R eivar adEovoa, tote fab d¢ =
V(g)-

4.3 Koapmdieg ne pinog
Optopés 4°.25
i) Mwx cuveyyg suvdptnan p : [a, b] — C Aéyetat xapmdAy ato C.

ii) To chvoro p* = {p(f) : a <t < b} = p([a, b]) Aéyeton {yvog Tne p 1
unove TNS Y.

iii) Ty o) wdpoven V(p) tne p narhodue wunrog Mg XoaP.TOATS p ot
supforilovpe pe w(y).

iv) H xapmddn p Aéyetar evbvpoauuiowun % xaumodn we unrog ov w(y) <
—+o0.

Hapatipmen 4.26 Av v xapmddy p : [a, b] — C eivar cuveydc Stapopiot
t6te ano Ty llpdtacm 4°.5 to unxnog g elvat w(y) = fab [y’ (8)] dt.
Hapadeiypata

i) 'Botw o6t a, b € C. H xopmddn p : [0,1] — C pe p(f) = (1 —Ha +tb
ROAELTaL (TPOGAVATOMGLEVD) eVOVYOQLILO TUNIE |LE TTPMTO GXPO TO & XAL
Sebtepo to b xat cupforiletar peptrés @opéc xat [a, b]. To pxog avthg

elvat ) )
u(w)—/ |y'<t>|dt—/ b—aldt = |b—al.
0 0
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i) H xoapmoin ¢ : [0,27] — C pe p(t) = a+ re' émov a € Cxarr > 0
*oAelTon (TPoSaVATOALGUEVT)) TEQLPEQELE REVTPOL @ Xl OXTIVOS 7 XL
supBoriletar pe C(a,r). To pixrog avthg elvat

2w 2m ) 27
w(C(a,r)) = / Iy’ (B)| dt = / lirel| dt = / rdt = 2mr.
0 0 0

iii) H xapworn p : [0,27] — C pe p(f) = acost 4 i¢bsint, a, b > 0 eivar m
(Tposavatoliauévn) Eldeupn e nuiatoves a, b.

Ipérasm 4'.27 Eorw dreyy : [a,b] — C elvar naunddy xa ¢ : [¢,d] — [a, b]
weee cvveyng avgovea (1 pOivovea) xa emi amewnovien. Tove u(y » §) = wu(y).

Améeeiln: ‘Eotw 6t ¢ eivar abEovsa. lapatnpodpe 6Tt yio tuyoboo Stapéptan
P =iec=yo <y <..<y,=d}rov][e,d]7ola= ¢y < ¢y) <
we < B(y,) = b} (ywplc BraBn g yevirétntag ¢(y,—q) < @(y;) vioo xade
i =1,..,n ahhiS Saypdpovpe Ttg eTavaindetg) elvat Stapéptor tou [a, b],
apa

D1y d@) =7 60| = L |r6w) —2(90:)| < u).
=1 =1
Apa

w(y - ¢) = [y o) — 7 by 1) < w(p). (4°.10)
=1

sup
PED[e,d] |

‘BEotw 61t to Py = {a =1ty <t <...<t, = b} elvar pra Stapéptay tou [a, b].
Egboov 1 ¢ elvan eml, vmdpyet P = {c = 2o < 27 < ... <z, = d} € D[e,d]
0ote @(x;) = {; Yo wdbe i = 0,1, 2, ..., n. Apa €yovpe

S pt) =yt Dl = Yy d@) — bl )| < uly- 9.
i=1 =1

Ométe
wp) = sup DIyt — oyt < uly - 9). (4°.11)
P1EDlabl =1
Amé v (4°.10) o (4°.11) émeton 6Tt u(y » @) = w(y). Opolwg av 1 @ eivar
@Oivouao. O
Optopds 4°.28

i) 'Botw ot p; : [a,b] — C, py : [c,d] — C elvar xapmdrec. Aépe bTt
M 1 elvat 1eo8ovauy pe TN Py (Xal YPAPOLYE Py ~ Pg) OV LTAPYEL
@ : [c,d] — [a, b] cuveyng, Yvhota abovsa (dpo xat 1-1) ot emi wate

Y1°@=7s.
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ii) Bewpodpe pia xap.wdAY 9 = [a, b] — C. Opilovpe we avtifetyn xopTdAY
™y Ty —y ¢ [a, b] — Cpe (—p)(t) == p(a+ b—1). llapatnpobpe ott
—y =7y omov ¢: [a,b] — [a,b] pe ¢p(f) =a+b—L.

iii) ‘Eotw 6tt 94 : [a,b] — C, py : [¢,d] — C eivar xapmdieg wote p(b) =
7o(c). Optlovpe o dlpotopd Toug Py —+ P9 va elvat 1) RAWTOAN P4 + Pg
[a,b+d—c] — Cpe

71(0), ava<t<b,

7O =10 ety avb<t<btd—e

Hpéracn 4'.29 Ioydovy Ta magaxdrem:
i) H oyéon ~ eivar oyéon toodvvauiag.
i) dv iy ~ pg 1018 @(p1) = @(p2)-
iif) p(—p) = ().

iv) Av yq ¢ [a, 0] — C, ps : [¢,d] — C naumdleg dove p1(b) = py(c) ToTe
wlyr +72) = p(y1) + w(p2)-

Am6Beil: (1) Aprvetal wg doxney Pe TNV Tapathpnen 6Tt av Py o ¢ = py 610V
¢ : [a,b] — [c,d] cuveyhs, YAt adEovsa xat el TOTE Py = Py o ¢ 1 6TOL
¢! : [e,d] — [a, b] elvar cuveytic, Yot adEovsa xon ext.

Ta (ii) xa (iii) eivar dpeoeg quvémeteg g [lpdtacnc 4°.27.

(iv) Ho: [b,b +d —c] — [c,d] pe ¢(t) = ¢ + ¢ — b elvor suveyr, YvHoLa
avkovoa xat el ametnoviay). Eyovpe

wyy +99) =V +p9,a,b+d—c)
=V (p; +ps9,a,0) + V(p; + pg, b, +d —c¢) (Ipétacm 4.9)
=TV (p1,0,0) + V (pg°4,b,b+d—c) (Opropbe 4.28 (iii))

= w(yy) + w(pz - 9) (Optopée 4.25 (iii))
= w(yy) + ulye) (omcd v pétacn 4°.27) O

4.4 Emuroapmdito OAoxAvjpona
Optopés 4°.30 'Eotw 6t n y : [a, b] — C eivar evluypappiotpyy xopmoin xot

[+ 9* — C ovveymg suvaptnar. Opilovpe we emixapmdilo oAoxANpwu.o ¢ [
eml ¢ p To ohoxAfpowpa Riemann-Stieltjes

/yf(z)de ==fabfwdy-
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HMapatienen 4'.31 i) Otav vy eivar cuveywg Stagopiotpy () xotd Tpfp.ato
suveyme Staopiatn) amé v Hpbtacn 4°.21 éyovpe

b
[rerie= [ roop o
Ve a

ii) "Eotw 6Tt
Il = sup{If @)+ 2 €7} = sup |(y®)] < +oe.

Tote arwo v Hapatipnen 4°.16(iii) éyovpe ot

/yf(z)dz

iii) ‘Eotw ot ot f,, : p* — C elvow cuveyeic suvaptnoetc. Av 1 axolovbio
() nen (avtiotovya v oewpd 02 f,,) GLYXALVEL opotdpopea oty (GuVey)
f. Amo v Ilpotacn 4°.20 woydet fyfn(z)dz — fyf(z) dz (avtictovya

S S fule)de = [ f(2) de).

Hapageiypata 4.32 i) Avy : [a,b] — Celvar xoap.wdin xat [ = ¢ stabepy
suvaptnon tote (Hapatipnon 4°.16(1)) fy cdz = c(y(b) — y(a)).

< M oo ()-

ii) Bewpodpe 24, 2o € C xot t0 eLOOYpappo tppa p : [0,1] — C pe
y(t) = (1 —18zy +tzg. Avn [ p* — C elvat cuveyric suvaptnem éyovpe

1
K ey = fo Fley + (zp — 2)8) dzy + (2 — 21)0)

1
= (29 —21) /O f(zy + (29 — 29)t) dt.

Avzy, 29 € R éyovpe

1
'/[ ]f(Z)dZZ/O f(21 + (29 —2)t) d(2y + (22 — 29)t)

2/22 f(x)d.

iii) ‘Hotw étt = C(a,r) nat f : p* — C cuveyne cuvdptnar. Tote

27 27
f(z)dz = fla+ re”) dy(t)y =ir fla—+ Teit)ez’t dt.
v 0 0
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IBiaitepa yio f(2) = (¢ — )", n € Z, éyouvpe

2z ) 27
/f(z) dz = ir (,,,.ezt)nem‘ dt = iy +1 / ezt(nJrl) dt
» 0 0

2w 27
0 0
_[o, n =+ —1,
| 2w, n=—1.

Apa
, 0, n+—1,
(z—a)'dz = ) . o
/C(a,r) 2w, n=—1.

Hpérasm 4'.33 Eorw dreny : [a,b] — C elvar xoaumddn ue unrog, ¢ : [¢,d] —
[a, b] ovveyng, adfovea (avticTovya @Oivovea) xar eml, xa [ = y* — C cvveyiig
ovvagrnon. Tote éyovue j;f(z) dz = ‘/7‘*°¢ f(2)dz (avricTorya fyf(z) de =
AT6Beln: Adyw g cuvéyelag TS [ Tdvw oTig ¥, (o d)* nat emetd) w(yo¢) =
w(p) < 400 LTLAPYOLY TO OAOXANPDLATA fy f(2)dz, f7°¢ f(z)dz. To fy f(z)dz
LTAPYEL, dpa Yo xdfe & > 0 uwdpyet 6; > 0 wote Y wafe P = {a = x5 <
2y < .. <z, =0b} € Dla,b] pe A(P) < 0y xo yia x60e emAoyh evdtdpecwy
onpetoy T' = (§)1<i<, ™S P &youpe

e (4°.12)

S E () — ) — / £(2) dz
=1 ¥

H ¢ : [¢,d] — [a,b] eivar suveyng dpa opotopoppa suveyng. Omdte yia o
0; > 0 umdpyet dy > 0 wote av s, ¢ € [, d] pe |s — ¢t < dy taydet |d(s) —
o) < 0;. T xabe Py = {c =ty < t; < ... < t, = d} € Dle,d] pe
MPy) < 9y o yroo xale emhoyy) evirapeswv onpelov Ty = (7;)1<i<ys TO
ahvoro Py = {a = ¢(ty) < ¢(ty) < ... < ¢(t,) = b} (wdAt ywpic BA&BN ¢
YEVIXOTYTOS OL OVLGOTNTES GTOV 0ptap.d TNE Py elvat YvAstes, ahhwg Starypdpovp.e
Ttg emavanets, apod dtav ¢(¢;) = @(f;_,) dev cuvetapépouy aTo dbpotaya, StéTt
y(9(t,))) = v(d(t;,_1) = 0- étot, apod apatpedody ot eravarrPelg eTAyoupe
T avtiatotya evildpesa onpelo Lo T véa Stap.éptam) avixet ato Dla, b] xa
MPq) < 0y, v Ta (P(1;)) 1<y Vot eThoYY evitapecwy anueiwy g Po.
Suvemag toydet 1 (4°.12), Snaadh

< e.

Z(f o) (p(r;)) [7’(¢(t¢)) - 7(¢(ti—1))] - /f(z) dz
i=1 74

Apa

¥

‘svow,w,ﬂ,T1>—ff<z>de
Vv
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v x40 Py € Dle, d] pe A(Py) < dy. Anhady, f7°¢ f(z)dz = fy f(2)dz. O

Ilgétacm 4'.34 Oswgodue Tig xaumvleg 6tov Ogioud 4°.28 xaw wie cvveyy
ovvaotnen [ ogiouévy eta Lyvy Tovg. Tote éxovue

i) Avy, ~ yy TdTE /“;1 f(z)dz=j;}2 f(2)de.
ii) fiyf(z)dZZ—fyf(z)dz.

i) [, ., [(2)de= fm f(z)dz —O—fyz f(2)dz.

AméBely: To (i) xat (i) TpoxdmTovy dpesa amsé v [lpotacn 47.33.

(i)
b+d—c
/ f(e)de = / fo(pr+p2)d(y; +p2)
71+72

b+d—c
_/ fe 71d71+/ [eyeedd(ys @)

(amé v llpotacy 47.19)
= f(z)dz—l—/ f(2)dz
v2°9

= f(2)dz + f(2)dz, (amé v Ilpétacy 47.33)
7 72

6mov ¢ : [b, b+d—c] — [¢, d] pe ¢(f) = t+c—b (deite llpotaon 4'.29(iv)). O

Anppa 4'.35 Eorw it @ = C avowntd, p : [a,b] — Q evbvyoauuioun
xoumodin xow [ Q — C cvveyng cvvdotnon. Tove pia e ¢ > 0 vwcgyet
P=fa=1, <t; <..<t, =10} € Dla,b] odcre n modvyoviuy yoauun
Yp =2 ¥ = 2y [y(_1), p(E)] elvan vocivoldo Tov Q naw Loyver

f)de— [ f(a)dz| <e

7 ’p

AréBetn: ‘Hotw ot P = {a ={, < t; < ... < t, = b} € Dla,b] xat ag

uToOEGoVP.E TPOS TO TUPOY OTL 1) TOALYWVLXY) YpaUUN ¥p = N1 [y (1), p(t))]
elvat uToahvoro Tov Q xat T' = (7)1 <<, EMAOYY evildpecwy onpeiwy. Tlapa-
wnpodpe ot Yt S(P, T) :== S(f,y, P, T)

[ dz — [, (@) de| <[, f()dz — S(P, )| +H[S(P, ) — [, f(2) de].
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ii)

s@. 1)~ [ e =| X D0 — ) - X [ feds
rp =1 =17
y (4’.13)

[ f(y(r))dz— [ [(z)dz
1 Vi

Vi

=

<y
=1

6mou ytae v (47.13) yprotpomoricape To YeYovog Ot

(fy(r)) — [(2)) dz

Vi

)

f(p(r) dz = f(y(r)) dz = f(p(r))(y(t) — p(t;_y))-

Vi Vi
iii) T2 € 9; éyovpe

lz —p(r)l < |z — @) + Iy () — p(r)l
< Iy — |+ pE) — p(r)l.

Ba tposTalcovpe va TeTOYOLPE
nofeptd TogoTnTa oo Sebid oo (i) va
elva pxpotepy) Tov &/2 pe yp = Q.

To y* = »([a, b]) elvar cupTa-
vé¢ (ool p quveymg) xat to C\ Q
elvar xAetato. Av Q == C, Bétovpe
do = d(p*,C\ Q) > 0. Av Q =C,
Oétovpe amiwe dy = 1. e xdle we-
pimtway optlovpe

K= {z€C:d(zs,p*) < do/2}.

Téte to K eivat xAelaté ot ppay.évo,
apo GUPTOYES, *at 1) f g elvat opoto-
[LOPQaL GUVEYTS.

Bo vrwobésovpe w(y) > 0. Av
w(y) = 0, tote 1 p elvar otabepy.
[Tatpvoupe atabept) ToAvywILRY TPO-
GéYYLaY), OTOTE ROt Tt 800 OAOXANPWLOTR Elvat PNBEy.

o) H f|g elvor opotdpopoa suveyhe, dpa vy e > 0 umapyet §; = d;(e) > 0
wate av |2y —2g| <0y thte [f(21) — [ (22)| < &/(2u(y))-

B) Hy: [a,b] — Q elvaw op.otdpoppa suveys, dpa yia &g = min{dy, d;}/2 > 0
urapyet 0y > 0 BaTe av by, by € [a, b] pe [t; —its| < 0y toydet [p(t) —y(ts)] <
&g (emthéEape auTo To &y HGTE VoL TETOYOLPE Yo LaYDEL Yp = N ¥; = Q- StoTL
avz € [p(ty),y(t)] natz € C\ Q tote d(p(fy), C\ Q) < &, dTOoTO OO TOV
0pLGP.G TOU &).
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) fyf(z) dz = limpepr, 1 S(f oy, p, P, T) dpo pe
e/2 > 0 vmapyet 0 < 03 < Jy wote av P = {a =
tg < t; < ..<t,="b}pel(P) < dg tote

wamMﬂm—qun—/?@mZ<§.
=1 »
Q Bzwpobpe ) yp = N1y p; = N [p(ti_1)s p(E)]-
Térte
iv) yp =K.

Mpdaypoatt, av z € p; = [p(ti_q), y(£,)] toTe
|2 =yt < |p(tiy) — p(t)] < do/2 dpa
d(z, p*) <le —p(t)| < do/2 ométe 2 € K.

V) ISP, T)— [ [(2)de| < /2

Hpdrypatt, Aoyw Tou (iii) xat tou (B) éyovpe [e—yp (1) < 0y /24-01/2 = 0y.
Apa Aoyw tou () toydet [f(p(r) — [(2)] < &/(Cu(y)). Xuverwe 7 (ii)
Sivet

< $ ot — Tase) ¢
i=1

S8, 1) = //P f(e)dz 2u(y) 2uly) 2

To arwotéhespo thpa eivar @ovepd amd ta (i), (v) xat (v). O

Oczwpmpa 4.36 Eotw 6t Q@ = C avountd, p : [a,b] — Q svbvpoauuioiun
xapmodin now 2 Q — C cvveyng cvvagrnen we magdyover (Oniadn vwagyet
F:Q—Cdore F' = ). Tote

[(2)dz = F(y(b)) — F(y(a)).
e

Amégedn: o) Av v p elvat suveywg Stagpoplotpy) ToTe

b b b
f@dz= [ fepdy= [ [y ®tdt= [ F'G)y®ad
/yZZ/QVV/QVV /a??’

b
=/ﬂWmeﬂ=Hﬂw—F@w)

B) Ztn yewnn) mepimtwan, Bdaet Tov Afppatog 4.35 Yoo TNV XapTOAY
v [a, b] — Q xat Yo e > 0 LTAPYEL TOAVYWILXY] YPALLY]

n

vp= D= [ty p(t)]
=1

=1
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HoTE Ifyf(z) dz _fyp f(z)dz| <e.
Kdbe y; eivar suveywe Stagpopioipy, dpo éyovpe

feydz =Y, [ f@)dz= Y| Flp(t)) — Fp(tiy))
’p =17 =1

=F(y(0) — F(y(a)).

Apa

f fe) dz —| F(y(6) — F(y(@) ]‘ <e
v

v %0 ¢ > 0, ométe j;} f(2)dz = F(y(b)) — F(y(a)). O

épiopa 4'.37 'Eorw érenyp : [a,b] — C\ {0} elvar xdeioty) xoumddny ue
wnrog (vhewsth) xadeitow av p(b) = p(a)). Tove yia ndle n € Z \ {—1} toyder
[, 2"dz = 0.

y

AnméBeEny: H F(2) = 2"/ (n+ 1) etvan mapdyovsa tng f(2) = 2". Apa amé
To Tpornyobdp.evo Bedpnpa éyovpe fy 2"dz = F(p(b)) — F(y(a)) = 0. O

4.5 Ocwpruate sOYRALGYS

To Tapardtw Bewppata adyxiiorg Oa pag ypetaatody ato 3ehTepo EPog
Tou Biiiov add tanpLalet va Tapovstastody edw. Ta bewprpata autd potalovy
pe to Beprpa xoplapynp.evne adyxAtong tov Lebesgue alid dev eivat. Xto
Dewprpa xuptapymp.évng chyrAlarg €yovpe pia axorovlic cuvapTcewy TOUL GL-
YrAbvel ae pia suvdptnoy) xat éva atabepd étpo we Tpog o omolo vToAoyilovtat
o ohoxAnpopata (Seite o Tapddetypo oto [1]). Ata Tapaxdtw bewphpata
7 GUYAPTYGY) TLOL OAOXATPWYOLP.E Elval GTaOEPY| KOl OAOXANPOVOLILE WS TTPOS
o oxoAovdio pétpwy Tou GUYXALVEL GE éva PETpO.

Ozswpnua 4°.38 (Xdyxione touv Helly) Eorw dr [ : [a,b] — C cvveyng
ovvagTnen, ¢, : [a, b] — C cvvdornon poayuévng nduaveng yra xabe n € N,
@ : [a, b] — C ovvagrnon, xaw M > 0 dove @, (t) — @(f) proe ndtle t € [a, b], 2ot
Vip,) <My xctle n € N. Tore n @ eivan poayuévng wduaveng, V (p) < M,
o [ fdg, — [ fdp xabbg n — +oo.

Amégedn: N wdbe e > 0 xaw P = {a =ty < t; < - <ty = b} Srapépiay
Tou [a, b] umapyet ng € N wate va taybdet |(pn0(tk) — )| < &/2N ya xabe
k=0,1,...,N, apod ¢, — ¢. Topa dpwg

lp(t) — @t )| < 19(t) — @y (G = 90,0 (E) — @ (1)
-+ |§Ono(tk—1) - (;D(tk—l)|
= % + |§0nO (tk) - gano(tk—l)"
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Apa V(p,P) < e+ V(gono) < e+ M. Onéte V(p,P) < e + M vy nabe
e > 0. Zoverwe V() < M.

['tac T abyrAtan TV okoxAnpwpdtwy, apxel va Ty arodelfovpe yLo Tparyp.o-
XY GLVAPTNGY) £, apod TavTa propodue va avaryBoldpe Ge auTY TV XATAGTAGY
vpdpovtog Ty [ o Re f +dm f.

‘Eotw Aowméy 6t [ = [a, 0] — R xat & > 0. Oewpodpe Stapépton P =
fa =t < t; < - < ty = b} Sopépion tou [a,b] wate |U(f,p,P) —
L(f,p,P)| < &, omote apold 1o oAoxAfpwp.a vrapyet (Oswpnpo 4°.18) Ou
wyber x| [ fdp — L(f, g, P)| < e.

Agod @, — @ Oo vmdpyet ny € N wote Yo xdle n > ny vor taydet
lp, (t) — @) < e/AN||fllo Yo xa0e k = 0,1,..., N, 6mov O0ésope ||f ]l =
SUPgeqq,p) |1 (D]

Edxola eréyyovpe topa ot |U(f, ¢, P) — L(f, p,, P)| < 2¢& xabug xo
IL(f,p, P) — L(f, ¢,,P)| < &/2 vy xdbe n > ny mwopepfdiiovtag yio to
TPOTO Tou¢ 6pous (b, ) xat p(t,) oty Tosotnta @, (1) — @, (¢) xat xavo-
YTOG TPLYWILRY] AVLGOTNTA, EVG YL T1) SEOTEPY) YPAPOLE

\L(f, s P) — L(fs ¢y, P)

N
> ) ((p(t) — p(ti—) — (gult) — %mo))‘
k=1

N
O ) ((9lti—s) — gulti—1)) — (gt) — cnnuk)))’

k=1

< Iflle

& I3 1

N+ fll. N=:ze
vy Wl gAY = 2

Apa yroo xale n > ng O elvout

/abfdco—/abfdsvn

b
[ rag—Li rp,P)] + |1t g P) = L(f 9, P)

<

b
+ ‘L(f» g P) — / fdg,

1 7
- 9 — —
<8—|—2£—|—8 28,

ohOXANPWYOVTAS TNV ATOSELEY). O

Avppa 4°.39 (Ilohvywvixng Tpocéyyione) ‘Eote dr to Q eivar avowrtd 6to C
xow p : [a, b] — Q wea woumwody. Tove vrdoyer wiee axolovBic amo mwolvywvinég
xoumvdes p, ¢ [a,b] — Q, n €N, dore

(i) n 7y, ovyrdiver oporduogpa 6Ty p 67o [a, b],
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(ii) p,(a) = p(a) xat p,(b) = p(b) pr e n € N,
(iii) pF = Qpaan > 2/d(y*,C\ Q) drav Q # C,
(iv) aw n p elvan noumodn we unrog vove u(y,) < w(y) yra xabe n € N.

AmégetEn: H p we suveyne oe supmayés avoro elvat op.otdp.opeo cuveyngc. Apa
Yo xé0e n € N umdpyet d, > 0 wote av [§ — s| < d, va taydet [p(¢) — p(s)| <
1/n.

Av P =fa=t, <t < <ty = b} dupepon tou [a, b] pe rewtonta
[IP]] < 6, optlovpe

=1

t, —1t
() = ——— p(ty) +
7 b —th—1 P by —t,

t]‘ y(tk)

ot <t <t wan o ndbe k= 1,2,...,N, yio xd0e n € N.
H y, elvat Tpopovng ToALYwILLY] (e vaog

v =lylo) )1 U U lplty,—1), ity )]

Me amiéc mpatetg eAéyyoupe ot i xabe t €[4, 4,0, ], k=1,2,..., N,

s LOYDEL

) — () = k”‘—k ((tpr) — p(D) + % () — p(B),

XL AP OO TNV TPLYWILKY] ovtaoTNTaL, Xt ool |p(d,_1) — ()] < 1/n xot
lp(t) — y(@®)] < 1/n, Oa wapovpe ot |9, () — p(E)] < 2/n, dtott BeBaing
|41 —t] < 0, xa |t, —t] < 0,. 'Emetoe 6Tt 9, = p nat av Q # C, tote Y
n > 2/d(p*,C\ Q) maipvovpe pr = Q evo av @ = C, to cupmépacpa eivat
oUTOPATO.

Ao tov optapd twy p,, toylbet gavepd ot p, (a) = p(a) xat p,(b) = p(b)
vto xale n € N.

Télog av 7 p elvot xap.wOAY pe U1Mxog ToTe

NT[
w@) =V @)= 2t =yt )| =V@,P) < V() =ulp). O
k=1

Oczwpmpa 4.40 Eorw it to Q eivar avorxtd vrocdvodo tov C, [+ Q@ — C
ovveyng, xaw p, v, ¢ [a,b] — Q yoe m € N waumwdleg e unrog dove p, = p
xa0dg n — oo xaw V(y,) < M puee nctbe n € N now cemworer 6rabeoct M > 0.
Tdrsfy'lf—»mfyf%aﬁa’)gn—>+00.

Amé8ei8y): Bpioxovpe éva supmayéc K wate p* < K° < K < Q: wpdypatt, Yo
xale x € p*, vrdpyet &, > 0 wate S(x,¢,) = Q. H owxoyévera tov S(x, ¢,) o
x € p* elvat avoLtxTd XAADPP.A TOL GUUTAYOLS P* RO Bpo UTAPYOLY Xy, ..., &, €
y* wote

y* Sy, 8,,) U US(z,, ¢, ).
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Bétoupe

K = S8(x,¢8,) U US(x,,¢, )

Hapatnpodpe twpa 6Tt fop, = foy nalogn — —oo: H £ eivar opotdp.opon
cuveyNg, aod K cupmayéc voshvoro tov Q xat f ouveyc oto Q. Apa, yta
e > 0 vmapyet n > 0 wote av |r — y| < nvatoydet |f(x) — f(y| < e Amé v
op.oLop.ope ahyrhien e p, oty p vrdpyet N € N oote av n > N va toydet

|7,,(8) — p(O] < miny, d(p*, C\ K)j
vto xale ¢ € [a, b]. Apa, yro xdle n > N aydet p¥ < K ot
72 () = (O] <m oot [fop,) =[O e,

Ao M f o p, GuYXAlVEL opolopopea ST £ o .
[Mopatnpodpe Twpa ot

%[f[/f‘_ /abfoyn(t)dyn(t)/abfoy(t)dy(t)‘

<| [ (r-n0—1-50) ,0)

- /bf°7(t)d7n(t)—/bf°y(t)d7(t)
<1 =7l V () a

+ /bfw(t)dyn(t)/bfoy(t)dy(t)
<N p— el '

+ /abf"?’(t)d?’n(t)—/abfoy(t)dy(t).

Ouocfeoy, S foyapa|lf o, —1°7le — 0xabtdg n — 400, evey amé to
Bempnpa adyxriiang tov Helly (Bewprpa 4°.38) taybdet

b b
/ £ep(t) dp,(t) — / Fop(t) dy ),

OAOXANPWYOVTOS TNV ATTOIELE).



Kewahato 5

Astrtng GTROPMNG RAELGTYC

AAPTOANG

5.1  Avoushytint) meptypae)

Mo véa évvota T ool
ELGAYOLPE GE QUTY] TNV EVO-
T elvat Ty Tou «BeinTy
GTPOPTIS XAPTOANS WS TPOS
anpelon. Ag vofBésovpe oTL
gyovpe pra evbuypappion
xawOAY p ¢+ [a,b] — C xat
éva ampeio 2 € C \ y* oto
omolo Bploxetat évag Tapatn-
pNTHS. Autog Tapatrpel TNy
eBEMEN TN xapTOANE amd To
opytro g ampelo p(a) wéypt
o teAtxo g p(b) (ag wavta-
oTobpe TN petafAnTy ¢ g
p(t) vo eivar o ypovog). I
xafe onpeio tng xapmTOANG

21

y(a) = p(b)

»(t) opiCovpe r(f) TV ambstacy) Tov amwod To GUElD 2 TOL TUPATYPNTY) KoL
) yovia 0(t) Tov aympatiet to evddypappo Tpnua [z, p ()] pe tov Tpaypatind
GEova. Xto Simhavé oynpo efetdalovpe auth TNV xatdatacy Yo 8ho onpelo:
TO 24 %O TO Zy. EvStagepopacte va uoloyicovpe Ty GUVOALXTY) LeTABOAY) TS
Ywviog »¢ TPOS TOV TOPATNENTY, SnAadY) Ty TosdtyTa 0(b) — O(a). o wa-
paddetyp.a, ytoo To GMP.Elo 2y ALTN 1) SLaQopd elvat Qovepd WLIxpbTEPY oo 27
EVW YL TO 29, av ETULTAEOY LTTO0EGOLPE OTL ) p SraTpéyet pio Qopd to (yvog y*
(Bnhadt) elvar éva Tpog éva extog amd memepacpévo TAN00¢ anpelwy (ExTos TV
omp.elwy Tov TEPVEL ToV VTS TNQ)) ToTE 1) Staopd O(b) — O(a) eivar axptBwg

7
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47. Me ddho A6yt 1) xaptOAY) TOL GYALATOS SEV OAOXATPWYEL Evary XOXAO YOPW
Ao TO 21 AAAG OAOXANPWYEL 800 XOXAOLS YOPW A6 TO 29. AUTHC 0 axépatog
aptOpde, SnAady) To TOGOLE XOXAOLE OAOXATPWYEL PLal XOP.TTOAY) YOPW aTth Tov
TOPATNENTY oG 6T anp.elo 2 Tov ovop.dlovpe «Belxty aTpoghc TNE Y Yopw amh
T0 0.

[Twg bpwe Oo propodcape amd TV p vo LTTOAOYIGOLPE TOV BE(XTY) GTPOPTC
vt xabe anpeto & € C\ p*;

Ac umolésoupe Yo Abyoug amAdTYTAS OTL OL GUVAPTYGELS O xat 7 elva Tapa-
yoyiotec. Téte 1 xoapmdAn propel vo ypaptel pe tov thmo p(t) = 2 + r(t)e'?®.
MapaywyiCovtag wg wpog ¢ Bpioxovpe

'(t) = ' (£)e D o () e0Dig (1),

amé Tov xavéva Ytvopévon nal ohucidag. Agod 2 ¢ p* to p(t) — 2z = r(t)e’® Jev
elvat ToTé (G0 e UNdéy, omote Statpmvtag Pe avto Bploxovie:

Y
R0

OXoxAnpwvovtag auty| T ayéen we TPog ¢

+0'(t).

b /
Y () .
dt = In(r(b)) — In(r(a)) + i(0(b) — 0(a)).

fy(t)—z (r(8)) — In(r(@)) + i(6(5) — 6(a)
‘Etot av 1 xopmdAy ¢ elvat xhetoty, av Sniady y(a) = p(b) tote r(a) = r(b)
xo Qo Thpoupe 6Tt

b /
i(0(b) — 0(a)) = / ygl)(t_) —dt = gd_g -
a ?

To mwAvfog Aoty Twv xOxAwY ToL %dveL ¥ P YOpw amd To 2 taobTat we (6(b) —

0(a))/ 27 Snhodny elvat (6o e
1
2mi ), §— 2

[Mapatnphote 6Tt yia To amp.elo 2y Tou oympatog 0(a) = 0(b) xatt wov dev(!)
toybEL Yt To 2o. Hpdypatt yia To anpeio 2; 1 ywvio 0(f) avkopetmvetar xadwg
«eehioaetaty 1 xap O Yo va xataAhEet oty (St Ywvio: e TNV apyLen), oAld
YL TO 29 GUVEYWS aEdVEL.

5.2 Opiopdg nat ttétmreg

Opiopée 5.1 Eotw 6t v p ¢ [a, b] — C eivat xAetot) xapwdA pe wnxog xot
Q:= C\ y*. Opilovpe tov deixty GTPOPYC TNS RAUTOANG P WS TPOS T0 2 €

Tov aptip.o
1 d§
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Ozwpnpa 5.2 Eotw éteny : [a,b] — C eivar wa xAeiots, ovveyie diagpogi-
ouun xoumodny xew @ = C\ y*. O deixtng 6T00gNs Aaufaver axéoaies TLweg o
xale z € Q. [0waitega, elvar 6Tabspn 6vVaQTNOY G 10 GVYERTINT CVVLGTMGN
Tov Q %ot [60g we UnOEY 6T Un POAYWEVY) GVVERTINY GUVLETWDG TOV Q.

o g 1 Y s
Indcf(z)M/yg_zzm/a 7(3)_Zd8

vz € Q. Enedh o w/(27i) eivor axépotog av xat povo av e’ = 1 (Ilpétaon 3.1
(iii)), opxel vor Setylel 6Tt ¢(b) = 1, bmov

t /
P(t) = exp </ y(y;)(S) . ds) voa < ¢t <<b.

Amégedy:

H ¢ mapaywyiletat xat toydet ¢’ (8) = ¢(8)y’ (£)/(p(t) — 2) ométe ¢ () (p(¢) —
2) = ¢ (D) —=2)'. Apa ($(O] (p(t) —2)) = 0 3mpadit 1 G(B)/(p () — 2) siven
otabepr), éotw fom pe c.

IMo t = a Aotwoy, ¢(a)/(p(a) — 2) = ¢ omorte

_ =z, p)—z
b= —ew =T,
ool ¢(a) = 1. Ométe
_ )=

aob 1) p elvat xhetaty). ZuveT®g o SeixTng oTpogric Talpvel axépates TLULEC.

0 Beixtng atpophc elvat GUYAPTNOY TAPAGTAGLYLY) P& SuVaP.oGeLpd (atd To
Bewpnua 4.3 (1 to Bewpnpa 4°.23) yia g(t) = p(t) wat dgp = dy), dpa eivar
0AOLLOPET GLVAPTYGT) X0l GUVETWE GuveYTS. 'Etat av to e(x) eivat cuvextixy
GUYLGTWGO TTOL TEPLEYEL TO &, GUVEXTIXO E(VAL X0l TO LTOGHVOAD Indy(c(x)) Tou
7. To pévo pmwg GUVEXTIXE LTTOGOVOAX TOL Z elval Tor LOVOGDVOAL Gpo efvat
stafepbe o deintne otpogrc Ind, oe dho to c(z).

To p* elvat supTaryés (g GLVEYNS ELXOV GUULTTOY0DS) dpa elvart Xat PpPaYLEvo,
omtote p* < S(0,r) yia xatdiinro r > 0. To C \ S(0,r) eivar suvextixd %ot
L7 QPOYILEVO XOL TTEPLEYETOL GTY] GUVEXTLLY] GUVLGTWGN ¢y ToL & oL elvat Py
ppoyévn. H cg eivat m povny un epaypévn suvextiny) suviatwoa tov @ (ytatl
x&le dAAY cuvexTiny) suviatwan Eévn e Ty ¢q Oa weptéyetar ato S(0,r) omdte
O elva @parypévn).

Agob p* < S(0,r) supmepaivovpe 6t [p(6)] < r v xdle ¢ € [a, b]. Apa
lp(t) — 2| = |z] — lp(D)] = |2| — 7 Yo dBe t € [a, b] xar z ¢ S(0,7). Eto

Lyl 1
o, < 5 [ 24 ) <



8o 5. AEIKTHE ETPO®HYE KAEIETHE KAMIIYAHE

Yo emaprwg peydho |z|. Tuverog enetdy Ind, (2) € Z supmepaivoupe Ind, (2) =
0. Apa pndeviletat oe éva ompeio TG L1 PPaYLEVNE GUILGTWEAS, GUVETHS GE
OAY TY) CUILCTWGX O

Hapageiypa To chvoro

Cla,r)=1{2€C:z=a+re, 0<t<2m,r>0}
etvat 1) BeTind TPoGAVATOALGP.EVY) TEpLPEPELa P XEVTPOL a = p + iq (p, ¢ € R)
rat axtivag 7 (6o |2 — al? = (x — p)? + (y — ¢)? = r? ebvou 7 ekicwon

meptpépetag). Tote

(1 av|g—al <,
Ind?’(z)ij 0, avlz—al >,

yioti to C\ p* =: Q €yet 800 GUYEXTIXEG GUVLGTWGES: TO EGWTEPLXG TOL ROXAOY
xat To eEwteptxd Tov wdxhov. I |2 — a| < r amd To Tponyodp.evo bewpnpa

Loy bet
1 dg 1L [ e
Ind,(2) = Ind, (a) = 5— = — - dt = 1.
nd; (2) = Ind, (@) 2%@'[@—6& 2%2"/0 re'l

Kot yia |2 — a] > r O elvo Indy(z) = 0.

0 Beixtng atpogic eivat 1 Bastuy
TeYVoAoY{o TOL Y PYGLLOTIOLE(TAL GTX
YPaPLrd LTOAOYLGTOY GE XAl TEYVO-
Aoyla amotiTwaeYg TAYpopoplag (eite
elvat 1 006V elte évag eXTUTWTNG).
[pdypott Yo vo TuTWOGEL Evag EXTL-
TWTYS €V YPALLAL, Yo TOPASELYILOL
TO AULTLILXO «@», TTPETEL VO ATOPAGIGEL
oe Tota ampela Tou yoptod Do BdAet
LeAdvt ot oe wota 6yt. Opoiwe yia
| e 006v7 0 vToAOYLGTYG Do TPéTEL Var

| oamogasicel wow pixels Oo avdder xat

mota Oa afioet. Evo ypappo 6Twe to

a, TepLYpageTaL amé 800 XapTOAES 6TwE 6To StmAave ayfpa. Ilog bo aropasiaet

Op.wG 0 EXTUTWTNG TToto omp.elo Tpémet va Bewpnlel evtdg Tov Ypappatog yLo va

BdAet peddvt xat Toto exts Tou Ypappatos; Evag tpomog va to ndvel auto eivar

0 UTTOAOYLG.OS TOL GUYOALXOD SEIXTY) GTPOPAS TWY XAUTVAMY TOL TEPLYPAPOLY
TO YPAWLO WG TPOS TO oMpelo.

0 oye8Laathg TNG YPALLATOGELPES EXTOS ATO TOV GYESLAGUO TWY XALTUADY
SNADVEL TAVTO XL TN QOPd PE TNV oTtolo AVTES YPAPOVTAL. XTO TaAPASELYLA
TOUL & TOL GYNLATOS 1) EEWTEPLXY) XaPTTOAY) SnAwveTal 6Tt oyedtaletal pe popd
oavtifeTy) amé T POPA TWV SELXTHOY TOL POAOYLOD XAl Y] ECWTEPIXY XAPTTOAY e
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TN Qopd. Tov poroYlod. Anhadh v eEwTeptxy) xapTOAY et «DeTix) Qopd xau
7 ecwtepxy) «apvnuxp. ‘Bva onupeio ato Tapartdve ayfua mwov o Baprel
LLE LLERAVL EYEL SEIXTY) GTPOPHS WG TPOS TNV ECHTEPLXN XAPTOAY] (G0 Pe pNndéy
xot wg TPoS TNV eEwTeptny) xap.tOAY (oo pe +1. 'Etot éyet «auvolindy Seinty
otpogpnc 0+ 1 =1 = 0 xat to onpeio Bdpetat e Lehdmt.

Av 6pog Bswproovpe éva ompelo GTO ECWTEPIRO TPMP.O TNS ECWTEPLXTIC
XOUPTTOANS TOL & TOTE auTh €yet SelxTy GTPoPNSE +1 we Tpog TNy eEwTeptxy
®OPTOAY ToL a xat —1 »g TPOS TNV ECWTEPLXY) XA TOAY Tov a. O GUVOALXGS
Seixtng atpoeng evat +1 — 1 = 0 xat ato oMp.elo 0 eEXTUTWTNS Bev plyvet
peidov!

YTapyouy xot PEPLRES AXROPLA TEYVIRES ATELXOILGTS GTOVS DTTOAOYLGTEG XAAL
elva 1o08hvapes pe Ty Topamdvw. BAémoupe Aotméy 6Tt 0 SelxTng GTPOYS,
EVTEAWS aTposLeva (Gwe, Yprotpomoteital xadnueptvd amd Toug avlpwmoug xat
elvat «xpuppévor péaa oty teyvoroyia Twv 00ovoHv, EXTUTV TGOV, TpoBoréwy
%ot xd0e GUGAEVLTC ATTELXOVIGTG.






Kegaiato 6

To tominé Oswpmpa Cauchy

Ozwpnpa 6.1 (Cauchy-Goursat) Eotrw 67¢ 10 A elvar xAetoTd Toiymvo evrdg
Tov cvoxtod @ = C xaw p € Q. Av n ovvagrnon [+ @ — C elvar Tomad
poayuévy 6to p (Ondadn vrdoyer M > 0 xaw S(p,r) = Q dore |f(2)] < M
yia xdle 2 € S(p, 7)) e flo\ ) 0Aduooyn, éte [, f(2)dz = 0, dmov IA 1
TEQLLETYOG TOV TYLYDVOV.

AnéBeen: Ilegimrwon 1:p ¢ A

A) Kaboptopég evog onpeion zy: 'Eotw ott ot xopugég tov A eivat a, b, c.
Bétoupe a’, b’ xat ¢’ Yo T péoo Twy TuMpaToy [b,¢], [a, ], [a, b] avticTtovya,
xat Bewpodpe Ta Tplywva

AV = (a0, AP = (b,
AP = (fe, b, a'}), AW = ({a,b',¢'}).
Mpogavae f;, [(2)dz = T, aa(p 1'(2) dz

dpo
/ f(e)dz
aal)

4
/ f2)dz| < )
0A =1

Apa vapyet 1 <@ < 4 wote

/f(z)dz /_f(z)dz’
A aal)

. NG! . , ; , .
Bétw A; = AY’. Eravadapdvoupe twpa 1 Stadtxasio aut) pe to Ay aTo poo
Tou A xot Ao fdvovpe évar xAetatd vToTpiywVo Ay TOL Ay WGTE:

/sz(z)dz /Mf(z)dz

<4

-1

1 /Ml f(2)dz

83

1
=e)
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Eroaywymd, xot pe evieAwg avaioyo Tpomo, optlovpe pia axoiovbio amd xAetotd
plyovae A DA DAy D ... ocTe Vo toydouy

/Mn f(e)dz| = — /Mf(z)dz.

b 4n
ii) To A, elvat éva amo ta Téaaepa uToTplywva Tov A, (v > 1) Tou opilo-
vtat amd to péoa anp.ela Twy TASLpWY Tov A, pe etixd (avti-wporoytaxd)
TPoGoVaTOASWS xat w(d4,) = 27" (u(dA)), yra n =1,2, ...

i)

Ao Ty TAnpoTnTa Tou petprxod ywpov C, to Bewprnpa tov Cantor, to yeyovog
6Tt T ghvoda A, elvar xAetatd advora pe A DA} D Ay D .ot

on(4,) < p(9,) = 5op(08) — 0, (6.1)

émeton ([1] Oewpnpo 2.6.14) bt to N2 A, elvat LovoshHvolo e povadixd aTot-
yelo, €oTw 10 24, 6OV aTNY (6.1) YprCLLoTOGaLE TO YEYOVOS OTL 1) SLAPETPOS
x&0e TpLywvou elvat PIXpPOTERY) Ao TV TEPIPETPO TOL (APNVETAL WS AGANGT)).

B) Ymohoytapés tou [, f(2)dz: To 2y € A < Q dpo o [/ (29) vmdpye
(epboov p ¢ A) agod 7 f elvar oképopen ato @\ {p}. Eotw étt e > 0. Ydpyet
0> 0wmoteav 0 < |z —2zy| < 0 tote

[(z) — [ (20)

g —¢p

— (z0)| < e (6.2)

Eniong Stap(dA,) — 0 dpo yta to d > 0 vmdpyet ng € N dote o xd0e n > ny
toydet Stap(dA,) < 0. Apa oy z € A, téte

le — 20| < Sop(A,) < 9. (6.3)
Amo to Ilopopa 4.15 (v to Ilépiopa 4°.37) toydet faAn (f(z0) + [ (20)(z —
29)) dz = 0.
[ 1@ = [ (e~ ) — e — 2o e
aA, aA,

apa Lo = hg EYOLPE

f f(e)dz| <

1

o f(z) dz

| s

f(Z) [(&) = [(z)

— 20

— ["(20) ] dz
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Xprnatpormotwvtag twpa tnv Hapatnpnon 4.10(1) () Hapathpnen 4°.16(ii))
xofwe xat g (6.2) xat (6.3) walpvoope ot

/ﬂﬂ@m

Suverag | f;, [(2) dz] < s(‘u(aA)) Yo Toydy € > 0, ométe [, f(2)dz = 0.

WQM)

< edap(A,)u(04h,) < o

4 n

Hegpimrwon 2: p € A xat p xopuey) Tou A.

Av A = {{a, b, c}) ywplc amwAela TN YevinétTnTag uTobéTovpe 6Tt p = a. Av
a, b, ¢ evar oty (St evleia toTe o cupTEpacpa elvar TeTptpp.évo Yol taybet
Yevind: oy f ohoXANpWGLUY T6TE f[a n @ de+ [, @) de+ [, , (&) dz =0,

YroOétovpe 6Tt T a, b, ¢ Sev elvar atny (Sto evlefor. H A elvat amhy) xapmdin
(Gnhad) Bev Tépvet Tov eanté TNG) 1o 1 [l 4y EbVaL GLVEYNS, dpa ) [ o JA elvou
GUVEYNS EXTOS ath éva ampelo (apod p € dA) xot 1 JA xotd TUNPOTO GUYEYMS
Topaywyiotuy, owéte LTdpyEt To ohoxkApoua [, f(2) dz.

Av z € [a,b], y € [a, c] éyovpe

/f(z)dzz/ f(&)dz + f(&)dz + f(2)dz
dA AA(a,z,y) AA(x,b,y) dA(y,b,c)

= f(2)dz (amé v Hepintwon 1)
dA(a,z,y)

= f(z)dz + f(z)dz + / f(2)dez.
[2,y] [y,a]

[a,7]

Apayia 0 < e < 4Mrxovz,y € S(p, e/4M),
vToahvoro Tou S(p, r), taybet |f(2)] < M, not dpa

/ f(2)de
aA

a=p

< Mu(dA(a,z,y)) Yy X

Zﬂmx—aHﬂx—m%ﬁw—M)
2¢e
< +4+17

Suvemag [, f(2) dz = 0.

Hepimrwon 3: p € A xor p ¢ {a,b,c}.

/ f(z)dz—/ f(e)dz + f(2)dz
dA dA(a,b,p) dA(p,b,c)

—+ f(2)dz ¢
dA(c,a,p)
—=04+0+0=0

amé v Hepintwon 2. O
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6.1 To Oswpmpa tov Cauchy yia #xvpTé ghHvolro

Oczwpmpa 6.2 Eotw o1 To Q elvar avoints xet kvt vrocvvodo Tov C xot
pEQ dvnf:Q— Celvaw ovveyis xawn o\ g,y 0Aduogyn Tdte

i) vwdoyer F + Q — C odduoopn dore F' = f,
ii) fy f(2)de = 0 yia xctOe xdeioTn) xoumodn y evrog Tov Q e unrog.

Amégedn: (i) 'Eotw a € Q. Apod Q xupto tote Yia xdle 2 € Q to evdypoppo
tunpa [a,2] < Q. OpiCovpe F': Q — C pe F(z) = f[a,z] f(E)dE.
Ioyvpiopée: H F'(2) vmdpyet xot
F'(z) = f(2) v ndle 2 € Q.
[Ave’ € Q,2" # 2,70 xAelath Tpiywvo
Aa,z,2") < Q dpo faA(a,m,) f(&)dg =
0 a6 to Bewpnp.a tov Cauchy-Goursat.
‘Etot

/[]f(é)d§+ [ /]f(ij)dé

o f, rei=o
0TOTE
(o= [ poa- [ fed=re-re.
Apat /
R (P& — @) de.

(2,2

‘Eotw 6t ¢ > 0. Enedn f|g cuveynec umdpyet d > 0 wate av |§ — 2| < d tote
£ (&) — (&) <e Apayia 0 < |2/ — 2] < 0 oybet

F) —F(2)

2 —z

f(z)‘ S -

2" —

|, e —rena

1 S
< m#([%z De=¢,
6Tou oYY TeAsutala avicdTTa YproioTotnoape Ty Hapathpney 4.10(i)
() v Hapathpnen 4°.16(iii)) xabong xat to 6tt 1 § € [2,2"] ovvemdyeta
|E — 2] < 0. Apa F'(2) = f(2) vt xdbe 2 € Q.]

(ii) E@bcov 1 [ éyet Tapdyovsa cuvemdyetot amo to Oewpnpa 4.14 (1) to
Bewpnpa 47.36) j;) f(2) dz = 0 yia xdBe xAetoty) xapwdAY pe phAxrog. O



6.1. TO @EQPHMA TOY CAUCHY T'IA KYPTO SYNOAO 87

Hapatipmen 6.3 Iapatnpodye 6t yoo Ty amwodetn tov Ioyvplopod tov
TporYolbp.evou Bewprp.atog ypnotpoTotoae T GuvEYELx TS [ ato Q xat To
4Tt T0 oAOXAPWRA TNG 6To GOVoPo Xl Tplymvou ato Q elvat pndév. Autég ot
360 vTo0EaELS apPrOlY YL TNV ATTOELEY] TOL LGYLELGP.OD Xat eV Elvat aTopaiTYTO
va uoféooupe ot 1 [ eivan oAdpopey). Mmopodype Aotmdy vo SLaTuTHGoLYLE
avetaptnta to (i) Tov Tapamdvw fewprpatog we ebng: Eav Q xvotd, avoirxto
vwocvvolo Tov C xar f : @ — C, f|g cvveyne ue f0A (&) dE = 0 pua ndOe
xAeloTo Tolywvo A < Q ToTe vcoyer F 2 Q — € odduoogpn dote ' = f. Avty
7 Tapathpner O ypetaatel Tapoaxdtw ato Oswpnpa Morera (Bewpnpo 6.7).

Ozwpmpa 6.4 (Oloxinpwtinég tomog tou Cauchy yia xvpté cdvoro) Eoetw dte
nf:+Q— C elvar odduoopn cvvdornon ue Q avointd xow xvT VTOGVVOLo Tov
C o p %detor) noumodn we uirog 1o Q. e ndtle 2 € @\ p*

f(é) " fp)
5 2m . ) —=z

f(2)Ind,(2) = /(1) dt

AméBeln: Opilovpe g: Q — C e

[O—1C) o .
g =1 §—¢
(), f—2.

H g eivar suveyhc oo Q, emetdn) v f elvan cuveyne xat

) —1@ f(Z)
E—
T £ — 2. Emiong v g elva oAdpopem oto @\ {z}.

Eoapp.oCovpe 1o Bewprpa tov Cauchy yio xuptd chvora yiow T GuVApTYGY
g %ot €YOVUE: fyg(g)dg = 0 vyt xdBe xhetoth xoapwdiy p. Owdte Yo 2 ¢ p*

gyouvpe

9(8) = —["(z) =y9(2)

[&—=1C) g
y 572
Apa oo Q
r® ,
2m b &— z 271 f( )
omote TpoxdTTEL 0o LnTodpevog TOToC. O

Twpo pmopodpe va amodeifovpe o Oepehtddn xat axposddxnty tdtéTnta
TOV OAOLLOPPOV GUVUPTYGEWY.

Ozswpnua 6.5 Eore ot 1o Q elvar avorxtd vwocvvodo tov Cxar f: Q — C
oAdwoogn. Tove n [ eivaw wopactdoiun we dSvvapocelgd 6To Q.
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Amégely: ‘Hotw 6t a € Q, tote umdpyet r > 0 vote S(a,r) = Q. Hpéret va
Seifouvpe (Optopds 2.17 () Oplop.og 4°.22)) 61t f maptatdvetal pe SuVAULOGELG
ato S(a, r).

Emuiéyoupe 0 < ¢ < r xat Oewpodpe p = C(a, ) ™V xa.TOAY ToL XOXAOL
pe axtiva 0 < o < r (waote S(a,0) = S(a,r)) Oetind TPOSAVATOALGPEVT).
Egoappélovpe tov ohoxAnpwtins tomo tou Cauchy yio to xuptd xat avotxto
ahvoro S(a,r) xat TV Xap.TOAY .

"Eyovpe o1t
fomd,e) = 5= [ 8
7
’ YtazES(a,r)\y*. Apa
f(&)
[(2) = 2m i

T 2 € S(a, 9) (Indy(z) =1ywazc

S(a, 0)). Tote m [ eivar Tapastacy
e Suvapocelpd amd to Oswpnpa 4.3 (1 to Bewpnpa 4'.23) ato S(a, ¢), 0étovtac
g = puep(t) = a+ge', t € [0, 2], xouw $(t) = fo"‘ )y (s) ds, 0 < t < 2
(Tcocpocmpncte oTL Y f(y(t))g/ (t) swou GUYEYNS, dpa M @ elval napaywytm}m)
'Eotw Aotwoy ot taydet f(2) = X2 a,(z2 — a)” T 2 € S(a, 9). 'Eotw twpa
onz ES(a rypele’ —al > 0. Avr > > |2 —a| > ¢ tote f(2) =
(z—a)" iz € S(a, ). Apa

77071

oo

f@)=> a—a)"= ) b,(z—a)
n=0 n=0
v 2 € S(a,0), onote a, = b, To xdle n = 0,1,2,... Anpady f(2') =
Yt 0@ (2" —a)" ua xdle 2 € S(a, r). Apa n [ elvar Tapastdsotyy pe duvap.o-
oetpd oto S(a, 7). O

Iéptopa 6.6 i) KdOe oAduoopn cvvdornon ce avorxtd cvvolo @ = C elvan
QTEQLOQLETCL TLOLYCYDPIGLUN.

i) Av f € H(Q) vore f € H(Q).

iii) Av Q avouxtd, a € Q, [ : Q — C ovveyns xau flo\ (o 0Aduogen téte 1 [
givay 0Adpogepn oto Q (dniadn) xaw 6vo a).

AméBely: i) Egboovn [ € H(Q) avadbetat oe SuvooGetpd kol [ia SUVLOGELPG.
elvar ameptoptota Tapaywyiotpn (Bevpnpo 2.15) éretar 6t xon v f elvor
OTEPLOPLGTA TTOPOYWYIGLLT).

ii) H f raplotatat pe Suvaposetpd dpo f € H(Q).

iii) Bploxovpe r > 0 waote S(a, r) = Q xot epapp.olovpe to Oswpnpa Tov
Cauchy oto avouxto xat xvpté S(a, r). Apa vrwdpyet F' = S(a,r) — C okdp.opon
wote F' = g4 AMG a6 to (ii) n F elvar oAdpopen no dpa xow 1) f ebvar
0AGP.OpPYY GTO a. O
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Ozswpnpa 6.7 (Morera) Eotw dt @ = C avorxtd xaw 2 Q@ — C ovveynhs xat
Joa (&) dz = 0 pua xdOs Toipavo A = Q. Téve 3 [ eiven 0Aduoopn 670 Q.

AxméBeln: ‘Eotw 6wt a € Q. Téte vmdpyet r > 0 wote S(a,r) = Q. To
S(a, r) eivat avotxtd xat xupté. E@appolovpe tny Hapatnpney 6.3 yia avotxtd
%ot XUPTA GOVOAQ, OTOTE LTTAPYEL OAbPopYY F wate F'(2) = f(2) i xd0e
2 € S(a,r). AN twpa 1 F7 elvat ohopopen (amd to Hoptopa 6.6) ato S(a, 7).
‘Etotm [ = F’ elvou ohop.oper oe xale avounty) spaipa tou Q, owote 1) f elvat
oA6p.opem aTo Q. O

Ipétasm 6.8 Edv f: Q — C odduogpn, @ = C avornts xew S(a, r) = Q, vdve:
L fE)

2mi ), (§— a1 ds

Fa) =

yan €N, dmov p(t) = a + ret, 0 < t < 2m, e {yvog Tov xvxdo C(a,r).
AméBeiln: Kot apyde Tapatmpodpe 6Tt umdpyet € > r 0oTe
Q = S(a, &) o S(a,r),

dtot to C\ Q elva xhetato xa E€vo e to supmayés S(a, r), owdte éyouvy Detiny
ATOGTAGY).
Egoapp.éCovpe tov ohoxAnpwtind toTo tou Cauchy yia to avolxtd xon xvpth

S(a, &), pe y = C(a,r). Tote, yia |2 — a| < r, éyovpe

IR B (OIS S A ((10))
fe) = 270 ” E—z ds = 27 ), 7(t)—zd7(t)'

H f op.wg Aoyw tov Bewpnpatoc 4.3 (1) tov Bswpripatog 4°.23 and to Kepd-
o 47) (v g(t) = p(t) xan (1) = fof @)y (s)ds, 0 < t < 27) elvar

TUPAGTAGLLY] LLE SUVUPOGELPD LE GUVTEAEGTES

A ((10))

S _1w®) A
27.[2 o (y(t) o a)n—l—l

b

Cﬂ

‘Etot f(2) = X2 g c,(2 —a)" ar’ 6mov ¢, = £ (a)/n!. Apa

woLE

Qi , (g _ a)n+1 g 0

£ (a) =

Oswpnpe 6.9 (Extipmong tov Cauchy) Eorw ot i+ Q — C odduoogpn
S(a,r) < Qxav |f(2)] < My natbe 2 € Cla, r). Tove proe nctfe n € N woydet
[f"(a)] < Mnt/r".
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Amégetdn: And tov ohoxdnpwtind tHmo tou Cauchy Y n = 0,1, 2, ... éyoupe:

[0 @) = 22 / AR
C

omi @) (£ — a)n+1

AW F(E)/(E—a) ™ < M /v vy xdbe € € C(a, 7). Apo amé ty Hapoth-
pmon 4.1031) () v Hapatrpnoyn 4°.16 (iii)) éyovpe ot

nl M Mn! _ Mn!

() = = =
@) < o —ru(Clan) = g2

Optopés 6.10 Kdle ohopopen suvdptnor [ : C — C Aéyetar axégoun.
Oswpnpa 6.11 (Liouville) KdOe poayuévy axéoowy cvvdornon eivar otabegn.

AxéBetEr: Amtd tov toTo extipfoeng tov Cauchy yia z € C xat S(2,R) = C
xot n =1 éyovpe |f'(2)| < M/R yio xde R > 0 6mov |f(2)] < M yio »d0e
2 € C. Apa ' (2) = 0 yra xale z € C. Enetdv) to € eivat avotxté xot Guvextiné
éyovpe ot v f elvor atalbepy). O

Ozwpnua 6.12 (Oepeitwdec Oehpnpa g AlyeBpag) Kdbe un orabeod mwo-
Avavvuo éyel Tovddyietov wie oila 6to C.

AméBegm: Apxel va amodelfovpe to Dewpnpa yia éva Tohvwvopo Balpod n > 1
NG popPhg 2" +a, 2"+ .. a2+ ag, bt av a, = 1 xat a, # 0 (HoTe
TO TOALWVLPO Vo elva Tpdypatt Badpod n) Bydlovpe xowvoé Tapdyovta o a,
xot PLeTovopdLovpe TOUS LTOAOLTOLS GUVTEAEGTES ay/ay,, Kk = 0,1,...,n — 1, ©¢
a.

Bewpodp.e hotmdy 6Tt To ToAvwVLPo P(2) = 2" +a, 2" L+ ...+ a2 +a,
Balp.od TovAdytatoy 1, Sev éyet xapla piCa oto C. Oétovpe f(2) = 1/p(2). Apod
0 p(z) dev éyet pileg 1 f elvar xakd optop.évn xat axépaty. Exiwiéoy

1

lim 2)| = lim =0.
lel—o0 I7(2)] el=oo [2]" |1 4@, _q2 '+t age D +age |

Apo vy xatdiinmio B > 0 xan |2] > R Oa toydet [f(2)] < 1. Amo ) cuvéyela
¢ [ oto cupmayég S(0, R) mpoxdmtet 6t v f elvar ppayp.évn (amé to péytato
Twv 1 xat tov paypatog ato S(0, R)). Amé to Bewpnp.a tov Liouville éretan
ot f otabepy), SnAady To p(z) elvar ToAvwVLPo undevixod Badold to omolo eivar
atoTo. O

To emdpevo TOA) evBlapépoy TOPLoP.a LG AEEL OTL SEY LTTAPYOUY TPAYPATLXS
Tolvwvopa Badpod peyardtepou ¥ (Gov Tov 3 TOL SeV TAPAYOVTOTOLOOYTAL GE
TOALMYLLY TPWOTOL Xoit SeLTEPOL Badp.od.

Iépispa 6.13 Kdbe moayuatiné modvavouo podpetar mg puviuevo mowtoBdd-
weew xow 0evTeQofdOuLey ooy LaTIX®DY TOAVGHVIUGY.
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AnéBeiEy: Eotw 6t to p(z) = a,2" + a,_ 12" ' + ... + ayx + ag ebvon
TPAYPATIRG TOAVOVLWLO, SNAASY Ay, g, ..., @, € RR. Av awtd éyet pila tov Tpay-
RATIXG Xy OTWE elvat XaAd YVWGTH amtd tov alyptipo Staipeans tou Euxieidn,
To X — X Ototpel o p(x).

Av topa to 2 eivan pila tov p(x) pe 2 € C\ R tote elvan pila tov p(x) na
10 2 316t p(2) = p(2) = 0. Apa o p(x) Stopeitat arwd to (x —2)(x —2). AAd
To teheutalo elvat TpayLaTixé SeuTePOPAdio TOALWYLIO 0POD

(x —2)(x —2) = 22 — 2(Re2)x + |2|2,

OAOXANPWYOVTOS TNV ATOIELE). O
Acnmoelg
Asxmem 6.1 No umohoytatody Ta axéAovio ETUXAUTOALX OAOXANPOPATA:
I, — L I, — CH2) =1
co,1) ¢ — 2 con %
Iy = ;L I, = [ zlz| dz,
C(0,2) 2° —+ 1 y

610U P TO GHYOPO TOL AV NELXLXALOL ToL povadtaiov xbxiov, DeTixd Tposava-
TOALGLEVO.

Acxyom 6.2 Na uTohoytaTody To ETXAUTOAL ONOXANPBOTA:

2 22 4+1
! 0(0,2) (z —1)? ? €(0,2) z2(z—1)
e dz
I, = dz, yioo c¢C(a,r I, = ~
’ /cm,r) oy 7 ) ! con € —1

Acxmsm 6.3 No vwoloyiotel 10 oAoxAnpwp.a fy e’ /(e(1—2)) dz, 6mov 1 p elvar
1
i) €(0,1/2) i) €(1,1/2) iii) C(1/2,1).

Asxmsrn 6.4 Na vmoloyiotel to oroxAfpwpa I = /C(O,R) f(@)/((z—a)(z—
b)) dz, 6mou v f eivar axépatn xat a, b € S(0, R) pe a 7= b. No detylei anéd avtd
0 Oewprpa Liouville.

Asxyem 6.5 Na Bpelsl oddp.open cuvdptney) Tov Sev et Tapdyovaa.

Asxmem 6.6 Av m p elvar xhetoty) xoap. oA pe pixog xat p* 1 R = O tote
Indy(z) = 0 1w xafe 2 € RR.
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Acxmem 6.7 (Behpnp.a sbyriiong tov Weierstrass) ‘Hotw ott to Q eivat avoixto
uroahvoro tou C, xat f,, wea axoiovbior ohdpopewy cuvaptcewy ato Q 1 omoia
GLYXALVEL opoLbp.oppa e xdbe cupTayés uToahvolo Tou Q ae pia suvdpTnaeY f.
Arodeifre yprnotporoimvtog to Oewpnuo tov Morera, 4t xat v f elvat 0Aépopen
1o Q xau xde Tapdywyoc 17 cuyrhiver opolbpopoa oTa GLUTOYY LTOGHVOAL
Tou Q yro xale k € N.

(Ymddetln: yiova Setéete otL f,, = [ oto supmayéc K = Q. anodeifte Tpmta
6tLumdpyet r > 0 wote to L = U,S(2, 7) elvon cupmayé xat teavomotel Ty
K = L = Q. ¥t cuvéyeta epappioste o Bewpnpo Extipnoyng tov Cauchy.)



Kegahato 7

Pilec nat mwoAoL

Avppa 7.1 Eote dr ) dvvapoceipd f(2) = Yoo ¢, (2 — a)" ovpxdiver pe
le —a] < rdmovr>0uxacy=f(a) =0 xa [+ 0. Tove vwcgys axéoaiog
m > 1 xaw Svvapoceipd g wov cvyxdiver pie |z — a| < r dote g(a) # 0 xar
f@&)=(@E—a)"g) pale —al <r.

AméBel: Aev eivar Oha ta ¢, undéy, agod [ 5= 0. Exthéyovpe tov wixpbtepo
axépato m YL Tov orolo ¢,, 7 0. Puctxd m > 1 (apobd ¢y = 0). Tote

f(Z) = (2 _ a)m Z Cm+k(3 - a)k-
k=0

Bétovpe g(2) = 372 Casn(2 — @)F 1 ool sapig suyrhiver Lo |2 — al < 7.
Enione g(a) = ¢,, #= 0 xat f(2) = (2 — a)"g(2) yia [¢ —a| < 7. O

Opiopée 7.2 T f: Q@ — C Oérovpe Z(f) = {2 € Q : f(2) = 0}. To cbvoro
Z(f) nakeltat to undevins 6vvolo g f 1 to chvoro Twy ptlwv g

Avppa 7.3 Av 10 Q elvar éve avountd, un nevé vwoevvolo tov C, naw n f :
Q — C elvar pa 0Adpogepn cvvdoTney, T6Te T0 6VV0Lo

Z(f) = {2 € Q : 2z onuelo oveecpevong Tov Z(f)}
elva avourTo xou xAeL6To vTroedvolo Tov Q.

AxéBeEn: Egdcov v f eivan suveye, to advoro Z(f) dpa xat to Z(f) eivar
xhetatéd vostvoro Q ([1] Aoxnon 2.3.6). Oa Seifovpe 6Tt elvat xat avoLxTo.

‘Botw a € Z(f) (av Z(f) = & téte eivon Beaiwg avorxtd). Téte vmdpyet
r > 0 wate S(a, r) = Q, apod to Q elvat avoxto. Eniong, anéd to Ocwpnpa 6.5,
urdpyowy ¢, € Cyian =0,1,2, ... wote

oS}

fe) = Z c,(z—a)", Tz € S(a, r).

n=0



94 7. PIZES KAI [I0AOI

Mapatnpodye bt a € Z(f)', Snhadh a € Q xou vmdpyet a, € Z(f) pe a, —
a. Apa 0 = f(a,) — f(a), cuverog f(a) = 0, apod 1 f elvar cuveyNg (wg
oAopopen). Av v f elvar Tavtotind uneéy oto S(a,r) tote BéBata To a elvat
eawteptrd anpeio tou Z(f) . Av v f Sev elvar Towtotind pndév ato S(a, r) tote
amd to AMppa 7.1 f(2) = (2 —a)"g(2) Yo xdmota Suvaposetpd g o S(a, r) pe
g(a) # 0. 'Etat, epocov 1) g elval Guvey”ic 6T0 @ WG SUVALOGELPE, UTTAPYEL & PLE
0 <e<rwoteg(e) # 0y xdbe 2 pe [z—al| < &. Ondte S(a, &) NZ(f) = {a}.
Anhadn to a eivar pepovopévo anpeio tou Z(f), dpo a ¢ Z(f), avtigasn. O

Ozwpnpa 7.4 Av 1o Q eivar Tomog 610 C, xaw n [+ Q — C elven wa 0douoogpn
GVYCQTNON, TOTE

i) nnfevaw ravrotind undév,

il) 9 7o Z(f) amovedeivar amd pepovouéve onueia (xa coo eivar cgiduneiio
6VV0A0).

AréBetEn: Amé to AMppa 7.3 to Z(f) eivar xAelaTé xat avoLnTH LTOGHYOAO
Tov Q. Epdoov 1o Q eivat témog, elvar ahvoro suvextixs, ot dpa eite Z(f) = Q,
Snhadn 1 £ elvar Tawtotnd pneév eite Z(f) = @, dnhad 1o Z(f) amoteheltal
amo pepovopéva anpela. Mévet vo arodeibovpe 6tt, apod ta onpeio avtd lvar
uepovwpéva elvat avayxaatixd aptipnstipo TAnlog.

Ioyvoioudg: Ymdapyet aptbumotpo TANbog cuUTAYHY LTOGUYOAWY F), = Q
wote @ = Uy F),.

[Av Q = C Gérovpe F, = S(0,n). Av Q 5 C Oétoupe Q, = {¢ € Q :
d(z,Q°) > 1/n}. Davepd xdle Q, elvar xAetaté LTOGOVOAO ToL Q: TEAYMATL,
av g, — 2 € Crat g, € Q,, toydet d(zy, 2°) > 1/n v xdbe k € N, dpa
lep, —w| > 1/n o xabe kb € N xow xdfe w € Q°. Halpvovtag 6plo wg mpog k
TpoxdTTEL |2 — w| > 1/n yia xdbe w € QF, cuvemwe d(z, Q) > 1/n, omdte
2€Q,.

Emimiéov av 2 € Q, agod to Q eivat avoixts, vmdpyet ¢ > 0 wate S(zg, &) =
Q. Apa d(zg, Q) > &. Omote av ng > 1/e cuvemdyetat 6Tt d(zg, Q%) > 1/ny,
Snhadn 2o € Q, . Apo @ = U2 1 Q,. Enedn o avtictpogpog eyxhetop.og elvo
Tpopavn¢ Tpoxdmtet @ = U2 | Q,. Apa

n=1

n=1 k=1 n=1

To wAnfog Twv suvodwy , N1S(0, k) eivar aptBpriotpo xow efvat xat copTayy).]
Eredh topa ta F, N Z(f) eivar tenepaspéva advora (aritong to Z(f) éyet

onpelo suaaMPeLaYS 6To uuTayés F, = Q), to

ZH=zHne=2zrnJF,=J@ZHNF,)
n=1 n=1

¢ aptipnaotey Evway) TETEPAGULEVWY GUVOAWY, elval aptipnatpo. O
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Oczwpnpa 7.5 (Apyh avalutixng cuvéylong) Av o Q elvar Témog 6o C, ot f,
g 0Adogpeg GvvaoTneels, xal 7o 6vvolo {2 € Q : f(2) = g(2)} 670 omoio ot
oVVaQTNoELS elvat (GG ExeL TOVAAYLGTOY éver GHuelo GVGEDPEVENS 6T0 R, TOTE

=g

AréBetEn: Amé tig vmolbéoetg émetan 6tt Z(f — g) #+ &, o dpo améd to
Ozwpnpa 7.4 malpvovpe [ —g = 0, dnhady) [ = g. O

Hapatipmeyn 7.6 To Bewprnpa 7.5 dev taybdet av to Q Sev elvat TOTOG AAAL
amAwg éva avotxtd uosbvoro Tou C. Hpdypatt, av Q@ = Q4 U Qy elvar um xevd,
Eéva, avolxta vwosdvora tov C, f = 0 xat

[0, ave€Qy,
9(z) = 1, avz€Qy,

Tote {2 CQ: f(2) =g()} =9, =Q] FJ,ev0) [ Fg.

Hapatipnsm 7.7 H apyn tne avalutinnc guvéytong Selyvet 6Tt ot TLpég piag
0ABP.OPYPTE GLUVAPTYNGYS B8 BLaPopeTLxd anp.eio evs ToTou Q atov omolo opiletar
7 GuYaPTYNGT), ahkniocEaptwvtat. Av petafdiovpe Tig THéS TS GUYAPTNGNS
GE [LLOL 0GOBYTTOTE [LXPY] TEPLOY N EVOS GNPEIOL [LE TPOTTO TTOV ¥) GLVEPTYNGY) TTOV
TPOXVOTTEL Vo TAPALELVEL OAOLLOPYPT], EILAGTE VO RAGUEVOL VoL AAAGEOLILE TG
Tpég xot ae xdls dAAY Teptoyy) xdle ompeiov Tou Q 0GoSHTOTE paXpLd Kot oY
Bploxetatl amwd Ty apytxy) PeTaBolr): SLOTL M) apyh TNS AVOAVTLXAS GUVEY LAY
GUVETTAYETOL OTL BV YIVETAL Yo GULTITTTOUY GE PLOL TTEPLOY T XOL VO. SLOPEPOLY GE
o aAAT. Av cupminTouy e i Teptoy ) supmimTtouvy Tavtold. o autéd to Adyo
N apy") VTN AEYETAL XL QQYH LOVAOLXOTNTAG TWY 0AGULOQPHDY GUVIQTNCEDY.
Suyxpivete pe tic dtapopiotpes Tpaypotinés suvapthoets. Hlpopavae autée
LLTOPODY var SLapépouy Ge €var SLAGTNL X0t VO GUPTITTTOLY GE €var dAAO.

Ozswpnua 7.8 Eorw dtr to Q eivaw tomog 6to C, n f + Q@ — C oAduoogn
ovvagrnon, a € Q, f(a) = 0 xaw 1 [ oyt Tavrotixa undév. Tore vwagyet
puondg agibudg m > 1 xo h 0dépoopn cvvdernen 6to Q wote hia) # 0 no
f(2) =(—a)"h(z) pa 2 € Q.

SuyxplveTe TNV 0LGLAGTIXE LGYLPOTERPT) SLATOTWGY] TOL DewPRHLATOS LTOD
pe o Anppa 7.1. O m = m(a) xaleitar 1a&n g pilag (M Tou unBevixoDd).
Amégedn: Emuaéyoupe r > 0 vote S(a, r) = Q. Egdsov 7 [ elvar ohopopen,
xot Gpo elvot TapasTAGIUY) PE SuvapoceLpd ato Q, udpyovy ¢, € C vy n =
0,1,2,... wote

oo

fz)= Z c,(z—a)" vz € S(a, r).

n=0

Amé to Oetprpa 7.4 o a elvar pepovwpévo onpeio tov Z(f) (apod v f Sev
elvo TawtoTind pPNdEy). Apa 1 flg,, 08V ebvar Tawtotind pndév. Tuvemwe, amd
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0 Afppo 7.1, umdpyet axépotog m > 1 xon Suvaposelpd g ato S(a,r) waTe
g(a) #= 0 xow f(2) = (2 —a)"g(z) yia |¢ —a| < r. Oétovpe h: Q — C pe

f(2)
sy | G TEZEONI,

g(a), T2 = a.

Téte Tapatnpodpe 6t h(a) # 0,7 h eivar odopopeyn ato @\ {a}, xat k(z) = g(z)
suvaposetpd 6to S(a, r). Apa n h eivar oAép.open xat 6to a. ‘Emetat éttn h
ebva oAop.ope oto Q. Téhog, Tpogavawg, f(2) = (2 — a)"h(z) yiaz € Q. O

Hapatipnsyny 7.9 To m xat b tov Oswprpatog 7.8 xabopilovtar xatd pwovasdind
tpomo. [pdypatt av my xat ky txavorotodv o Bewpnpo 7.8 tote

(2 —a)"h(z) = (z — a)"1hy (2)

v xale 2 € Q. Avm > mq 16t (2—a)" " "th(2) = hy(2) Tio xd0e 2 € Q\ {a}.
A6t ouvéyelo Ty ki, by Emetot 0Tt €yoLpE LGATYTO oL YO 2 = @, SNAAST)
hq(a) = 0 dtomo. Apa m = m; oL GUVETWS

(2 —a)"h(z) = (2 — a)"hy (2).

Omote h(z) = hy(2) Yo xabe 2 € Q \ {a}. A6 ) cuvéyeta Twv k, by émetot
ott h(a) = hy(a) xat dpo h = hy.

Acrnsetg

Asxumon 7.1 No Bpebel cuvdptnen [ : R — R Swapopiatpy mou v pnyv emextel-
vetat 6e oAbpopen suvdptney f : C — C.

Acumen 7.2 Awcte mapddetypa oAdpoperng suvdptnene f = @ — C émov Q
ToT0g, Y1) oTabepg, we T anpela susswpenamg tou Z(f) ato C va uny ebvat to
%EVO GOVOAO.

Acumsy 7.3 Amodeifte, pe ) Bonleta T apy NS TG AVUALTIRNS GLVEYLGTG,
6Tt TO GUVOAD TWY OAGLOPPWY GLVPTTIGEWY H (RQ) o éva Tomo Q elvar axéooun
weoroy®, Snhadn av f, g € H(Q) xat f(2)g(2) = 0 yia xdbe 2 € Q téte eite
f=0¢iteg=0.

Amodeitte 6t ot cuveyeic suvapthoets C(Q) oe éva oo Q dev GuILaTOLY
oXEPOLY) TTEPLOYT).

7.1 Mepovopéveg Avoparicg

MeAetobpe TP TLG PEWLOVOPEVES AVWULOALES TWV OAOLOPEWY GUVXPTYGEWY,
chppwva pe Tov axdiovlo optopd.
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Optspés 7.10 Av to Q elvar avorxté vroshvoro tov C, a € Q xat v suvdptnay)
f QN {a} — C eivar ohépopen tote T0 anpeio a xakeltar yeuovouévn
avepalic g f.

Mo pepovopévy avopaiic tg f rakeitol emoveimong avouelio e fov m
f nmopel va optatel xot GTo GNUELD @ XATA TETOLO TPOTO MWGTE 1) VEX GUVAPTYGY)

@Bnrad n [ U {(a, f(a))}) va elvar ohdp.open ato Q.

Ozvpmpa 7.11 (Riemann) Eorw dtw 1o Q eivar éva avorxts vmosvvolo tov C,
a€Quxaf: QN {a} — C odduogpn cvvdagrnon.

H [ éyer emoveiadn avoualic 670 a av xaw wovo av vacdoyst ¢ > 0 @ote
FlS@egap Y elvar poayuévn.

AméBetdn: Av v avwpoaiio ato a elvat eTouctmdng téte 1 [ eivat @poyp.évn oe
xale S(a, &) = Q, agod 1 enéxtacy) ¢ (f U {(a, f(a))}) elvar cuveyrg xat To
S(a, €) elvat supmayée.

AvtioTtpopug Twpa, Oétovpe h: Q@ — C pe

hey = | @@, o€\ lal,

0, av z = a.

"Eyovpe 6t
. h(z) — h(a)
lim ——— =

f—a cg—a

lim(z —a)f(z) = 0,

aod 1) [ eivatl @payp.évy) oe pla Teptoyy) Tov a. Apa 1 h eivar oAdpopen xot
k' (a) = 0. Zoverwg (amé to Oewpnpa 6.5)

Moy = 3 eyfe — @) = (— @ (eq + (e — @)+ 42 — @) + ).
n=2

Avpadn h(z) = (2 — a)?g(2) pe 11 g okdpopen ato S(a, &). Tpogavag g(z) =
f(2) yia 2 € S(a, &) \ {a}. Optlovpe f(a) = cqg, xot ivat capég 0Tt 1) [ elvor
oAGopYY) 6TO Q. O

Optopée 7.12 'Eotw o1t t0 a eivar pepovopéyn avopaiio g f. To a xadeltal
wodog TatEewg k > 1 yio v [ av UTAPYOLY ¢y, Ca, ..., ¢, € C pe ¢, 7= 0 wate 7
GUVAPTYGT

01 Co r

—a (z—a)? T (z—a)

[@&)— -

va éyet erovstwdy) avwpoiin ato a. H tapdataan

¢y Co ch

z—a_'_(z—a)z _'_'“_'_7(2—(1)]”"

xokeltat xbpto LEPog Tne [ 6To a.
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Oczwpmpa 7.13 Eotw du i [+ Q@ \ {a} — C elvow oAduoopn xar m >
puewndg. H [ éyer modo takng m 670 a av xar wovo av vwdoyst g + @ —
oAdwooen, ue g(a) #= 0 xo

1

C
1

f(2) = m 9(2)

e xabe 2 € Q\ {al.

AréBeEm: (=) H f(2)(z — a)™ éyet emoustwdn avopoiio 6to a (apod 6o a
umopel va optatel we g(a)) dpa

f(&)(z—a)" = Z ¢, (2 — a)k (e 0 < |z —a| < &)
k=0
=co+e(z—a)+..+c, (z—a)" !+ Z ep(z — a)t.
k=m
Apa
_ CO m 1 o k—m
M=t eza +k2,ﬂc’“(2 “
__ % Cm—1
R o e Z e (2 — a)F,
Tz € S(a, €). YuveTwg M
Cm—1 Co
2 ——— ———
N e N T
€yt eTouaLHSN avwpaiio 6To a.
(=) 'Eotw ott t0
L O
(z—a) (z—a)"

elva To xbOpto Pepog e [ oto a (wote ¢, 7 0). Oétovpe g : @ — C pe
(—a)"f(z) ovez+a,

g(z) - 4 av e =a.

H g eivar oképopen: Tpdypatt améd to Osdpnpo 7.11 apxel va Setylel 6ti 7 g
elvat suvey”g oto a (omote Ou elvar xat Epaypévy ae pia spalpo YOpw oo To
a). Opowgm

o . Cm
(2 a) T (—a)"

éyet eTouatmdN avwpaiio 6to a. Exiong

W) = f(2) —

9(e) = (e —a)"f(2) = h(&)(z — )" + ¢ (z — )" ! + ... 4 ¢,

dpo lim,_, g(2) = ¢,, = g(a). O
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Opiopés 7.14 'Eotw 6t to Q eivat avotxté uvmwoshvoro tov C, a € Q, [ :
QN {a} — C ohépopon xat a méhog tdEng m > 1 g f pe xoplo népog to
IR
(z—a) (z—a)"
(¢,, = 0). O aptbp.og ¢; xakeltal To 0AoAAneeTIXNG VIOAOLTO TNS [ GTO @ XOL
oupforiletat pe Res(f, a).

Hpétacy 7.15 Me Tov vufolicud xar Tig vobéceig Tov Bewmonuatog 7.13
Eyovue 0T

g(m 1)(a)

(m — 1)1

AnégeEm: Egocoy 1 g slvar ohépopey, vdpyet r > 0 wate g(2) = N7 dp (e —
a)* Tz € S(a, r) = Q. Apa

¢; = Res(f,a) =

o dO dl dm—l o
flz) = C—a) + P + ..+ P +d, +d, (z—a)+..
YuveTwe
(m—1)
_ 9 (a)
¢, =4d,_ 1= m—1 O

Ozwpmpa 7.16 (Oroxinputixwy vroroitwy) Eotwm 67e To Q elvar avountd
xa xveTo vwoevvodo tov C, xat aq, ag, ..., a, € Q, [+ @ \ {aq,...,a,} — C
0dopoopn, v xAetoTh noumodn we unrog (670 ), a;, wédov wng [y k =1,...,n
xXQL Ay, g,y ...y, § p*. Tore

1 n
omi ), f(2)dz = /;1 Res(f’ a;)Ind, (a;).

AxéseiEm: Zopfoiilovpe pe @, (2) o xbpto pépoc e fotoay, k=1,...,n
Téte v g(z) = f(2) — Xj_; @(2) éyet emovolddN avwpaAio GTo ayq, ..., a,.
Anhadn v g emextelvetat oe 0AGPOpPY) GLUVAPTNGY) 6To Q. A6 To Oebhpnp.a Tou
Cauchy yio xvptd chvora fyg(z) dz = 0, dnhadh

[row=Y [aed
4 k=17

/ Q.(2)dz = / Res(f @) 4, = Res(f, ;) 2miInd, (a).

@y

A

Anhad¥) to nrodpevo. O



100 7. PIZEZ KAI IIOAOI

Acrnsetg
Asxmem 7.4 Efetdote yio TOLEC AT TIG GUVAPTNGELS
N 1/s . 1 2 . z2—2
l) el/ 11) 71 lll) 71 lV) m

To PNSEv elvat TOAOS, 0LGLWIYNG Y] ETOVGLWENS avwaiia. YTy TepiTTwaEY TOAOY
val DTTOAOYLGTEL To avtiaTotyo xOpLo Pépog.

Asxnen 7.5 Ymoloyiote ta ohoxAnpopoTo

z2—2 dz
i) / - dz ii) / .
0(0,2) 22z —1) c0,2) ¢ — 1

Acxumen 7.6 Ay Q = C avotxtd xot xupthd xot y xAELGTH XAPTOAY) 6To Q pe
prrog, tote Ind, (2) = 0 yua xdbe 2 € C\ Q.

Acumen 7.7 'Eotw 6t f(2) = p(2)/q(2) yia 2 € C\ Z(q) pnth cuvdptnen
6mou T Tyt Tohvwvope p Badpod n xot g Babpod m > n—+ 2 Sev éyouvy
xowég pilec xat q(x) #= 0 yia xdbe x € R. Tote toydet

oo R k
/ " f(x)dz:= lim / [(x)dz = 2mi ) Res(f, z)),

o0
omov z; Yt ) = 1,2,..., k ot pileg Tou g wou Eyouy Betind pavtacTtind peépog.

Acxmen 7.8 Eotw ét f(2) = p(2)/q(2) yia 2 € C\ Z(q) bmov ta Tohuo-
vopa p Badpod n xat g Babp.od m > n + 2 dev éyouy xowég pileg xat g(x) # 0
vt xabe x € R ot £ > 0. Tote

oo k
/+ f(x)dx = 2mi ) Res(f, ),
_ ]

6TOL zpJ =1, 2, ...,k ot piCec tou g pe Oetind pavtasTino Pepog.

Acxmen 7.9 'Ectw pwa suvdptney R(sin 0, cos 0), 0 € [0, 2x], éwov R pnth
ouVapTNGY. Oétoupe

1 [z2—L 241
— —R z’ z .
&=z < 2 ' 2 >

Tére

207 k
/ R(sin 0, cos 0) d0 = 27i ) Res(f,z;),
0 =1

j=
6TOL zpj=1, 2,...,k ot mohot ng fato S(0,1).
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Asxmem 7.10 Asitre 6t

i)/ﬂodﬂ” _z
o (1+a%)% 4

o dx T
ii == ,bER, b
H)/ 2 —2ax+a+b2 b ¢ < >0

T rsin(tx) qte— !
lll)ﬂ mdl‘: 1a y t>0,a>0
iv) /27[ do _ 2 a€R,al <1

o 1—2acosf+a® 1—a? ’

27
do 27
— 1

V)/O a -+ cos 6 a1 atla>

Asxnon 7.11 Tloteg Tepée Talpvel 1o 0AOXA PP j;}(z2 + 1) tdzbtavn y
elva Stopopiotpy) koA ToL Guvaéet ta ampelo +1 xat —1 xat Sev Stépyetan
o6 T ampelo ¢ xot —i.

Aoxnen 7.12 Na devybet 6t o (im) ! fy 21 dz etvar weprtoc anépatog, Gou
y Stapoplotpy) xoap.tOAY Tov cuveéet T anpeior +1 xat —1 xon Sev Stépyetal
a6 To PNEv.

7.2  Ovcudetg avwpaiics

Optapés 7.17 Avy [+ Q\ {a} — C, émov a € Q, f oképopen xat o a Sev
elva eToLGLHENS avLPoAio 00TE TO @ elvat TOANOS xATOLOS TAENS M, TOTE TO @
xoheltal oveLdong avoualdio g f.

Y10 embpevo supBorilovpe pe S'(a, €) To abvoro S(a,e) \ {a}.

Ozswpnpa 7.18 (Casorati-Weierstrass) ‘Eorw drva € Q, [ : Q\ {a} — C
odouoopn. H f éxel overi)dn aveuadio 6to a av xaw uévo av yua xabe ¢ > 0
oote S’ (a, &) = Q émeran dti To avwodo [(S'(a, €)) elvar mvxvd aro C.

AméBetEn: (=) Agumobésoupe 6Tt To supTépacpa Sev taybet. Tote vdpyet & >
0 wote S’ (a, &) = Q xat 1o [(S'(a, &) Sev elvar Toxvé oto C. Anhad¥) vrdpyet
w € Cxar & > 0 dote f(S(a,8) N S(w,d) = @. Apo, v 0 < |z —a| < ¢
ouvemtdyetat |f(2) — w| > J. Bétovpe g : S”(a,e) — C pe g(z) = 1/(f(2) — w).
Téte 1) g elvar oAdp.opem ato S'(a, €) xat

1
<=

1
lg(2)] = m ;
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vz € S (a, &). Anhady) eivor ppaypévy «<xovtdr» 6o a. ATé to Bempnpa 7.11
7 g éyet eTovat®dY avwpaiio aTo a, Snhad uTdpyEt enéxtacy TN g 6o a (TN
omola ovop.alovpe TaAL g) 1 omwolo elvar oAbp.open oto S(a, €).
Ioyvgioudg 1: Av g(a) # 0 téte 7 f éyet eTouatndn avopaiia 6To a.
[Yrapyet 0 < &y < € wote av 2 € S(a,&y) tote |9(2)| > |g(a)|/2 =: d;.
Tote &y < 1/|f(2) — w| yee 2 € 8" (a, 1) Snrady |f(2) —w| < 1/6;. Apa
lf ()] < |w|+1/0; a2 € S'(a, &1). Buvermwe v f eivat Qpaypévn xovtd 6To a
omote and to0 Ospnpo 7.11 €yet emovstwdy) avwaiio ato a.]
Ioyvoioudg 2: Av g(a) = 0 téte 7 [ éyet mého (xamolag takng) ato a.
[TIapatnpodpe ott g(2) %= 0 yio 2 € S’ (a, &), dpa T0 @ eivatl PEP.OVOPEVT
plCa tn¢ g. 'Emetaw 6Tt umdpyet g4 oAdpopey suvaptnen oto S(a, &) xat m > 1
wote g(2) = (2 — a)"gy(2) pe g1(a) # 0. Hapatnpodpe ot g¢(2) # 0 v
x&0e 2 € S(a, &) omdte ) hy(2) = 1/g1(2) eivar ohopopey) 6to S(a, £). BuveT®)g
hi(2) = Yo cr(e — a)k T 2 € S(a, €). Eniong ¢y = hy(a) = 1/g,(a) # 0.
Apa
11 1
g)  E—a)"g(x) (E—a)"

Co
— @:BE+W+% + s

we cg 7= 0. Anhadn v f éyet Tého TdEng m 670 a.]

&) —w=

(co+ci(z—a)+...)

Apa éyovpe avtigac) e To 6Tt 1) [ €)EL 0LGLWEY AVWPLAALX GTO .

(=) Av v £ Sev éyet ovatwdn avop.oiin 6To a ToTe eite éyel ETOLGLOOY
oavowpaiio 6To a 1) ToAo xamwotag TaEng m > 1.

Hegpinrwon 1: Ymdapyet oAopopey) eTéxtasy s [ aTo a.

Ye avty) T mepintwen lim, |, f(2) = f(a), dpa vrdpyet weptoyh S(a, &)
tou a wate [(S(a,¢)) = S(f(a), 1), xat ewopévng to cbvoro [(S'(a, e)) dev
etva Toxvo oo C, avtigao.

Heginrwon 2: H [ éyel mého taktng m > 1 a7o a.
Téte vmdpyet g oAdpopeY) oe TepLoy ToL a, e g(a) # 0, wate

[0) = o age)
Apa
lim |(2)] = lim ﬁ lim |g(2)] = o0 - [g(a)| = oo,
ométe vTdpyel & > 0 wate v xdle |2 — al < e woydet [f(2)] > 1. Anhady

uapyet meptoyy) S(a, &) Tov a wate f(S(a,&)) = C\ S(0,1) xat ewop.évng to
ahvoro f(S'(a, €)) dev eivar Tuxvé ato C, avtipao. O
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