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◮ Let G be any in�nite graph. Let 0 ≤ p ≤ 1. Considerthe random graph Gp that one gets by keeping everyedge of G with probability p, independently for eahedge.
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De�nition of p

◮ Let G be any in�nite graph. Let 0 ≤ p ≤ 1. Considerthe random graph Gp that one gets by keeping everyedge of G with probability p, independently for eahedge.
◮ Let ψ(p) be the probability that Gp has an in�niteomponent. ψ(p) is obviously an inreasing funtion ofp.
◮ Changing any �nite set of edges annot destroy or reatean in�nite luster. Therefore ψ(p) is either 0 or 1.
◮ Therefore there exists some p , depending on G , suhthat ψ(p) = 0 for p < p and ψ(p) = 1 for p > p .
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Simple examples

◮ for G = Z, p = 1 and ψ(p ) = 1 (exerise).
◮ for G a d -regular tree, p = 1d−1 and ψ(p ) = 0. This isequivalent to a Galton-Watson branhing proess.
◮ The omplete graph on n verties exhibits similarbehvior (even though it is �nite) with �p = 1n � and�ψ(p ) = 0�, Erd®s & Rényi (1959).
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p 6= p

◮ In the subritial ase, omponent sizes deayexponentially in the volume, i.e. for every p < p thereexist some λ > 0 suh that
P(|C| > n) ≤ e−λnwhere C is the luster ontaining the origin. Menshikov(1986), Aizenman & Barsky (1987).
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◮ In the superritial ase there exists one in�nite luster(Burton & Keane, 1989). The sizes of the �nite lustersdeay exponentially in the surfae area, i.e. for everyp > p there exists some λ suh that
P(n < |C| <∞) ≤ e−λn(d−1)/dGrimmett & Marstrand (1990), Kesten & Zhang (1990).
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p 6= p

◮ In the subritial ase, omponent sizes deayexponentially in the volume, i.e. for every p < p thereexist some λ > 0 suh that
P(|C| > n) ≤ e−λnwhere C is the luster ontaining the origin. Menshikov(1986), Aizenman & Barsky (1987).

◮ In the superritial ase there exists one in�nite luster(Burton & Keane, 1989). The sizes of the �nite lustersdeay exponentially in the surfae area, i.e. for everyp > p there exists some λ suh that
P(n < |C| <∞) ≤ e−λn(d−1)/dGrimmett & Marstrand (1990), Kesten & Zhang (1990).

◮ In most senses, the superritial luster �looks like astrethed-out grid�.
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p = pSome onjetures oming from the physis literature:(a). For d > 1 there is no in�nite luster at the ritial p.(b). The size of the ritial luster deays polynomially*, i.e.

P(|C| > n) ≈ n−1/δfor some δ.(). Universality: δ depends only on the dimension, and noton the spei� grid (unlike, say, p ).(d). 915 = δ2 > δ3 > · · · > δ6 = δ7 = · · · = 2. *In d = 6there are logarithmi orretions. The onjeture for thevalue 915 is related to a onjeture that the distributionof large �nite lusters is onformally invariant.
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◮ d = 2: a, Kesten (1980), �b, d� Smirnov (2001); Lawler,Shramm & Werner (2001).
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◮ d = 2: a, Kesten (1980), �b, d� Smirnov (2001); Lawler,Shramm & Werner (2001).
◮ d > 6: �a, b, , d� Hara & Slade (1990).
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p = pSome onjetures oming from the physis literature:(a). For d > 1 there is no in�nite luster at the ritial p.(b). The size of the ritial luster deays polynomially(). Universality: δ depends only on the dimension.(d). 915 = δ2 > δ3 > · · · > δ6 = δ7 = · · · = 2.What has been proved?

◮ d = 2: a, Kesten (1980), �b, d� Smirnov (2001); Lawler,Shramm & Werner (2001).
◮ d > 6: �a, b, , d� Hara & Slade (1990).
◮ d = 3, 4, 5, 6: not even a.
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◮ Take some p > p and let C be the in�nite luster,onditioned on 0 ∈ C. Examine random walk on Cstarting from 0.
◮ Properties that hold for almost any C are alled�quenhed�. Properties that hold after averaging on theenvironment are alled �annealed�.
◮ The annealed proess has a entral limit theorem, DeMasi, Ferrari, Goldstein & Wik (1989).
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Random walk on a superritial luster

◮ Take some p > p and let C be the in�nite luster,onditioned on 0 ∈ C. Examine random walk on Cstarting from 0.
◮ Properties that hold for almost any C are alled�quenhed�. Properties that hold after averaging on theenvironment are alled �annealed�.
◮ The annealed proess has a entral limit theorem, DeMasi, Ferrari, Goldstein & Wik (1989).
◮ So does the quenhed, Sidoraviius & Sznitman (2004),Barlow (2004), Berger & Biskup (2006), Mathieu &Piatnitski (2006).
◮ Results of the type �C is like a grid�.
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◮ Take ritial perolation, and ondition on the luster ofthe origin C to satisfy |C| > n. Take n → ∞. It turnsout that the distributions of C onverge in theappropriate sense to a limit, Kesten (1986), van derHofstadt & Járai (2004). This limit is alled theinipient in�nite luster.
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Random walk on the inipient in�nite luster

◮ Take ritial perolation, and ondition on the luster ofthe origin C to satisfy |C| > n. Take n → ∞. It turnsout that the distributions of C onverge in theappropriate sense to a limit, Kesten (1986), van derHofstadt & Járai (2004). This limit is alled theinipient in�nite luster.
◮ Random walk on the IIC is (like on all fratals),subdi�usive, that is

E(R(n)) ≤ Cn1/2−ǫKesten (1986), Barlow, Járai, Kumagai & Slade (2007).
◮ In d > 6, the exat exponent is 13 .
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Whih p?

◮ Formally, for every edge, independently and withprobability p, identify its two end points. Call theresulting graph CCPp.
◮ If p > p then the in�nite luster beomes a point within�nite degree. Hene it is not lear what how to evende�ne random walk on CCPp .
◮ If p < p the ontrated lusters are small and do nota�et the random walk on CCPp signi�antly. This asewould be amenable to the same tehniques used toanalyze random walk on the superritial luster.
◮ Hene we will fous on p = p , in whih ase we will allthe graph CCCP.
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◮ For any two x , y ∈ Z
d , let d(x,y) denote the graphdistane between x and y , i.e. the length of the shortestpath in our graph. Thend(x , y) ≈ log log |x − y |.For omparison, on a superritial luster,d(x , y) ≈ |x − y |, while on the IIC d(x , y) ≈ |x − y |2.
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GeometryWe have results for both d = 2 and d > 6, but in this leturewe will fous on d > 6.

◮ For any two x , y ∈ Z
d , let d(x,y) denote the graphdistane between x and y , i.e. the length of the shortestpath in our graph. Thend(x , y) ≈ log log |x − y |.For omparison, on a superritial luster,d(x , y) ≈ |x − y |, while on the IIC d(x , y) ≈ |x − y |2.

◮ The graph satis�es the same isoperimetri inequality as
Z
d , i.e. for any �nite A ⊂ G

|∂A| ≥  |A|(d−1)/dwhere |∂A| is the number of edges going out of A, and
|A| =

∑v∈A deg v i.e. the total number of edges goingout of verties of A. d−1d is sharp.
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|∂A| ≥ |A|(d−1)/d |∂A| ≥ |A|(d−1)/d * |∂A| ≥ 1
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|∂A| ≥ |A|(d−1)/d |∂A| ≥ |A|(d−1)/d * |∂A| ≥ 1
◮ The speed of the random walk on the graph, measuredin the Eulidean distane, is √n log n i.e.

E(|R(n)|) ≈ √n log n.
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◮ The spetral gap of the Laplaian on a ball of radius Ris between R2 and C logRR2 . This preision is not enoughto determine whether CCCP is Liouville or not!
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Random walksCCCP Superritial luster IICd(x , y) ≈ log log |x − y | d(x , y) ≈ |x − y | d(x , y) ≈ |x − y |2

|∂A| ≥ |A|(d−1)/d |∂A| ≥ |A|(d−1)/d * |∂A| ≥ 1
◮ The speed of the random walk on the graph, measuredin the Eulidean distane, is √n log n i.e.

E(|R(n)|) ≈ √n log n.
◮ The spetral gap of the Laplaian on a ball of radius Ris between R2 and C logRR2 . This preision is not enoughto determine whether CCCP is Liouville or not!
◮ When d > 12 this spetral gap is onentrated near itsaverage.
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Random walksCCCP Superritial luster IICd(x , y) ≈ log log |x − y | d(x , y) ≈ |x − y | d(x , y) ≈ |x − y |2

|∂A| ≥ |A|(d−1)/d |∂A| ≥ |A|(d−1)/d * |∂A| ≥ 1
◮ The speed of the random walk on the graph, measuredin the Eulidean distane, is √n log n i.e.

E(|R(n)|) ≈ √n log n.
◮ The spetral gap of the Laplaian on a ball of radius Ris between R2 and C logRR2 . This preision is not enoughto determine whether CCCP is Liouville or not!
◮ When d > 12 this spetral gap is onentrated near itsaverage. Uses the onentration property of Lipshitzfuntions.
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Summary of resultsCCCP Superritial luster IICd(x , y) ≈ log log |x − y | d(x , y) ≈ |x − y | d(x , y) ≈ |x − y |2

|∂A| ≥ |A|(d−1)/d |∂A| ≥ |A|(d−1)/d * |∂A| ≥ 1
E(|R(n)|) ≈ pn log n E(|R(n)|) ≈ √n E(|R(n)|) ≈ n1/3R2 ≤ λ1 ≤ C log RR2 λ1 ≈ CR2 λ1 ≈ CR4??? Liouville Liouville
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E(|R(n)|) ≈ pn log n E(|R(n)|) ≈ √n E(|R(n)|) ≈ n1/3R2 ≤ λ1 ≤ C log RR2 λ1 ≈ CR2 λ1 ≈ CR4??? Liouville Liouville
◮ The superritial luster behaves like the usual grid.
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Summary of resultsCCCP Superritial luster IICd(x , y) ≈ log log |x − y | d(x , y) ≈ |x − y | d(x , y) ≈ |x − y |2

|∂A| ≥ |A|(d−1)/d |∂A| ≥ |A|(d−1)/d * |∂A| ≥ 1
E(|R(n)|) ≈ pn log n E(|R(n)|) ≈ √n E(|R(n)|) ≈ n1/3R2 ≤ λ1 ≤ C log RR2 λ1 ≈ CR2 λ1 ≈ CR4??? Liouville Liouville
◮ The superritial luster behaves like the usual grid.
◮ The inipient in�nite luster behaves like a ritialbranhing tree, embedded into Z

d randomly (this isknown as �integrated superbrownian exursion�).
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Summary of resultsCCCP Superritial luster IICd(x , y) ≈ log log |x − y | d(x , y) ≈ |x − y | d(x , y) ≈ |x − y |2

|∂A| ≥ |A|(d−1)/d |∂A| ≥ |A|(d−1)/d * |∂A| ≥ 1
E(|R(n)|) ≈ pn log n E(|R(n)|) ≈ √n E(|R(n)|) ≈ n1/3R2 ≤ λ1 ≤ C log RR2 λ1 ≈ CR2 λ1 ≈ CR4??? Liouville Liouville
◮ The superritial luster behaves like the usual grid.
◮ The inipient in�nite luster behaves like a ritialbranhing tree, embedded into Z

d randomly (this isknown as �integrated superbrownian exursion�).
◮ CCCP behaves in strange and unexpeted ways. Wedon't have in mind any simple model that wouldreprodue all data above.
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◮ Any two inreasing events are positively orrelated,Fortuin, Kasteleyn & Ginibre (1971).
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◮ Any two inreasing events are positively orrelated,Fortuin, Kasteleyn & Ginibre (1971). For example,
P(x ↔ y , y ↔ z) ≥ P(x ↔ y)P(y ↔ z)where x ↔ y is the event that x and y belong to thesame luster.

◮ Any two events that happen on distint vertie sets arenegatively orrelated, van den Berg & Kesten (1985).For example,
P(∃two disjoint paths between x and y) ≤ P(x ↔ y)2These two are general and hold in any graph

◮ For d > 6, P(x ↔ y) ≈ |x − y |2−d . Hara, van derHofstad & Slade (2003).



CCCPPerolationGeneralitiesEulidean gridsRandom walk inrandomenvironmentPrevious modelsOur modelThe resultsProof � log logToolsDiagrammatibounds
First moment

◮ Let x , y ∈ Z
d , and assume for simpliity that d = 8.What is the probability that one an jump from x to yby no more than 2 moves in CCCP (in general,

⌊12d⌋

− 2 moves)?
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d , and assume for simpliity that d = 8.What is the probability that one an jump from x to yby no more than 2 moves in CCCP (in general,

⌊12d⌋

− 2 moves)?
◮ This is equivalent to the existene of an edge (v ,w)suh that x ↔ v , w ↔ y . Denote by L the number ofsuh edges.
◮ We an estimate EL using the FKG inequality:

EL =
∑

(v ,w)

P(x ↔ v ,w ↔ y)
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(v ,w)

P(x ↔ v) · P(w ↔ y)
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◮ Let x , y ∈ Z
d , and assume for simpliity that d = 8.What is the probability that one an jump from x to yby no more than 2 moves in CCCP (in general,

⌊12d⌋

− 2 moves)?
◮ This is equivalent to the existene of an edge (v ,w)suh that x ↔ v , w ↔ y . Denote by L the number ofsuh edges.
◮ We an estimate EL using the FKG inequality:

EL =
∑

(v ,w)

P(x ↔ v ,w ↔ y)

≥
∑

(v ,w)

P(x ↔ v) · P(w ↔ y)

≥  |x − y |8 · (|x − y |−6)2 =  |x − y |−4
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◮ Let now x1, x2, y1 and y2 ∈ Z
d , and assume they are all

≈ r apart. Let Li be, as before, the number of edges
(vi ,wi ) suh that xi ↔ vi and wi ↔ yi . We want toupper-bound EL1L2 − EL1EL2.
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≈ r apart. Let Li be, as before, the number of edges
(vi ,wi ) suh that xi ↔ vi and wi ↔ yi . We want toupper-bound EL1L2 − EL1EL2.

◮ Li are inreasing, so by the FKG inequality,
EL1L2 ≥ EL1EL2

◮ By the BK inequality,
EL1L2 = EL1L21L1 and L2 our disjointly +

+ EL1L21L1 and L2 do not our disjointly ≤

≤ EL1EL2 + EL1L21L1 and L2 do not our disjointly.
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◮ Let now x1, x2, y1 and y2 ∈ Z
d , and assume they are all

≈ r apart. Let Li be, as before, the number of edges
(vi ,wi ) suh that xi ↔ vi and wi ↔ yi . We want toupper-bound EL1L2 − EL1EL2.

◮ Li are inreasing, so by the FKG inequality,
EL1L2 ≥ EL1EL2

◮ By the BK inequality,
EL1L2 = EL1L21L1 and L2 our disjointly +

+ EL1L21L1 and L2 do not our disjointly ≤

≤ EL1EL2 + EL1L21L1 and L2 do not our disjointly.
◮ To estimate the last summand, assume for simpliitythat it is the onnetions w1 ↔ y1 and w2 ↔ y2 thatour non-disjointly.
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≤ (|x1 − v1| · · · · · |b − y2|)−6.
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Seond moment IIExamine the event that w1 ↔ y1 and w2 ↔ y2 ournon-disjointly. This must be as in the following piture:y1v1w1 ax1
x2 v2 w2 y2bFormally: there must exist a and b suh that wi ↔ a, a ↔ b,b ↔ yi all disjointly. We use the BK inequality again and getthat for eah tupple (v1, v2,w1,w2, a, b) the probability is
≤ (|x1 − v1| · · · · · |b − y2|)−6. It is now simple to sum overall tupples and get that the total is ≤ (r8)4 · (r−6)7 = r−10.
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◮ Reapitulating, we got that EL ≈ r−4 whileov(L1, L2) ≈ r−10.
◮ Therefore if we have two large lusters at sale r , eahhas size ≈ r4 and therefore the expeted number ofonnetions is ≈ (r4)2 · r−4 = r4 while the variane isonly ≈

(r4)4 · r−10 = r6. We get that they areonneted with probability > 1− r−2.
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Seond moment III

◮ Reapitulating, we got that EL ≈ r−4 whileov(L1, L2) ≈ r−10.
◮ Therefore if we have two large lusters at sale r , eahhas size ≈ r4 and therefore the expeted number ofonnetions is ≈ (r4)2 · r−4 = r4 while the variane isonly ≈

(r4)4 · r−10 = r6. We get that they areonneted with probability > 1− r−2.
◮ Similar diagrammati bounds show the whole log logresult. Roughly we show that at sale r there arelusters whih go as far as r2, so you an move betweensales with a bounded number of jumps. We omit allfurther details.
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