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Schneider, Sulanke, Wieacker, . . .



Mean values

K ∈ Kd
2,+:

V (K )− IEV (Pn) = cdΩ(K ) n−
2

d+1 + · · ·

IE f(Pn) = c Ω(K ) n
d−1
d+1 + · · ·

Ω(K ) =

∫
∂K

κ(x)
1

d+1 dx

K ∈ Pd :

V (K )− IEV (Pn) = cdT (K ) n−1 lnd−1 n + · · ·

IE f(Pn) = c̃ T (K ) lnd−1 n + · · ·
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1− IP(K[Tn] ⊂ Pn) ≤ mTne
−nTn

. n1−2/(d+1)n−α = n−c



floating body and first deviation inequalities

K polytope:

Tn =
αn

n
, sn =

1

βnn

with αn, βn →∞

1− IP(K[Tn] ⊂ Pn ⊂ K[sn]) ≤ mTne
−nTn + (1− e−nV (K[sn ]))



floating body and first deviation inequalities

K polytope:

Tn =
αn

n
, sn =

1

βnn

with αn = α llnn, βn = lnβ n

1− IP(K[Tn] ⊂ Pn ⊂ K[sn]) ≤ mTne
−nTn + (1− e−nV (K[sn ]))

. ln−c n



Azuma’s inequality

f = f (T ), T = (t1, . . . , tm)

Ci(t1, . . . , ti) = IE(f |t1, . . . , ti)− IE(f |t1, . . . , ti−1)

Hoeffding-Azuma inequality:

For B ≥ B(t)

IP(|f (T )− IEf (T )| ≥ x) ≤ 2e−x2/(2mB2)



Azuma’s inequality

f = f (T ), T = (t1, . . . , tm)

Ci(t1, . . . , ti) = IE(f |t1, . . . , ti)− IE(f |t1, . . . , ti−1)

IECi(t1, . . . , ti) = 0

Hoeffding-Azuma inequality:

For B ≥ B(t)

IP(|f (T )− IEf (T )| ≥ x) ≤ 2e−x2/(2mB2)



Azuma’s inequality

f = f (T ), T = (t1, . . . , tm)

Ci(t1, . . . , ti) = IE(f |t1, . . . , ti)− IE(f |t1, . . . , ti−1)

f (T )− IEf (T ) =
m∑
1

Ci(t1, . . . , ti)

Hoeffding-Azuma inequality:

For B ≥ B(t)

IP(|f (T )− IEf (T )| ≥ x) ≤ 2e−x2/(2mB2)



Azuma’s inequality

f = f (T ), T = (t1, . . . , tm)

Ci(t1, . . . , ti) = IE(f |t1, . . . , ti)− IE(f |t1, . . . , ti−1)

B(t) = max
i

sup
ti

|Ci(t1, . . . , ti)|

Hoeffding-Azuma inequality:

For B ≥ B(t)

IP(|f (T )− IEf (T )| ≥ x) ≤ 2e−x2/(2mB2)



Azuma’s inequality

f = f (T ), T = (t1, . . . , tm)

Ci(t1, . . . , ti) = IE(f |t1, . . . , ti)− IE(f |t1, . . . , ti−1)

B(t) = max
i

sup
ti

|Ci(t1, . . . , ti)|

Hoeffding-Azuma inequality:

For B ≥ B(t)

IP(|f (T )− IEf (T )| ≥ x) ≤ 2e−x2/(2mB2)



Azuma’s inequality

f = f (T ), T = (t1, . . . , tm)

Ci(t1, . . . , ti) = IE(f |t1, . . . , ti)− IE(f |t1, . . . , ti−1)

B(t) = max
i

sup
ti

|Ci(t1, . . . , ti)|

Hoeffding-Azuma inequality:

IP(|f (T )− IEf (T )| ≥ x) ≤ 2e−x2/(2mB2) + IP(B(t) ≥ B)



Azuma’s inequality

smooth K :
V = V (X1, . . . Xn) = V (Y1, . . . , YmTn

)

≤ ln n

n

, mTn ≤ (n/ ln n)1−2/(d+1)

IP(|V (Pn)− IEV (Pn)| ≥ x | . . .) ≤ e−x2/(ln n/n)1+2/(d+1)



Azuma’s inequality

smooth K :
V = V (X1, . . . Xn) = V (Y1, . . . , YmTn

)

K

K[Tn]

≤ ln n

n

, mTn ≤ (n/ ln n)1−2/(d+1)

IP(|V (Pn)− IEV (Pn)| ≥ x | . . .) ≤ e−x2/(ln n/n)1+2/(d+1)



Azuma’s inequality

smooth K :
V = V (X1, . . . Xn) = V (Y1, . . . , YmTn

)

K

K[Tn]

YmTn
Y1

Y2

≤ ln n

n

, mTn ≤ (n/ ln n)1−2/(d+1)

IP(|V (Pn)− IEV (Pn)| ≥ x | . . .) ≤ e−x2/(ln n/n)1+2/(d+1)



Azuma’s inequality

smooth K :
V = V (X1, . . . Xn) = V (Y1, . . . , YmTn

)

|V (Y1, . . . , Yi , . . . , YmTn
)−V (Y1, . . . , Y

′
i , . . . , YmTn

)| ≤ ln n

n

, mTn ≤ (n/ ln n)1−2/(d+1)

IP(|V (Pn)− IEV (Pn)| ≥ x | . . .) ≤ e−x2/(ln n/n)1+2/(d+1)



Azuma’s inequality

smooth K :
V = V (X1, . . . Xn) = V (Y1, . . . , YmTn

)

|IE(V |Y1, . . . , Yi)−IE(V |Y1, . . . , Yi−1)| ≤
ln n

n

, mTn ≤ (n/ ln n)1−2/(d+1)

IP(|V (Pn)− IEV (Pn)| ≥ x | . . .) ≤ e−x2/(ln n/n)1+2/(d+1)



Azuma’s inequality

smooth K :
V = V (X1, . . . Xn) = V (Y1, . . . , YmTn

)

|Ci(Y1, . . . , Yi)| ≤
ln n

n

, mTn ≤ (n/ ln n)1−2/(d+1)

IP(|V (Pn)− IEV (Pn)| ≥ x | . . .) ≤ e−x2/(ln n/n)1+2/(d+1)



Azuma’s inequality

smooth K :
V = V (X1, . . . Xn) = V (Y1, . . . , YmTn

)

|Ci(Y1, . . . , Yi)| ≤
ln n

n
, mTn ≤ (n/ ln n)1−2/(d+1)

IP(|V (Pn)− IEV (Pn)| ≥ x | . . .) ≤ e−x2/(ln n/n)1+2/(d+1)



Azuma’s inequality

smooth K :
V = V (X1, . . . Xn) = V (Y1, . . . , YmTn

)

|Ci(Y1, . . . , Yi)| ≤
ln n

n
, mTn ≤ (n/ ln n)1−2/(d+1)

IP(|V (Pn)− IEV (Pn)| ≥ x | . . .) ≤ e−x2/(ln n/n)1+2/(d+1)



Azuma’s inequality

smooth K :
V = V (X1, . . . Xn) = V (Y1, . . . , YmTn

)

|Ci(Y1, . . . , Yi)| ≤
ln n

n
, mTn ≤ (n/ ln n)1−2/(d+1)

IP(|V (Pn)− IEV (Pn)| ≥ x) ≤ e−x2/(ln n/n)1+2/(d+1)

+ n−c



Variance

smooth K :

=⇒ σ2(V ) ≤ cn−1−2/(d+1) ln1+2/(d+1) n

σ2(V ) ≤ cn−1−2/(d+1)

Reitzner



Variance

smooth K :

=⇒ σ2(V ) ≤ cn−1−2/(d+1) ln1+2/(d+1) n

σ2(V ) ≤ cn−1−2/(d+1)

Reitzner



Azuma’s inequality

smooth K :
V = V (X1, . . . Xn) = V (Y1, . . . , YmTn

)

|Ci(Y1, . . . , Yi)| ≤
ln n

n
, mTn ≤ (n/ ln n)1−2/(d+1)

Azuma’s inequality for V (Pn)

For smooth K

IP(|V (Pn)− IEV (Pn)| ≥ x) ≤ 2e−c(x/σ(V ))2 ln−1−2/(d+1) n + n−c



Azuma’s inequality

K polytope:

V = V (X1, . . . Xn) = V (Y1, . . . , YmTn
)

K

K[Tn]

YmTn
Y1 Y2



Azuma’s inequality

K polytope:

V = V (X1, . . . Xn) = V (Y1, . . . , YmTn
)

K

K[Tn]

YmTn
Y1 Y2



Azuma’s inequality

K polytope:

V = V (X1, . . . Xn) = V (Y1, . . . , YmTn
)
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Azuma’s inequality

K polytope:

V = V (X1, . . . Xn) = V (Y1, . . . , YmTn
)

|V (Y1, . . . , Yi , . . . , YmTn
)−V (Y1, . . . , Y

′
i , . . . , YmTn

)| ≤ lln4d−3n

n

, mTn ≤ lnd−1 n

Bárány, Reitzner

IP(|V (Pn)− IEV (Pn)| ≥ x) ≤ e−x2/(n−2 lnd−1 n lln8d−6n)

+ ln−c n
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Variance

K polytope:

=⇒ σ2(V ) ≤ cn−2 lnd−1 n lln8d−6n

σ2(V ) ≤ cn−2 lnd−1 n

Bárány, Reitzner



Variance

K polytope:
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Azuma’s inequality

K polytope:

V = V (X1, . . . Xn) = V (Y1, . . . , YmTn
)

|Ci(Y1, . . . , Yi)| ≤
lln4d−3n

n
, mTn ≤ lnd−1 n

Azuma’s inequality for V (Pn)

For K a polytope

IP(|V (Pn)− IEV (Pn)| ≥ x) ≤ 2e−c(x/σ(V ))2 lln−8d+6n + ln−c n



Vu’s concentration inequality

Ci(t1, . . . , ti) = IE(f |t1, . . . , ti)− IE(f |t1, . . . , ti−1)

B(t) = max
i

sup
ti

|Ci(t1, . . . , ti)|

S2(t) =
∑

i

S2
i (t1, . . . , ti−1) =

∑
i

IEti C
2
i (t1, . . . , ti)

σ2(f ) = IE(f − IEf )2 = IE(
∑

i

Ci)
2 =

∑
IEC 2

i

= IES2(t)
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Vu’s concentration inequality

Ci(t1, . . . , ti) = IE(f |t1, . . . , ti)− IE(f |t1, . . . , ti−1)
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Vu’s concentration inequality

For x ≤ S/(2B)

IP(|f (T )− IEf (T )| ≥ x) ≤ 2e−x2/(4S)

+ IP(S2(t) ≥ S or B(t) ≥ B)



Vu’s concentration inequality

Ci(t1, . . . , ti) = IE(f |t1, . . . , ti)− IE(f |t1, . . . , ti−1)

B(t) = max
i

sup
ti

|Ci(t1, . . . , ti)|

S2(t) =
∑

i

S2
i (t1, . . . , ti−1) =

∑
i

IEti C
2
i (t1, . . . , ti)

Vu’s concentration inequality

For x ≤ Sσ2/(2B).

IP(|f (T )− IEf (T )| ≥ x) ≤ 2e−(x/σ)2/(4S)

+IP(S2(t) ≥ Sσ2 or B(t) ≥ B)



Vu’s concentration inequality

K smooth :
IP(B(t) ≥ B) ≤ mBe−nB

IP(S2(t) ≥ S0σ
2 and B(t) ≤ B0) ≤ e−cn

d−1
3d+5



Vu’s concentration inequality

K smooth , B = n−1+ d−1
3d+5 :

IP(B(t) ≥ B) ≤ e−cn
d−1
3d+5
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Vu’s concentration inequality

K smooth , B = n−1+ d−1
3d+5 :

IP(B(t) ≥ B) ≤ e−cn
d−1
3d+5

IP(S2(t) ≥ S0σ
2 and B(t) ≤ B0) ≤ e−cn

d−1
3d+5



Vu’s concentration inequality

Vu’s inequality for V (Pn)

For smooth K and x ≤ cn−
(d+3)2

(d+1)(3d+5) .

IP(|V (Pn)− IEV (Pn)| ≥ x) ≤ 2e−c(x/σ(V ))2 + e−cn
d−1
3d+5

Azuma’s inequality for V (Pn)

For smooth K

IP(|V (Pn)− IEV (Pn)| ≥ x) ≤ 2e−c(x/σ(V ))2 ln−1−2/(d+1) n + n−c



Vu’s concentration inequality

Vu’s inequality for V (Pn)

For smooth K and x ≤ cn−
(d+3)2

(d+1)(3d+5) .

IP(|V (Pn)− IEV (Pn)| ≥ x) ≤ 2e−c(x/σ(V ))2 + e−cn
d−1
3d+5

Azuma’s inequality for V (Pn)

For smooth K

IP(|V (Pn)− IEV (Pn)| ≥ x) ≤ 2e−c(x/σ(V ))2 ln−1−2/(d+1) n + n−c



Other types of random polytopes:

Gaussian polytopes

X1, . . . , Xn normal distributed in IRd , Pn = [X1, . . . , Xn]

EV (Pn) = κd2
d
2 ln

d
2 n + · · ·

σ2(V ) ≈ ln
d−3

2 n

Affentranger, Bárány, Baryshnikov, Hueter, Hug,
Raynaud, Reitzner , Rényi, Schneider, Sulanke, Vitale,
Vu, Wieacker, . . .
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Raynaud, Reitzner , Rényi, Schneider, Sulanke, Vitale,
Vu, Wieacker, . . .



Other types of random polytopes:

Gaussian polytopes

X1, . . . , Xn normal distributed in IRd , Pn = [X1, . . . , Xn]

EV (Pn) = κd2
d
2 ln

d
2 n + · · ·

σ2(V ) ≈ ln
d−3

2 n
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Gaussian polytopes and Azuma’s inequality

V = V (X1, . . . Xn) = V (Y1, . . . , Ym)

|Ci(Y1, . . . , Yi)| ≤
lln

d+1
2 n

ln
1
2 n

,

m ≤ ln
d−1

2 n

Bárány, Vu

Azuma’s inequality for V (Pn)

IP(|V (Pn)− IEV (Pn)| ≥ x) ≤ 2e−c(x/σ(V ))2 lln−(d+1)
n + ln−c n
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Random points on ∂K

K smooth, X1, . . . , Xn random points on ∂K , Pn = [X1, . . . , Xn]
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Bárány, Por, Giannopoulos, Gatzouras, Markoulakis
Litvak, Pajor, Rudelson, Tomczak-Jaegermann

3 intrinsic volumes

4 Replacing Azuma’s inequality by Vu’s inequality

5 dimension to ∞



Remarks

1 random points on ∂P

2 0-1-polytopes
Fukuda, Ziegler, Dyer, Füredi, McDiarmid
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