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TOOLS of a quantum mechanician

I Hilbert space H: H = CN

I density operators ρ
hermitian, positive semidefinite ( ≥ 0), normalized (f.i.
Trρ = 1)

In our case

ρ : CN → CN , i.e. ρ ∈MN .

I quantum operator is a linear operator

Φ : MN →MN such that

for a state ρ, Φ(ρ) is again a state
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Φ(ρ) is hermitian for all ρ hermitian

Φ(ρ) ≥ 0 for all ρ ≥ 0

Φ is completely positive CP

Φ : MN →MN is completely positive iff for all k ≥ 0

Φ⊗ 1k : MN ⊗Mk →MN ⊗Mk

is positive

Choi Theorem

Φ : MN →MN is CP iff the Choi matrix

DΦ =

Φ(E11) . . .Φ(E1N)
. . .

Φ(EN1) . . .Φ(ENN)


is positive semidefinite
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convex cones

• PN = convex cone of all positive maps Φ on MN

• CPN = convex cone of all CP-maps Φ on MN

conservation of probability in physical processes

=⇒

trace preserving (TP) property:

TrΦ(ρ) = Trρ
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Φ : MN →MN is a quantum map or superoperator if it is linear,
CP, TP:

CPTP
N ⊂ CPN

Notice that

• dim CPTP
N = N4 − N2

• for DΦ ∈ CPTP
N : TrDΦ = N

i.e.
DΦ ∈ CPb

N = CPN ∩ Hb

Hb = {Φ : TrDΦ = N}

CPb
N base of the cone CPN
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CPb
N = CPN ∩ Hb base of the cone CPN

H b



• CcPN = convex cone of all completely co-positive maps Φ on
MN

CcPN = {Φ : T ◦ Φ ∈ CP}

• TN = convex cone

TN = CPN ∩ CcPN

• DN = convex cone of decomposable maps

DN = CPN + CcPN

TN ⊂ CPN ⊂ DN ⊂ PN
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duality of cones

(Φ,Ψ) =< DΦ,DΨ >HS= TrDΦDΨ

For a cone C, the dual cone C∗ is

C∗ = {Ψ : MN →MN : (Φ,Ψ) ≥ 0 for all Φ ∈ C}

1. CP∗ = CP CcP∗ = CcP

2. D∗ = (CP + CcP)∗ = CP∗ ∩ CcP∗ = CP ∩ CcP = T

3. T ∗ = D∗∗ = D

4. SP := P∗ SP∗ = P∗∗ = P
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and
Pb

N ⊃ Db
N ⊃ CPb

N ⊃ T b
N ⊃ SPb

N

PTP
N ⊃ DTP

N ⊃ CPTP
N ⊃ T TP

N ⊃ SPTP
N



duality of bases of cones

(CPb
N)◦ = −CPb

N (SPb
N)◦ = −Pb

N

(Pb
N)◦ = −SPb

N (Db
N)◦ = −T b

N

(T b
N )◦ = −Db

N

◦ and − with respect to Φ∗ =
1N2

N
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Corollary

For each of the sets Pb, Db, CPb, T b, SPb the Euclidean

inradius is 1

(N2−1)
1
2

and the Euclidean outradius is (N2 − 1)
1
2

Proof

d = N2.

enough to look at Hilbert Schmidt balls centered at Φ∗ = 1d√
d
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• CPb

Choi =⇒ CP = Msa
d

ρ∗ = 1d
d ∈Msa

d , Trρ∗ = 1 =⇒ ρ∗ ∈ CP1 = CP ∩ H1

H b

H 1
ρ

Φ
*
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pure states p = 1-dimensional projections are in CP1 = CP ∩ H1

‖ρ∗ − p‖HS = ‖

 1
d . . . 0
. . .

0 . . . 1
d

−

0 . . . 0
. . .

0 . . . 1

 ‖HS = (1− 1

d
)

1
2

implies

outradius = (1− 1

d
)

1
2

to get in CPb = CP ∩ Hb: multiply by ‖Φ∗‖HS

‖ρ∗‖HS
=
√

d

duality =⇒

inradius of (CPb)◦ = −CPb = inradius of CPb = 1

(d−1)
1
2
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• SPb

Barnum-Gurvitz

inradius/outradius of SPb = inradius/outradius of CPb

implies

1. inradius/outradius of T b is 1

(N2−1)
1
2

/ (N2 − 1)
1
2 as

SPb ⊂ T b ⊂ CPb

2. inradius/outradius of Pb is 1

(N2−1)
1
2

/ (N2 − 1)
1
2 as

Pb = −(SPb)◦

3. inradius/outradius of Db is 1

(N2−1)
1
2

/ (N2 − 1)
1
2 as

Db = −(T b)◦
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Theorem 1

• 1
2 ≤ vrad

(
CPb

N

)
≤ 1, limN→∞ vrad

(
CPb

N

)
= e−1/4

• 1
4N1/2 ≤ vrad

(
Pb

N

)
≤ 6N1/2

• 1
6N−1/2 ≤ vrad

(
SPb

N

)
≤ 4N−1/2

• 1
8 ≤

vrad
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N

)
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N

) ≤ 1, e1/4
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asymptotic estimate:

Zyczkowski-Sommers: d = N2

|CPd ∩ H1| =
√

d
(
2π
) d(d−1)

2
Γ(1)Γ(2) . . . Γ(d)

Γ(d2)
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Proposition

Let K be a convex body in an m-dimensional Euclidean space with
centroid at a, and let H be a k-dimensional affine subspace passing
through a. Let r = rK and R = RK be the in-radius and out-radius
of K . Then

(
vrad(K) R−

m−k
m b(m, k)

)m
k ≤

vrad(K ∩H)

≤

(
vrad(K) r−

m−k
m b(m, k)
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m
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m

)m
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b(m, k) =
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volk (Bk
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