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®(p) is hermitian for all p hermitian

®(p)>0 forall p>0

¢ is completely positive CP

® : My — My is completely positive iff for all k >0
PR 1k My My — My @ My

is positive

Choi Theorem

®: My — My is CP iff the Choi matrix
®(Eq1)... P(En)
Do =
®(Eng) ... P(Enn)
is positive semidefinite
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e Py = convex cone of all positive maps ® on My

e (CPp = convex cone of all CP-maps ® on My

conservation of probability in physical processes
=
trace preserving (TP) property:

Trd(p) = Trp
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®: My — My is a quantum map or superoperator if it is linear,
CP, TP:
CP ccPy

Notice that
o dimCPL’ =N+ — N2

o for Doy € CPJF : TrDy = N

ie.
Do € CPR =CPy N HP

HP = {&: TrDy = N}
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e (CcPp = convex cone of all completely co-positive maps  on
M
CcPy={P:TodecCP}

e 7Tp = convex cone

Ty =CPnNCcPp

e Dy = convex cone of decomposable maps

Dy =CPn +CcPn

Iy CCPn C Dy C Py
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duality of cones

(CD,\U) =< D¢, Dy >pys= TrD¢y Dy

For a cone C, the dual cone C* is

C'={V: My — Mp:(P,¥) >0 forall  €C}

1. CP*=CP  CcP*=CcP

2. D*=(CP+CcP) =CP*NCcP*=CPNCP=T
3. T"=D"=D

4. SP:=7P* SP* =P =P



Ty CCPyn C Dy C Py



Ty CCPyn C Dy C Py

meles Ty O CPy D Dy D Py



implies

or

Ty CCPyn C Dy C Py

Ty D CPy D Dy D Py

Py DDy DCPNDTInDSPyn



and
PR D DR O CP} D Ty O SP}

PP o DIF >erlf o TP o sPif
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duality of bases of cones
PR =—CPh  (SPh) =P}
(PR)° = —SPR, (DR)° =1y

T8y = -4



duality of bases of cones

(CPR)° = —CP}, (SPR)° = —PR
(PE)° = —SP}, (Dh)° = —T¢
(7)) = -Dk

) 1
o and — with respect to ¢, = %2
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Corollary

For each of the sets P2, Db, CPP, TP, SPP the Euclidean

inradius is —2— and the Euclidean outradius is (N? — 1)%
(N2-1)2

Proof

d= N2

enough to look at Hilbert Schmidt balls centered at ¢, = 1—3
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pure states p = 1-dimensional projections are in CP*

Ql—

o« = pllHs = ||
to get in CPP? = CP N HP:
duality =

inradius of (CPP)° =

Q=

tradius = (1 — =
outradius = ( d)

—CPb = inradius of CPP =

o
o
o

=

implies

1

N[

multiply by 1%:lss — /g

Tlp<Tlns

1
(d-1)2

=CPNH!
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o SP*

Barnum-Gurvitz

inradius/outradius of SP? = inradius/outradius of CP?
implies

1. inradius/outradius of 72 is —1 / (N? — 1)% as

1
N2-1)2
SPbcTbCccp? e

2. inradius/outradius of PP is ( 1 / (N? — 1)% as
Pb = —(SPP)°

3. inradius/outradius of D? is —1 / (N? — 1)% as
Db — —(Tb)o
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Theorem 1
° % < Vr&d(CP%) <1, limy_eo vrad(CP%) =e /4
INY2 <vrad(PR) < 6NY/2

° %N*1/2 < vrad(SP%) < 4N-1/2

) B P R .. )
8 — Vrad(CP%) -7 2 = N vrad (C'P%)
o 1< M <8, limsupy M < 2el/4

= rad (cptl\)l) vrad (C'P%)



Proof
(iii) and (iv) Aubrun-Szarek

(i) lower bound: Szarek



Proof
(iii) and (iv) Aubrun-Szarek

(i) lower bound: Szarek

o Santalo and inverse Santalo(Bourgain-Milman): for any K

in R™
< (Ll
—\IBJ"| B

Ell




Proof
(iii) and (iv) Aubrun-Szarek

(i) lower bound: Szarek

o Santalo and inverse Santalo(Bourgain-Milman): for any K
in R™

Ell

Ki !K°|>
c< | smiom = vrad(K)vrad(K°) <1
(sos1 2 (fprad



Proof
(iii) and (iv) Aubrun-Szarek

(i) lower bound: Szarek

o Santalo and inverse Santalo(Bourgain-Milman): for any K
in R™

Ell

Ki !K°|>
c< | smiom = vrad(K)vrad(K°) <1
(sos1 2 (fprad

upper bound:

1 > vrad(CP})vrad((CPR)°) =



Proof
(iii) and (iv) Aubrun-Szarek

(i) lower bound: Szarek

o Santalo and inverse Santalo(Bourgain-Milman): for any K
in R™

Ell

K| !K°|>
c< | smiom = vrad(K)vrad(K°) <1
(jenie (K)vrad(

upper bound:

1> vrad(CPR,)vrad((CPR,)o) = vrad(CPR,)vrad( — CP]})V)



Proof
(iii) and (iv) Aubrun-Szarek

(i) lower bound: Szarek

o Santalo and inverse Santalo(Bourgain-Milman): for any K
in R™

Ell

K| !K°|>
c< | smiom = vrad(K)vrad(K°) <1

(iegiieg (F)vrad(
upper bound:

1> vrad(CPR,)vrad((CPR,)o) = vrad(CPR,)vrad( — CP]})V)

= (vrad (CP],DV) )2



asymptotic estimate:

Zyczkowski-Sommers: d = N2

CPyNHY =Vd(2r) =
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- svyrad(PP)y > — -
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With (iii)

N[

6N

>

1> vrad(SP]fV) vrad (77}\’,) >c

1 c

> vrad (’P,li’,) >

vrad (S’PR,) ~ vrad (873]})\,)

1
vrad (SPR))

> vrad (77}\’,) > ¢

vrad(SPR))

>

e
4

N

N
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better estimate from below

_do(u)
hyo ()™

- / - hK(jL(ju) = < /Sm1 hico (u) du) R

- w(K°)

2 2
d(Pp) > -
vra ( N) = W(Pf\’,) W(SP%)




better estimate from below
f5m 1 hd(f((u))m 0 du 0
o) - (S B ([
(K) <f5,,,_1 do(u) sm—1 hio(u)™

> i 2 (L me© ") =

vrad(P,k\’,) > 2 _ 2

~w(PR)  w(SPR)

Aubrun-Szarek
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1/4 .
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e limsupy VradEDng
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Proposition

Let K be a convex body in an m-dimensional Euclidean space with
centroid at a, and let H be a k-dimensional affine subspace passing
through a. Let r = rx and R = Rk be the in-radius and out-radius
of K. Then

m

= b(m,k)) F <

(Vrad(K) R™
vrad(K N H)

_ volm(By§")
b(m, k) = <vo|k(B§)volm2k(B§’_k)>

Ells




