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Convex centrally symmetric bodies are uniquely determined
by:

=

# \Volumes of projections (Alexandrov’s theorem)
# Volumes of central sections (Minkowski’s Theorem)

o -
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C

onvex bodies (not necessary centrally symmetric):

-

# K.J.Falconer, R.J.Gardner: volumes of all hyperplane

sections passing through any two fixed points in the
Interior of the body

A.Koldobsky, C.Shane: generalization of the previous to
derivatives of section functions

R.Schneider: mean width and Steiner point of
projections

K.Boroczky, R.Schneider: volumes and centroids of
hyperplane sections through 0

R.J.Gardner, A.VolcCic, P.Goodey, R.Howard, W.WEell,
H.Groemer, D.Hug, M.Kiderlen etc. J
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Reconstruction from shadow boundaries

- .

The support function of a convex body K in R™ is defined by

h — ) ) ERH'
K (r) = max(z,§), @



fLet K be a convex body in R®. The shadow boundary of K T

under illumination parallel to ¢ € S”~! is defined as the set
of all boundary points of K at which there are support lines

of K parallel to &.

/
N

7
)
o

o
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Let K be strictly convex. For 6 € ¢+ let z(6) denote the
unique point of intersection of K and the support plane
perpendicular to 6.

The average height of the shadow boundary of K in the
direction of ¢ is defined by

He©) = [ 0).a

Ewald, Larman and Rogers: the average height of the
shadow boundary of an arbitrary convex body is defined for

almost all ¢ € 7~ 1.

-
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The average width of the shadow boundary of K in the
direction of £ IS

Theorem. Let K be a strictly convex body. K is uniquely
determined the average height and average width of all
shadow boundaries.

o -
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Let f be an infinitely smooth function on the sphere 5",
denote

fp(@) = f(a/|2]) ||~

Its homogeneous extension to R" of degree —n + p.

Also define

Fe)) = (=& [ per VIS dc

Sn—lmg_l_

o -
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Theorem 1.[GKS] Let f be an even function. The Fourier
transform of f, is given by the following formulas.

)If0<p<2k+1, p+#n, pisnot an odd integer, then

1

()€ = cos BT ([ 177 (Felt) = Fe(0)-

t2k—2

o -
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) if p =2k — 1 # n, then

(Fak—1)(€) = 7 (=) EET2 (o),

o -
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Theorem 2. Let f be an odd function.
i If 0 < p < 2k + 2, p # n, pis not an even integer, then

1

(€)= isin 50 ([ 177 sant (Fe(t) — (o)t~

(26-1) 42k—1

§ (m@k—n

)i+

o -
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V) if p = 2k #£ n, then

(Fa)N€) = im(—1)* L E D (0).

o -
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|7Proof. T

For 0 < p < 1 the Fourier transform of (odd) f, Iis a

homogeneous function of degree —p whose values on the
sphere are given by the formula

T

()€ =isin - T) [ FO)I(&,6)]7 sgn (&, 6) do.

Sn—l

o -
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In general, if p < 2k + 2,

T 1
(N = isin 20 x ([ 177 sgnt (Fe(t) ~ L)t

1
T 12k—1
R0 gy
2%k—1 o1 5
—|—mz::1F£ . m’(1+m—p))

o -
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In particular, taking the limit as p — 2k we get

(for)(€) = im(~ 1) LEL D 0).

o -
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Theorem. Let K be a strictly convex body. K is uniquely
determined the average height and average width of all
shadow boundaries.

o -
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Proof. In order to recover the odd part of A we will use part
(iv) of the previous Theorem.

(h)\(€) = imFL(0)
(/Snlme hie(t &+ m () dC)
</Sn1ﬂ§L hi(t &+ m () dC)

=] =

t=0

=) =

t=0

- / (Vhi(C),€)d¢
Sn—1ngL

L___ = Hg(§) B
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Stability
-

Let0 <p<n. Letl,: C®(S" 1) — C>(S" 1) be the
operator defined by

]p(f) — (fp)/\
Schur’'s Lemma:
]p(Hm) — )\m(n,p)Hm,

where H,, Is a spherical harmonic of degree m.

Lemma.
3 Qpﬂn/QF((m +p)/2)
[Am(n,p)| = I'((m+n—p)/2)

o -
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The supremum norm (or the Hausdorff distance) is defined
as

=

(K, L) = max [hic(6) = hi(6)]

However it will be more convenient to use the L,-distance

n—1

1/2
$2(K. L) = [[hy — hils — ( [ o) hL<e>>2de)

o -
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Vitale's theorem:

c1(n)0a(K, L) < 8oo(K, L) < co(n) D>~ D/ 45, (¢, )2/ (nH+1),

where D = diam(K U L) and ¢y, cp are constants depending
on n only.

o -
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fTheorem. Let K and L be convex bodies in R™, contained
In a ball of radius R, with infinitely smooth support
functions. Let 0 < p < n. If for some ¢ > 0

”[p(hK) — [p(hL)HQ < €,

then

4 .

C'(n,p, R)et=2»+0+D) - |f n > 2p,
—2 .

C'(n,p, R)et+D) If n < 2p.

<]

Here C(n,p, R) IS a constant that depends only on n, p, R.

o -
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|7Proof. T

Let f = hx — hz, and denote its associated series by

By Vitale’s theorem it is enough to estimate the L,-norm of
f instead of the sup-norm.
Assume first that n > 2p.

Sa(K, L) = |If1I5= > 1Qml3 =
m=0

o -
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= 3= (Pt DI Q)

=0

2n—4p
X (’)\m(n, )‘ n— 2p—|—2HQm”TL 2p+2>

= -
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2

o n—2p+2
< (Z Am<n,p>2czm|3> X
m=0

n—2p

00 n—2p+2
x (Z Am<n,p>n2p|@m|3>
m=0

o -
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arseval’s equality:

> P, p) PIQmll3 = 11, f113
m=0

Stirling’s formula:

‘)"m(na p) ’_n_Qp ~ O(nv p)mQ,

as m tends to infinity.

o -
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Therefore
1f1I5 < C(n,p) (ILpfll5) 72 x

n—2p

0@ n—2p+2
2
X <|Qo|2 + > m(m+n— 2>|@m|%>
m=1

o -
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n—2p

< Clnp)er7t (€ + [Vohg — Vohy|3)7 7

4 n—2p

S O(n,p)em (62 _I_ R2) n—2p+2

- -
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If n < 2p, then |\,,(n,p)| does not approach zero as m tends
to Iinfinity.
Therefore 3 C'(n, p) such that

=

C(n,p)‘)\m(n,p)‘Q > 1

for all m.

1713 =D 1Qmll3 < C(n,p) Y [Am(n, p) | Quall3 =
m=0 m=0

= C(n,p)pfll5 < C(n,p)e”

o -
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fCorollary. Let K and L be convex bodies in R™ which are
contained in a ball of radius R. If their average heights and
average widths of shadow boundaries of these two bodies
are close in the Lyo-norm, then K and L are close with
respect to the Hausdorff distance.

o -

Shadow Boundaries and the Fourier Transform — p. 29/-



	Reconstruction from shadow boundaries
	Stability

