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Ta olvoia N kai Z

EvoTnTa 1n

2UvoAa ApiOuwv

1.1. Ta ouvoAa N ka1 Z

Afiopa 1.1.1 (Enayeyn) Av A C N ue mu dwmra 1 € A kat 0tav n € A ovvendyetat
n+1leA wWreA=N.

Anobdeigte 6t yia kabe n € N 1oyuet

i 1)

L4243+ +n=——

IMapaAAayr) Tou apanave aiidpatog ivat to

Afiopa 1.1.2 (IIAfpng enayoyn) Av A C N ue mu biotia 1 € A kat dtav k € A yia
0Aa ta k < n ovvenayetatn € A» w0te A = N.

M1ia onpavilky GUVENELd TOU a§lopatog g enayeyng etvat n apxr tou ehayiotou:
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Ta oUvoia Q

kar R

Ozopnua 1.1.3 Kdde un kevo uroovvoio A tou N éxel efldyioto otoyeio.

To ouvodo Z pnopei va optotei aro o N. Ataebnuxkd plloviag, npoobétoupe oto N
1o oupBodo 0 (undév) opidoviag va £xet v 610a n + 0 = n yua kabe n € N. Emniong
g10ayoupe éva véo oupBodo — (MAfv) xat opidoupe —n := (—, n) (Sratetaypévo Leuyog).
TéAog opidoupe g €&ng oxéoelg:

—0:=0, —(—n):=n n—m:=—-(m—n),

yva kaBe n € N kat yia ke m € N pe m > n. Qg nipog ) Saradn enexteivoupe aut)
tou N 9¢twvrag
-n<0<n n<m& -n>-—m

yia kabe n,m € N.

1.2. Ta oUvoAa Q ka1 R

Ta ta kKAGopata Sa propovoane va 9écoupe § = (a,b) ya kabe a € Z xat b € N,
Me aut] ) oupBaon opeg dev Sa prnopovoapie va opicoupe APeca T0 GUVOAO TRV PITOV
apOpov agou ta otokeia (1,2) xat (2,4) S9a npénet va avuotolouv oto 1610 otoixeio
tou Q. 'Etot yia va opicoupe to ouvoro Q Sswpoupe 10 0Uvoro dAwv Tev Sratetaypévav
Geuyov Z x N kat oe auté opidoupe pid oxéon wooduvapiag détwviag (a, b) ~ (x, y) av xkat
povo av ay = bx. Tapa opicoune 10 Q g 1o oUvVoro v KAdoewy woduvapiag (Z x N) /.
Anhadr to kKAdopa 3§ opidetat wg n kKAdor woduvapiag [(1. 2)].

e autd 1o ouvolo opidoupe TG TPAgelg «katd ta yvootdr, dniadr) 9étoupe ya napda-
detypa

(@ b)] + [(x 5)] = [(ay + bx, by)] (smam apxs %y’”‘) i
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Ta oUvoia Q

kar R

Oplopog 1.2.1 Awatetayusvo ooua ewat éva ooua F 1o omoio éxet kat pia Siartaén < oote
(@) Avx,y,z€E Fraty< ztwiex+y< x+ z.
B) Avx,y € F uex> 0 kary > 0 dte xy > 0.

Ovouadouue 1o otoryeio x Oetuedr av x > 0 rkat «apvnuud av x < 0.

Opiopog 1.2.2 Ia éva ooua F Ague ot éxet tnu adotnia tou eAayiotov dve epdyuatog
avyta kade A C F eite 10 A gival Un ave epaypevo eite Exel e7axioto ave gpayua. Aniadn
eite yia kade x € F undpyety € A oote x < y eite undpyetx € F oote avx < y iote y € A,
Kat 1o x givat 1o efaxioro otoyeio ou F ue avtn tmu botta.

Ozopnua 1.2.3 Yrdpyet diatetayucvo oopa R pe mu i6idtta v edayiotov ave gpdy-
uatog. Emmizov 1o R nepigyet 1o Q wg unoowua (ot mpateig 1o R mepiopiopsveg ota otoyeia
tou Q elvar arpiBag ot mpaeig tou Q.

To R opiletal wg to ouvodo v topev Dedekind tou Q- 6nAadr] wg to oUvolo twv
urtoouvodaev tou Q pe 1ig akdAoubeg 1816trTeg:

(@) a € R téte a # 0 xat a # Q.
(B) yvaxdbe acto Ravp € a,q € Q xat g < p tdte q € a (10 a eivat KATE TEAIKO).
(y) yia xd0e a oo R xat p € a unapxel r € a oote p < r (10 a eival nave avoikio).

Ozopnua 1.2.4 (a) Apxr tou Apxwundn: avx,y € R ue x > 0 tote undpyern € N oote
nx > y.

(B) Muxvotnra ou Q: av x, y € R kai x < y wote unapyetp € Q wote x < p < y.

Ocwpnua 1.2.5 (‘Yrapén n-otng pitag) Ia kade 9etind mpayuatikod apduo x Kat kade
9etiko arxépaio n umdpxel évag ITKOS TP ayuatkog apiduog y oote Yy = x
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Mépiopa 1.2.6 TNa kade a, b > 0 kat yia kade n € N woyver (ab)!/™ = a'/mp/,

[apatnpnote ou yia kabe a oo R n akodoubia [nal/n anotedeital and pnroug kat
OUYKAiveL OTO a.

Ta olvoia @ Opronog 1.2.7 To avantuyud tou apduot a € R wg mpog t Baon B € N opiletar va sivar

n akofouvdia
(%)
B neN

I'a napddetypa n akodoudia [10™a] /10" arotedet 1o Sexkadikd avdruypa 1ou a eve
n [2"a] /2" 1o 6uabikéd avdrtuypa Tou a.
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Ta oUvoia Q

kar R

AOKNOEIG
'ASKHZH 1. Agi€te pe emaywyr) ot

n(n+1)

1+2434- - +n=——

yia kabe n € N.

'‘AzkH:H 2. Aeifte pe emayoyn ot yua KABe xi,Xo, - ,Xp, Y1, Y2, - . Yn € R 1oxvel n
aviootnta Cauchy-Schwartz:

1/2 1/2
( .

xayi+ey+oHXays < (6 +6 + ) T (g e+ )

'‘AzkHzH 3. Ta kaBe x > 0 kat yua kabe y € R vnapyer n € N gote nx > y.

'AZKHEH 4. Aeite on yia kabe x,y € R pe x < y undpxel p € Q wote x < p < y xat
undpxet r € R\ Q oote x < r < y.

"AzKHzH 5. Asi€te 6t av A # () katl a xdte @pdypa tou A, xat B ave @pdyua tou A 1ote
a < B. Ioxtet autd av A = (;
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Ta olvoia N kal Z

Ta ouvoia Q kai R

AvoIKTa oUvoAa, onpeia. . .

AvmTEPA Kal KATOTEPA OpIa
To oUvolo Cantor
Supnayeia

SUVEXEIQ OUVAPTHOEWV

OpOoIOHOPPN CUVEXEID. . .

0dnyd6¢ Aoknoswv |
MpwTn ZeAida |
44 | »» |
< | > |
SeAida 7 and 30 |
Miow |

‘0An n 066vn |
KAgioe |
‘E&odog |

EvoTnTa 2n

2TOIXEIa TonoAoyiag Tou R

2.1. AvoilKktd oUvoAa, onueia CUCCWPEUCTS

Opiopog 2.1.1 Kade ovvoio g uopgrc (a,b) = {x € R : a < x < b} Aéyete «avoikto
Swaotnuar Ue KAT® AKPO T0 a Kat Av® akpo To b.

Opropog 2.1.2 Kade avouktd Siaotnua mg uop@ng (x = &,x + ) (e > 0) Aéyete avoyty
TEPLOXN ToU X Ue axtiva . To x Agyete ac€vTpor T0U S1aoTniuarog.

Oplopog 2.1.3 Ilepioyn (avouctry meptoym) evog onueiov x € R ovouadouue kade avoucto
6uaotnua (a, b) eote x € (a, b).

Oplopog 2.1.4 Av A C R, 0 x € R Aéystat onueio ovoowpeuong tou ovvdfou A av yia
Kkade € > 0 woyvet

(x—ex+e)nAa)\ {x} #0.
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Ta olvoia N kal Z

Ta ouvoia Q kai R

AvoIKkTd oUVOAa, onpeia. . .

Av@Tepa Kal KaTwTepa Opia
To alvoAo Cantor
Jupnayeia

SUVEXEIQ OUVAPTHOEWV

OOIOHOP®N CUVEXEID. . .

0dnyoG Aokroewv

MpaTn ZeAida

44 »»

< >

SeAida 8 and 30
Miow

‘OAn n 06ovn
KAgioe
‘E&odog

Av x onueio ovoowpeuong Tou ouvdiou A 10te yia kade € > 0 10 ovvoflo
(x — &, x + &) N A givar arepoovvofio.

[AlqAé§ts éva onpeio oto (x — % X+ %) N A yla kafe n € N. ]

Av K, = [an, by] yia an, b, € R kar K11 C K, dte US2 K, # 0.

ITapatnpoupe 0t a, < by yia kaBe n € N. @¢toupe X = Sup,,cy An Kat
artodeikvuoupe ot x € U | K.

'Eotw E gpayuévo aneipoovvofo oto R. Tote 1o
E éyet toufldyiotov éva onueio oUcO@WPEUONG.

Ao 1o E stvar gpaypévo énetat 6t 9a undpxet S1dotnpa, £0te 1o [a, bj
oote E C [a, b]. Atapoupe 10 [a, b] ota [a, a+ (b—a) /2] ka1 [a+ (b —
a) /2, b] kat ovopddoupe K; (6eg @eopnua 2.1.6) ekeivo mou éxet dmelpn)
topr) pe to E. EnavadapBdavoupe ) §1X0Ttopnon Kat Xprotlonoloupe
10 ®ewpnpa 2.1.6.

'Eotw a,, akofdouvdia oto R.

(o) H a, ovyrAivet 0To X av Kai UOvo av Kade MEPLOXN TOU X TEPLEXEL OAOUG TOUG OPOUS
MG Ay EKTOG AMO £Va METELAOUEVO TTANOOG.

(B) To opro givar povaduco.

(V) Av a, ovykAivet, 10te glvat gpayusvn.
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Ta olvoia N kal Z

Ta ouvoia Q kai R

AvoIKkTd oUVOAa, onpeia. . .

Av@Tepa Kal KaTwTepa Opia
To alvoAo Cantor
Jupnayeia

SUVEXEIQ OUVAPTHOEWV

OOIOHOP®N CUVEXEID. . .

0dnyoG Aokroewv
MpaTn ZeAida
44 | 42
< | | 2
SeAida 9 and 30
Miow
‘OAn n 06ovn
KAgioe
‘E&odog

(&) AvtoE C R éyetoptarxo onpeio 1o x 10te untapyet akodouvdia x, € E n omoia ovykAivet
070 X.

Av x, arofovdia oo R katn; < ng < ng < --- arxoflovdia oro N 10te
oo 1 ’
_, Neéyete wnarofovdiar g Xn.

i=

axofouvdia (xni)
Ipopaves av x, — X Katl X, |ia vnaxkoloubia tng, tote X, — X KABG i — 0.

Kade gpayuévn axoiouvdia exel ovyrAivovoa urakoouv-

[[Ipokuret dpeoa arnod to Oswpnpa 2.1.7. ]

Mua axofouvdia x, € R Aéyetar axofovdia Cauchy av kar uovo av yia
Kade e > 0 unapyet N € N @ote av n,m > N w0te |x, — x| < &

Muwa axofouvdia x, givar ovykiivovoa av kat uovo av eivar akojlovdia
Cauchy.

Ma v katevBuvon «Cauchy = ouykAivouoar Seiyvoupe ot ei-
vat @paypévn Kat xpnotporolovpe @eopnua Heine-Borel (@so-
pnpa 2.1.10).

Kade avéovoa kar ave gpayuévn akojovdia ovykAivel 0to supremum
OV Opwv g. Kéde gdivovoa kat kdtw epayucvn akoiovdia ouykAiver oto infimum tov
0p@V Ng.
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Ta olvoia N kal Z

Ta ouvoia Q kai R

AvoIKTa oUvoAa, onpeia. . .

Av@Tepa Kal KaTwTepa Opia
To alvoAo Cantor
Supnayeia

SUVEXEIO OUVAPTNOEWV

OOIOHOP®N CUVEXEID. . .

0dnyoG Aokroewv
MpaTn ZeAida
44 | 42
< | | 2
SeAida 10 and 30
Miow
‘0An n 066vn
KAgioe
‘E&odog

AOKNOEIG

'"AzKHEH 6. ATtodeite 01l av x;, — X T0Te KABE MEPIOXT] TOU X MEPLEXEL OAOUG TOUG OPOUG
G X, EKTOG ATTO £va MEMEPAOIEVO ITANO0G OP®V.

'‘AZKHZH 7. Av X, — x € R 10t€ 11 X, elvar gpaypévn.

'"AzKHzH 8. Av 10 X £ival oplako onpeio evog ouvodou E, téte umapyel akodoubia x, € E
WOTE X;, — X.

'"AzKHEH 9. Av X, — x € R 101¢ 11 X;; elvat akodouBia Cauchy

'ATKHEH 10.
e Av 1 X, elvat avgouoa Kat Ave @payuévr, ote x, — sup{x. : k € N}.

e Av 1 x;, eivat Bivouca xal Kate epaypévn, ote X, — inf{x. : k € N}.
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Av@Tepa Kal KaTwTepa opia

EvoTnTa 3n

AvOTEPA KAl KATWTEPA OpPIa

3.1. Avotepa KAl KATOTEPA OpLa

Oplonog 3.1.1 [a wa axofouvdia s, Acue Ot ouyKAivel 0T0 0O av Kat Uovo av yia Kade
M > 0 vndpyet ny € N @ote yia kade n > ng va woxver s, > M.

Ia wa axofouvdia s, Ague ou ovykAiver o0 —00 av kat uovo av ywa kads M > 0
unapxet ny € N dote yia kade n > ny va wyvet s, < —M.

Opiopog 3.1.2 '‘Eotw axofovdia s, € R. 'Eotw E C RU {+o00} @ote x € E av kai uovo
av urmapxel vrakojovdia Sp, S Sp UE S, — X (6nAabdn 1o E eivai 10 ovvofo 0Aewv tov
unakolovdiakwv opimv g Sp).

@étoupe s* = supE kar s, = infE. To s* féyetar «avdtepo dpior g S, Kat 10 Sy
Aéyetar acatdrepo dpior mg s,. Tpdouus s* = limsup s, 7 lims, xat s, = liminfs, 7
lims,,.

I'a napadetypa, limsup(—1)" = 1, liminf(—1)" = —1, limsup % = 0, liminf n? =
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Q.

Ozopnua 3.1.3 'Eotw axkofouvdia s, oto R xat E 10 0UvoAo twv unakofouvdiarav opiov
mg.

(@) s* € E
AVGOTEP Kl KATGTEPD BpIa (B) av x> s* ote unapyxet N € N oote yia kade n > N woxvet s, < x
() o apdudg s* eivai o povadikog apdudg ue tg botneg (i) xat (i)
(8) s, € E

(&) avx < s, tote utdpxet N € N dote yia wade n > N woxvel s, > X

() 0 apduog s, eivar o povadikog apduog ue tig 1610tTeg (iv) kat (v)

aro 10 x yatl tote Ya eixe unakoAoubiako 6plo peyadutepo 1 ico tou

ll"tq 10 (ii) av x > s* tote 1 s, Hev propei va £xel anelpoug Gpoug ndvm]
X.

II6piona 3.1.4 (a) limsups, < limsup s,.
(B) limsup s, = liminf s, av xat uovo av vrdoyet 1o lim s, kat tote
lims, = limsup s, = liminf s,.

TMa 1o (ii) av lim sup s, = lim inf s, 161 10 CUVOAO TV UTTAKOAOUBIAKWY
opiav gival povoouvoAo.
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IIpotaon 3.1.5 a kade arxofdovdia a,, oo R oy vet

limsup a, = klim (sup{a, : n > k}).

[H axodoubia sup{a, : n > k} stvar avgouoa. ]

Oswpnua 3.1.6 Ia kdde axofouvdia a, oto R ue a, > 0 woyvet

To alvoAo Cantor

. . o —Q,
lim —H < limva, < limy/a,lim il
an Qn

af;:l tote urtapxet N € N oote yia kabe n > N oxvet

Av s* = lim

ant1 n—N+1
"—+<s*-|-s=>an+1<(s*+s) ay.

an

Oplonog 3.1.7 'Eva ovvofo A C R Aéyetat «avoiyto ovvoior av yia kade x € A undpyet
e>0aote (x—e,x+¢) C A

Opionog 3.1.8 'Eva ovvoflo F C R Aéyetar acieiotd ovvodor av yia kdade arxofdouvdia
X, € F e x, — x € R ovvendyetai x € F.

IIpotaon 3.1.9 'Eotw K C R. To K eivar kietot0 av kai uovo av 1o K¢ givar avoryto.
IIpotaon 3.1.10 (a) Evdon avoytev cuvdAwv givat avotyto ouvolo.

(B) Toun memepaoucvou mAROOUG aAvVOLX TV CUVOA®Y glvat avolyto oUvojio.

(y) Toun kisiotwv ouvdoAwv givar KA0To oUvosio.

(6) 'Evwon memepaouévou mindoug kKAgiotwv ovvofmv sivat Kigioto ovvoslo.
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3.2. To ouvoldo Cantor

To ouvodo Cantor kataokeuddetal agpatpoviag and t [0, 1] to peoaio tpito vnodidotpa
Kat enavadapBavoviag v 61a Sadikaocia yia ta evaropeivavia daotpata. AxpiBe-
otepa Sétoupe

E, = [0,1]
[ 1 2
E, = 0,-|U|=,1
To ouvoAo Cantor 2 L 3:| |:3 :|
[ 1 2 3 6 7 8
E; = 0,3_2 U 3—2,§ U 3—2,§ U §,1
_ [ 1 2 3 6 7 8 9
E, = 0,3—3 U 3333 U 3333 U 3338 U
18 19 20 21 24 25 26
Uiss g | Yz s | Y s e Y st

Kat opioupe 10 ouvodo Cantor P wg v Topr) 0Awv 1oV E,:

P =N%,E,.
Mpétaon 3.2.1 Nakade a, b € [0,1] ue a < b wyvet (a, b) ¢ P
Ta xabe k,m € N woyver ((3k + 1)/3™,(3k +2)/3™) NP = 0. Av

m apketd peyddo oote 3/3™ < (b — a)/2 wote undpxet k € N oote
((3k+1)/3™, (3k+2)/3™) C (a.b).
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0 1/3 2/3 1

0 1/32 2/32 3/32 6/32 7/32 8/32 1

To aUvoAo Cantor A A A A
12 3 6 7 8 9 18 19 20 21 24 25 26

0 333333 333333 33 33333333 333333 1

H H H H H

Ixfpa 3.1: H kataokeur tou ouvodou Cantor
Oplopog 3.2.2 'Eva ovvofo E Agyetar téisio otav givar kiewotd rkat kade onueio 1oU E
glval onelo oUCOWPEVOTG TOU.

IIpotaon 3.2.3 To ovvofo Cantor lvat teieio oUvvoo.

Eivat gavepd kAe10to kat av x € P Bpiokoupe 10 dractnpa tou E, (ard
VvV Kataokeur tou Cantor) mou mepiéXet 10 X Kat YETOUNE X, TO AKPO
Tou Sraotrpartog mou dev eivat 100 pe o x.
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IIpotaon 3.2.4 To ovvofo Cantor givatl utepaptdpuioo.

Av x € P 161
o0

e

i=1

orou g; € {0, 2}.

To alvoAo Cantor
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To alvoAo Cantor

AOKNOEIG

"AzKHzH 11. Yrodoyiote ta lim inf kat lim sup tov akodoubov x, =1+ (—=1)" — (=1)"/n
Kat ) ’
ﬁT’ av n aptog
Yn = 1 ,
SET: GV nmepuds.

Emiong urnodoyiote ta lim inf xat lim sup g yn+1/yYn Kat /yn.

‘AskHzH 12. Bpeite ta lim inf xat lim sup g £ — [%] .

'ArKHzH 13. Bpeite 1a oplakd onpeia tov ouvoAav:

[ onen)e (2edommen). foorfie )

'ATKHEH 14. Av x > lim sup a, tote unidpyet N € N oote yua kabe n > N oyvet x > ay.

"AsKHrH 15. Aeifte 6t av ta ouvoda A, givat avoixtd yia kabe n € N tote 10 A = supine | An
etvat avoiyto.

'"AzKHzH 16. AgiSte pe tov oplopo (6ndadn pe xprion akodoubimv) 6t av Fy, Fs eivat kAsiota
ouvolAa tote kat to F; U Fy sivatl KAe1oto.

"AzKHEH 17. AeiSte (pe éva mapadetypia) ot drelpn £évoorn KAE10TOV oUuvoAev dev elval dvia
KA£10T6 oUVOAo.
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Ta olvoia N kal Z
Ta ouvoia Q kai R
AvolkTa oUvoAa, onyeia. . .
Av@Tepa Kal KaTwTepa Opia

To ouvoAo Cantor

SUVEXEIQ OUVAPTHOEWV

OpOoIOHOPPN CUVEXEID. . .

0dnyd6¢ Aoknoswv |
MpwTn ZeAida |
44 | 42 |
4 | | 2 |
SeAida 18 and 30 |
Miow |

‘0An n 066vn |
KAgioe |
‘E&odog |

EvoTnTa 4n

ZUupnayesia

4.1. Zupnayewa

Opiopog 4.1.1 Ta ovvoda (Gg)aca Aéyetar ot amoteovv «avorytr kauywn evog ouvoAou
E av eivar avowkta kat E C UgcaGg.-

Opiopog 4.1.2 'Eva unoovvofo K 1ou R Aéyetar «covunayég av rkat povo av kades avoryt
KkaAuyn tou K repiéyet nemepaousvn vrokadvyn: éniadn av ta (Gg)aca elvat avorytd kai
K C UgeaGq, 10t UTAPYOUY Q4, A3, . . ., Ay € A wote K C UJ’leGax.

Iapadswypa 4.1.3 To ovvoflo (a,b) yia a < b, a,b € R éev eivar ovuraysg agov ta
otvofla (a,b — 1/n) yia n € N anoteflovv avoyctry kaduvyn tou (a, b) xwpic tenepaousvn

vnokavyn.

Iipotaon 4.1.4 Ta kade a,b € R pe a < b 1 ovvoilo |a, b] eivar oupmaysg.
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ATI06£1KVUOUE OTL TO SUpPremum ToU CUVOAOU

o otvora N kol Z A={t€[ab] : 10 [a t] £xel nenepaopévo vrokdduppa}t

Ta ouVoA R ] g
a obvora Q kai givat ioo pe to b.

AvoIKTa oUvoAa, anpeia. . .
, : . Kot uoovvoflo ouumayoug ouvoAou gival ouurayeg ouvojlo.
Av@Tepa Kal KaTwTepa Opia

To obvoho Cantor Kade avowkto kdaiuuua (omotoudnmote ouvdiov) oto R éyer apiOuropio

unokdAvppa.

SUVEXEIQ OUVAPTHOEWV , , , , , ,
Eotw K C R. To K eivair ouutayég av kat puovo av kdade arxojouvdia oto

OOIOHOP®N CUVEXEID. . . , , , ,
K éxet ouykilivovoa urtakoflovdia pe opto oto K.

00ny66 Aokrioewv FAv n akoAoubia x, € K dev €xel onpieio cuocompeuong oto K ToTe 10 0U-]
vodo A = {x; : n € N eivat kAe1016 urtoouvoAo tou K Kat apa ournayeg,
Mpan ZeAida 10 omoio 0dnyel o€ Atono adou XwPig onpeia cuco®pPeUong Ta onpeia
T0U A ®G PEPOVOpPEVA PITOPOUV va KaAupOouv amnd arelpo mAnbog &E-
44 | 42 vev petadu toug Saotpata. Ta 1o avtiotpodo maAl Xproonoloupe
Aray®yn OTo AToIo: IEPVOULE €va apldprotpo KaAAupia mou Sev €xet
< | 4 MEMEPAOEVO UTTIOKAAUNA Katl Stadéyoupe x;, oo K £w and ta mpwta
Ln oUuvoAa tou KaAupatog. i

SeAida 19 and 30 , , , , , ,

Av K unoovvoilo tou R tote 10 K givar ovunayég av kar povo av 1o K sivat
ion KAELOT0 Kat epaypevo.

0AN N 0686vn [Tpoxkurttel EUKOAQ AITO TO IPONYyoUlevo Kal tTo Aedpnpa Heine-Borel

(B®eswpnpa 2.1.10).

KAgioe
‘E&odog
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Ta ouvoAia N kal Z
Ta ouvoia Q kai R
AvoIKTd oUVOAa, onpeia. . .
Av@Tepa Kal KaTwTepa Opia

To alvoAo Cantor

SUVEXEIO OUVAPTNOEWV

OOIOHOP®N CUVEXEID. . .

0dnyoG Aokroewv
MpaTn ZeAida
44 | 42
< | | 2
SeAida 20 and 30
Miow
‘OAn n 06ovn
KAgioe
‘E&odog

AOKNOEIG

‘AzkHzH 18. 'E0te a < x, < bxat x, — b (a, b, x, € R). 'Ectw (G;)ie; avoiytd kdAupa tou
(a, b] ®ote o Sraotpa (a, x,) va £Xel KAMO10 MEMEPACPEVO UIIOKAAUPHA artd to KAAuppa
(Gi)ier Yia kaBe n € N. Aeifte 6t ka1 10 (@, b] £xe1 nenepaopévo urokAAuppa.

'‘AzkHzH 19. 'Eote akoloubia x, — x. Aeigte ou yia kaOe k € N 1oyuet

x <sup{x, : n> k}.

'AZKHZH 20.

(a) Aei€te 6m n axodoubia ar = sup{x, : n > k} eite ouykAivel oe Karnoo onueio tou
R eite aroxAivel oto +00.

(B) Me tn BorBeia tng Aoknong 19 dei€te o lim sup x,; < a, yia kabe k € N. Andadn

lim sup x, < lim (sup{xn n> k})
k— 00

(y) Eotw & > 0. Aei€te ou untapxet ky oote yia kabe k > kg woxvet a < (im sup x;,) + €.
(8) Asigte 6n1 limy_, oo ar. = lim sup x;,, 6ndadr)

lim sup x, = klim (sup{x, : n > k}).
— 00

'"AzKHzH 21. AeiSte ot
LT S
— = e —_
273 no

e ta akoAouba PBrpata:
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(a) ®fote

1 1 1
Xp=1+_-+-+4+---+———logn
n—1

2 3
Kat
Ta ouvoAa N kal Z 14 1 1 n n 1 ]
= — -|— = oo — — log n.
Ta oUvoia Q kar R Yn 2 3 n 8
AVoIKTG GUVOAa, onpeid. . . Asitte 6 ) x;; eival audouoca kat 1 Yy, sivail @bivouoa.

Av@Tepa Kal KaTwTepa Opia
P (B) Aei€te ot y, > X1 yia kabe n € N,

(y) Amo ta o' kat ' oupriepavate Ot 1 Y, OUYKATVEL.

SUVEXEIO OUVAPTNOEWV

CHEIEEET SO, - ‘ArkHzH 22. 'Eoto x, akodoubBia Cauchy kat x;, uniakoAoubia g x, pe X, — x € R.

Aeite o x, — x.

P "AzKHrH 23. Bpeite te onpeia cuooopeuong 1@V GUVOAGV:
Mpém SeNida {i : neN}, {:l+§1 : n,meN}, {(—1)” {lﬁ—i] : nEN}.
«|»]
||
SeMida 21 and 30
niow
0An n 086vn
KAgioe
EE060G
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SUVEXEIQ OUVAPTHOEWV

EvoTnTa 5n

ZUVEXEIO CUVAPTNOEMV

5.1. Zuvéxela oUVAPTI|OEDV

Opiopog 5.1.1 Miwa ovvaptnon f : R — R Aéystar «ovvexrier av kar uévo av yia rkade
avoukto uroouvoio U tou R n avtiotpogn emcdva tou f~1(U) eivar avoukto ovvoo.

Mapatripnon 5.1.2 Av e > 0 wWie 0 ovvofo (f(x) — &.f(x0) + €) eivar avoyto, dpa
9a sivar avoito kat 1o f =1 ((f (x0) — &f(x) + s)) epooov n f elvar ovvexng. 'Ouwg
xp€f! ((j(xo) —&f(x)+ 8)) (apov f(x0) € (f(x0) — &.f(x0) + €)) dpa undpxer 6 > 0
wote

(xo — 6, %) + 6) gf‘l((f(xo) — & f(x) + s)).

AnAadn yia kade e > 0 undpxet 6 >0 wozs av|x — x0| < & (ondte kar xy € (xp — 6, %0 + 6))
wie |f(x) — f(x0)| < & (agov f(x) € (f(x0) — &.f(x0) + &).
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SUVEXEIQ OUVAPTHOEWV

Avtiotpogag, éotw U avotd ovvofo kar xy € f~1(U). Téte f(xy) € U kar apov U
avoytd, undpyet e > 0 wote (f(xo) — &.f(x0) + &) C U. Ia avté 10 & > 0 9a vndpyet 6 > 0
wote

(0 — 6.5 +6) 17 ((f(x0) — &S (x0) + ) ) CS71(U).

‘Apa yia kade xo € f~H(U) Borikaue 6 > 0 dyote (xo — 6, %0+ 6) C f~H(U). Apatof~(U)
glvar avoiyto.

Ozmpnua 5.1.3 Zvveyrj¢ etcova ouurayovs ouvoAou givar ouurayeg ovvofo. Andadt, av
f R — R givat ouvexric ovvdptnon kat 1o K C R givar oupurayég ovvoo, 1ote 10 oUvoio
S(K) eivat emiong ouprayzg.

Ozopnua 5.1.4 Avf : K — R eivai ouvexrg ouvdptnon, kat 1o K elvar ouunaysg unoou-
vofo wou R, 1te 1 f €yet uéyioro kar efdayioto oo K. Anfabn, vrdpyxouv xi, x2 € K aote
yia kade x € K va oxvet

Sla) <f(x) <f ().

Agou 10 f(K) eival oupnayég ouverndyetatl ou eivat KAEOTO Kat pay-
pévo. ‘Apa éxel supremum kat infimum nou Adye g rAsiotdtntag
twu f(K) avirouv oe auto.

Oswpnua 5.1.5 'Ecw f : K — R kat éva mpog €va, kat K ovunayég vroovvoo tou R.
Téte n avtiotpogn ouvapmon f~1 : f(K) — K eivai ovveyrig.

Apxel va dei§oupe ot av to U eivat avoixtd uroouvodo tou K tote
etvat avoxtd xat to f(U). To f(K \ U) eivat kAetoto 8ot o K \ U
eivatl ouprayeg (0g KAe1016 uroouvoAo tou cuurnayous K) xat f(U) =

(K)\S(K\ U).
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SUVEXEIQ OUVAPTHOEWV

5.1.1. Eidn aocuvéyelag

Cpagoune f(x+) yia 1o lim,_, .+ f(t) xat f(x—) yia 1o lim,_, - f(¢).

Opiopég 5.1.6 INa m ovvdpmnon f : (a, b) — R Aéue ou éyet «aovvéyeia mpatou gibougy
o010 x € (a, b) otav evar pev acvvexrg oto x afia ta misupia dpwa f(x+) xar f(x—)
undpyouv kat avrrouv oto R (6niabdn bev eivar ouv 1 i anepo).

Av touflaytotov éva ano ta misupika opta g f oto x dev unapyet (ouunepiilaubavo-
UEVNG NG TEPIMTOONG va gvat 00 10te Aéue ot n f €xel «aovvéxela Seutepou elboug» 0To
X.

IMapatrpnon 5.1.7 Ta va éxet pua ovvdpmon f acuvéxela mpatou idoug oe Eva onueio
x 6U0 mpayuata umopouv va oupbdivovv: eite f(x+) # f(x—) eite f(x+) = f(x—) # f(x).

IMapadewypa 5.1.8 H ovvdptnon

[ 1, avxeQ
f(x)_{O, avx ¢ Q

&xel aovvéyeieg bevtgpou eiboug oe Oia ta onueia tou R.

IMapadewypa 5.1.9 H ovvdptnon

x, avx€Q
f(x):{O, avx € Q

etvar ouveyrig oto x = 0 kat éxet aouvéyeleg Sevtepou eiboug oe 6ia ta onueia tou R\ {0}.
IMapadeiwyna 5.1.10 H ovvdptnon

flx) = { sin}c, avx #0

0, avx =0

sivar ouvexric oe 6ila ta onueia tou R \ {0} xai éxer acvvéyeia evtepou gidoug ato x = 0.
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SUVEXEIQ OUVAPTHOEWV

AOKNOEIG

'‘ArKHrH 24. 'Eot® 11 akoAoubBia

2'3'3'4°4'4’5'5°5'5°6" "
INa o a € R undpyetl urtakoAouBia tng raparave e 0plo 1o a;
‘AzkHzH 25. To K C R elvat ouprnayég av kat povo av eivat KAE10td Kat @paypévo.

'ArKHzH 26. 'Eotw A C R. @
A’ = {x € R : x onpeio cucompeuong tou A},

Kat A = AU A Aei€te 611 10 A tvatl kAe1otd oUvodo Kat 6t av F O A kat F xAelotd 1618
F D A. Té)og 8eifte om
A= (| k.

F xAet0t6
FDA

'ASKHEH 27. Artodeigte ot ta povadikda urtoocuvora tou R mou eivat kat avoixtd kat KAelotd
etvat o () xat R e tov £€rg tpdmo:

Eotw G C R, G # 0, Gavorxto kat KAe1oté ouvodo. Apket va 8ei€w 611t G = R. Apou
10 G &ev elval kevo, €0t x € G. BLte

M=sup{teR : (x—t,x+t) C G}

(yiati urtapyet 1o supremums;).

Apxei va 8elfo ott M = 0o. Av dx1 tote yia kabe € > 0 woxvet x + M — ¢ € G (ywati;).
Apa x+M € G (yati;). Zuvenog [x—M, x+ M] C G (yiau;). ‘'Opeg 1o G gival kat avotxto
dpa undpxet € > 0 vote (x — M — g,x + M + ¢) C G (yati;) drono (yati;).
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'‘AzkHzH 28. Av A, B ouprnayr) urtoouvola tou R tote ta A U B kat A N B eivat emniong
oupnayn. Ioxuet to 1610 yia drnelpo mAn6og CUPIIAY®V CUVOARV ;
"ArKHzH 29. Iati to ouvolo
1
{0}U{= :neN}

eival ouprnayeg;
'‘AzkHzH 30. 'Eowe K, akoloubia pn kevav, cupnayov urtoouvodev tou R pe K, D Ky
yia xafe n € N. Aeigte 6u N2 K, # (. (Ynodedn: Seifte on av Siadé§oupe £va x, amno
KA6e K, 10te 1 akoAoubia rmou oxnuatidetal £€xet TOUAAXLI0TOV €va ONIEi0 CUCOMOPEUOTG TO
ZUVEXEId OUVaPTHOEWY ortoio avikel o 0Aa ta K,.)



http://www.aegean.gr
http://iris.math.aegean.gr/odngoi-asknsewv/avalysn2/avalysn2/

Opolopop®N CUVEXEID. . .

EvoTnTa 6n

OHOIOHOP(PN CUVEXEIQ
OUVAPTHOEWV

6.1. Ouolduopen CUVEYXELA CUVAPTI|CEDV

Oplonog 6.1.1 Miwa ovvdpmnon f : A — R, A C R, Agyetar opuoduoppa ovvexrg oto A
av yia kade € > 0 vndpyer 6 > 0 wote yia kade x,y € A ue |[x — y| < 6 ovvendystar

IFG) = f (W)l < &

Hapadeypa 6.1.2 H ovvapmon f(x) = 1/x: (0,1) — R eivar ouvexric aiia oxt opoios-
uop@a ovvexmg.
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[Twa e = 1 av unidpxet 6 > 0 wote yia kabe x, y € (0,1) pe |x — y| < 8]
ouvendyetat |)—1( = ﬂ < &, 101e 9a woyvel kat yua y = x + 6/2. 'Opeg

1 1

X Yy

6/2
x(x+ 6/2)

’

| To omoio eivat peyadutepo amnd 1 av to x eivat apretd Kovid oto pPndev. |

Ot 800 €voleg —OUVEXELA KAl OJIOI010PPI) OUVEXELQ— CUNINITIOUV ITAV® Of CUNITAYY)
oUVOAQ :

OL0I6LH0PPN OUVEXEID. . . Ozmpnua 6.1.3 Avf : K — R givai ovvexri¢ ouvaptnon kat 1o K eivar ouunayég ovvoo,
te N f elvar opowpuoppa ovvexng oo K.

[Tia k&0e x € K undpyxet 8, > 0 wote av |x —y| < &, tote [f(x) —f(y)| <]
e/2. ®avepd K C Uyeg(x — 6,x + 6) ka1 Ady® g oupndyeiag tou K
unapyetl N € N kat xq, x2, ..., xy oto K wote

K C UL, (% — 6y, % + 6).
®tétoupe 6 = %min{d9 :j=12....N}. Eow xy € K pe |x —
y| < 6. Eoww 1 < i < N dote x € (xi — 6y X + 6Xi). ‘Apa 10xUEeL
[f(x) — f(x)] < /2. Topa éxoupe:

1
|y—xi|S|y—x|+|x—xi|<5+§5xi§5xi-

Tuvenos |f(y) — f(x)] < /2. Mia tpyovikr avicduta divet to aroté-
| Aeopa.
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Opolopop®N CUVEXEID. . .

AOKNOEIG

'‘AzkHzH 31. 'Eote F,K C R o6nou F xAetoto kat K ouprnayég. Av F N K = () 6eifte 61
unapxet € > 0 Gote yia kdbe x € F kat yia kabe y € K va woxvet |x — y| > e

‘AzkHzH 32. ‘Eotew ouvdaptnon f : R — R. AeiSte ou n f ouvexrig av kat povo av n
avtiotpogn eikoéva f 1K) evog kAetotou ouvorou K C R eival kAeioto.

‘AzkHzH 33. Eotw K, ouprnayr) urnootvoda tou R ye K, # 0 yia xafe n € N xat K; 2D
Ko D .- . Acifte 6ul n toun oAwv v K, eival pr kevr] pe tov akodoubo tpormo: av
K N (N%,K,) = 0 téte Ky C (N2 ,K,) . Xpnotponowote tov vopo tou De Morgan kat

Tov 0p1lopod g oupnayelag ya o Kj oote va kataAnéete oe dtoro.

'‘AskHzH 34. 'Eoww f,g : R — R ouvexig ouvaptrjoslg. Bpeite mold and ta mapakdto
oUvoAa eivatl avoi td Kat rmod eivat KAelotd :

(x€R:f()=v2}, {xeR:f()<g()} {x€R:[(x)+g()}

'ArKHzH 35. ITo1€g aro 1ig akoAoubeg CUVENIAYOYES Eival OWMOTES ;
(@) (f : A — R ouvexnig xat A gpaypévo urocuvodo tou R) = f(A) ppaypévo.
(B) (f : R — R ouvexrig kat A gpaypévo urnoouvoro tou R) = f(A) ppaypévo.

‘AzkHzH 36. 'Eoww A C R 6x1 ouprnayég. Asi§te ot unidpyxetl ouvaptnon f : A — R ouvexng
Kat @paypévn mou dev €xel peyioto oto A.

‘AskHzH 37. 'Eote ouvdpmon f : R — R. Asi§te v akédoubn coduvapia

S ouvextis < [Vx, € Rpe x, — x € R = f(x,) — f(x)].
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'‘AzkHzH 38. Aeigte pe éva napadeypa ou av A C R xat f : A — R ouvexrig ouvdptnor,
1-1 kat ert, e i avriotpopn cuvapton ! : R — A Sev eivat anapaitta ouvexrg.

'AzkHzH 39. 'Eote ouvexng ouvapon f : [0, 1] — [0, 1].AeiEte 61 unapyet x € [0, 1] oote
Slx) = x.

'‘AzkHzH 40. 'Eotw E C R pn oupniayég ouvodo. Aeite ot unidpyet ouvaporn f : E — R
1 oroia va givat ouvexng aAAd ox1 opoldpopPa CUVEXTS.

'"AzKHzH 41. E§etdote 0g mpog tnv opo1opop@rn ouveXela Ti§ CUVAPTHOELS:

(@) f(x)=1/x x>0
OHOoIOHOP®N CUVEXEID. . . (Bv) f(X) 2/(1 +x )

W) f(x) =x°

®) fx) = (x* —4)7".

'AzkHzH 42. 'Eote r pnuog apiBpog. Na Seifete 6t ) akodoubia sin(rum) ey £xel nenepa-
OP€Vo TTAR00G OPLaK®V ONHEIDV.
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AU0oe1g TV ACKNOEWV

‘Aoknon 1. Yo Kataokeur). ‘Aoknon 1
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‘Aornon 2. Yo KAataoKeur).
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‘Aornon 3. Yo Kataokeur).
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‘Acornon 4. Yo Kataokeur).
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‘Aornon 5. Yo Kataokeur).
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‘Aornon 6. Yo Kataokeur).
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‘Aornon 7. Yo KAataoKeur).



http://www.aegean.gr
http://iris.math.aegean.gr/odngoi-asknsewv/avalysn2/avalysn2/

‘Aornon 8. Yo KAataokeur).
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‘Aornon 9. Yo KAataokeur).
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‘Aornon 10. Y6 Kataokeut. ‘Aoknorn 10
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‘Aornon 11. Y6 Kataokeur. ‘Aoknon 11
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‘Aornon 12. Y6 Kataokeut. ‘Aoknor 12
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‘Aornon 13. Y6 Kataokeur. ‘Aoknorn 13
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‘Aornon 14. Yo Kataokeur. ‘Aoknorn 14
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‘Aornon 15. Y6 kataokeur. ‘Aoknon 15
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‘Aornon 16. Yo Kataokeur. ‘Aoknor 16
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‘Acornon 17. Y6 Kataokeut. ‘Aoknon 17
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‘Acornon 18. Yo Kataokeur. ‘Aoknor 18
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‘Aornon 19. Yo Kataokeut. ‘Aoknorn 19
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