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Mégog 1
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Kegaiato 1

Avasromn ey Twy L8LoTHTLY
TOY pyasitxmy oaptiumy

1.1 Basuxot opiopot

‘Eotw 61t to R eivat to ghvoro twv Tpaypatixwmy aptbuov. Y'Tdpyovy Tdvw
oto R 800 ahyefpixés Tpaketg + xat - xat pra ayéan okxng dtdtalng <. H akye-
Bpten Sopn (R, +, -, <) elva évar ohixd Sratetayp.évo swpa (e TV aAyeBpLun
gwvoLa).

H emumiéov Biétnta Tou yopoaxtnpilet to Statetaypévo copa R elvat 7
TANPOTNTA WS TPOS TV Stdtaky:

Kdle avo poayuévo un xevé vrosbvodo tov R €yer supremum.

Mo Suoxohio-atédeta TwV TpaypaTX®y aptdudy lvat 6Tt LTAEYOLY TOALWYLP.A
e TparypLotinode GLVTEAEGTES TToL Bey éyouv pilec wéaa ato R. To amhodotepo
tét0l0 TOALWYLP.O etvar To 2% + 1. Avth 7 Suoxoiio avtipetwmileTor pe TNy
ETEXTAGT) TV TPAYLATIXOV apldL®Y HGTE To Véo cbaTP.a Vo Statypel 650 T0
SUVALTOV TTEPLGGOTEPES OO TS LBLOTNTES TWV TPAYLATIXWY aptOp®y %ot GuYYPo6-
yog v éyet Ty Tpdalety dtdtnTa T oyetinn pe Ti¢ pileg ToAvwyvdpwy. To véo
auT6 sbaTnpa elvat ot peyadieol aptip.ol, To shvoro Twv omolwy supBoiilovpe
ue C.

Optapéc 1.1 Q¢ sbdvoho, o pryadixot aptbuol C tawtilovtat pe to xaptestavd
ywopevo R X R = {(a, b) : a,b € R}. Ot wpaketg opilovtar wg kg

i) +:C x C— C 6érovrag (a,b) + (a’,0') = (a+a', b+ b').
ii) -: C X C — C 6érovrag (a,b) - (a’,b") = (aa” — bb',ab’ + a’b).

BOtovpe emiong 0 = (0,0) xat 1 = (1,0).
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10 1. ANAZKOIIHEZH TQN IAIOTHTQN TQN MITAAIKQN APIOMQN

O moAhamhastaspog opiletar xatd dtdlovta alyeBpixd Tpomo, Tou Eyet
bpwe oY) YeEWUETPLRY] epunVela, 6w 0o Bodpe Tapaxdto.

Me toug optap.ode avtodg 1 aiyeBpint) Sopn (C, +, -, 0, 1) elvat éva adyefpind
sopa. Ot Teptasbtepes L3LdTnTeS ToL sOP.aTog eTaAnledovtatl apéaws. H pévy
L) TETPLL PV BTy Ta eivar ott, xdle 2 € C, pe 2 #= 0 éyet (ToAamAastactind)
avtiotpogo. pdypatt av 2 = (a, b) # 0, téte Eyovpe

z_l—< a —b )
 \a? 4 b2 a2 + b2

6Twg propobe va ehéyEovpe e xat evlelay emartfsvon.

1.2 Eyéom pe toug mpaypatirode aptipodsg

Bétovpe ¢ = (0,1). Opilovpe ¢ : R — C pe ¢(a) = (a,0). H ¢ eivar
toop.op@Lapos (Snhadn 1-1 amwetndvion mou Statnpel Ti¢ TpdEets: ¢la + b) =
d(a) + ¢(b) nat ¢(ab) = ¢(a)p(b)) ot péow avtod Tawtilovpe to R pe éva
vroswp.a tou C, Sniadn tavtilovpe to a € R pe tv etxdva tov, ¢(a) = (a, 0) €
C. 'Evat, 6mwg tavticape wpw to 1 e to (1, 0), yphopoupe yevixdtepa

(a,b) = (a,0)(1,0) + (b,0)(0,1) =a-1+b-i = a+ib.
Avtée o teevtaiog TpoTog Ypagrs evis wyadixod aptbpod eivat o suvrdiapévos.

Hapatienem 1.2 i) Iopatnpodpe 6t i? = (0,1)(0,1) = (—1,0) = —1.
"Etot TouAdyiaToy, To apyixd ToAvmvLLe TTou eldape yopitepo 2% + 1
Eyet pyodiny pila o i. Apydtepa Oo Sodue ott autd toydet yia xdbe pun
otalepd TOAHYLP.O PE LYadRo0S GUVTEAEGTES (Bepelndes Oempnpa
e AlyeBpag).

ii) O moAlamwhastaspos duo puryadtxwy aptbpmy pe tov supBoiteows a + ib
avti tov (a, b) eivat Told 7o edxolog:

(a,b)(a’,b") = (a 4+ ib)(a’ 4+ ib') = aa’ + iba’ + iab’ + i%bb’
= (aa’ — bb’") + i(ba’ + ab’) = (aa’ — bb’, ba’ + ab’).

MetaBaivovtag amé to sopa R oto evpdtepo swpa C xepdilovpe xuplwg to
Bepehwdes Oswpnua g AkyeBpag, yavoupe 6png xdle évvola Statakng.

Opiopés 1.3 Kohobpe pocuuinc draretayuévo eoua éva Cebyog (F, F ) 6mou
F_ < F wote va toybouy ot eEvg

i) yiaxabe x € '\ {0} eite x € F' | eite (amoxhetotind) (—x) € F' ., xot
i) yioxafe x, y € F | woybetx+y € F xoavx-y€F, .

Me tov Tapamdvew optop.o taybet To axdrovbo:
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1.3. TETPATQNIKH PIZA 11

Ipérasm 1.4 To C dev umogel va Oewonbel ooy poaund diaretayuévo couc.

AmégetEm: Av to C ftav Statetayp.évo sopa tote elte ¢ € C eite (—i) € C
(ool pavepd i £ 0).

Avi€C tote —1=1i-iCC  dpa —i = (—1)-¢ € C_, dromo, agod dev
umopet va supBaivouy xat ta 8do pali. Opolwg av —i € C,.. O

1.3 Tetpaywvixy pilo

Ze auth T evétnta Bo vTodoyicovpe TNV TeTpaywytey) pila xdle wiyadinod
aptbpodb e = a+b € C,pea, b€ R. Avw = c+id, pec, d € R eivar pra
tetpaywvint ptlo tou 2 tote 2 = w?, dnhody (c+id)? = a—+ib xou w ex T00TOL
¢ —d? = axor 2¢d = b. Hapatnpodpe 61t (¢ +d?)? = (¢ —d?)2 +4c%d® =
a® + b2. Tuvemag éyovpe 6L ¢ —d? = a xar ¢ +d? = Va® + b%. Awé avté
ebxoho TpoxOTTEL OTL

czzé(a—i—\/az——o—bz) d2:%<—a—|—\/a2——0—bz>.

Amé awtée xat Ty 2¢d = b Bpioxovpe:

i<\/;<a+\/a2+b2>+iz|\/;<—a+\/a2+b2>> avb 0
Ve = +a owb=0,a>0
+iy—a avb=0, a <O,

6mou b/|b| = £1 avaroya pe toav b > 07 b < 0.

0 mapamdvew vToroytop.os o amhomoinbel oyuavtind pe yprior Tou THTOoL
de Moivre tn¢ Evotnrog 1.6.

Asrisetg
Acxmon 1.1 Avz=(a,b) € Cxaut

()
 \aZ + b2 a2+ 02

L=l =1.

emainfebate ot 22

Acxmon 1.2 Adste tny ekiowon 2% + i = 0.

Aszmem 1.8 Ymoloyiote Tig Tipée Tov axdhoulwy plov: V1 + 14,4/ 1 +Vino

V=i
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12 1. ANAZKOIIHEZH TQN IAIOTHTQN TQN MITAAIKQN APIOMQN

1.4 Xvluyta rat améAvty) Tu

‘Eotw ott 2 = a +tb € C. O¢toupe 2 = a — ib xat tov ovopalovpe auloyy
tou 2. Hpayuatino wégog tov 2 ovopalovpe to Rez = a € R xow pyadind wégog
tovztolmz=10b€R.

IIpogavwg taybouy (xat aprvovtat wg daxna))

o 2 z =
ctw=z-+w, zw=-zw, (—)z:, 2=z,
w w

Rez = é(z—!—é), Imz = Zli(z—g), z-2=a’+b>>0.

Bértovpe |2| = V2 2 1 amdlory Ty Tou 2. Doavepd: toydet 27 = |2|% xou
lzw| = |2| |w]| (doxnom).

Hpérasm 1.5 et xdbe 2, w € C woyvovy o avieotnreg:
i) —lz]| < Rez < [2], —|z| < Imz < ||

i) le+w| < o]+ |w| xaw pevind |21 +2o 4 ... 42, | < |2q|+ 29| ...+ 2,].
H w6otnre woyver av xaw wovo av yia ncle k, £ € N eire 2, = 0 elre 2, = 0
elre 2,,/2, > 0.

if) 2] — lol| < |z — .
iv) |e| < la| +1b], pra 2 = a + ib.
v) Avieétnra Cauchy-Schwarz: av 24, ..., 2,, Wy, ... ,w, € C vére:

2,207 + oo + 2,0, |2 < (J2112 + .. + 12,)%) (Jwy | + oo + [w,]2).

H 160tnTa toyder av now uovo av site w; = - = w, = 0 eite vwapyst

n X uw 1 n 9x
1 € C ore 2= le, ma xabe j =1,2,...,n.

Améeely:

i) Toyder —Va? +02 < a < Va® +b? cvverig —|z| < Rez < |2].
Opolwg Yt w0 b = Im 2.

ii) "Eyovpe:
(2] =+ [w)? — (2 + w])® = [2|* + [w]* + 2]e] [w| — (z + w)(z + w)
= 22| |w| — (wz + wz) = 2|2| |w] — 2Re (zw)
= 2(|ew| — Re (sw)) = 0,

amo to (i). Zuverwg |z| + |w| > |z + w|. H weotnta toydet tote xot pnovo
t6te av Re (2w) = |2w|, xot amwo tov optop.s tou |2| éxetot Im (2w) = 0
xat Re (zw) > 0. Apo 2w > 0. Edv w = 0 téte 2w > 0 av xat p.ovo av
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1.4. SYZYTIA KAI ATIOAYTH TIMH 13

iii)

iv)

z/w = (zw)/|w|? > 0. Suvenaig |z + w| = |2| + |w| av xor pévo av eite
w=0¢elte 2 = 0 eite 2/w > 0.
H ovisotnra |2y +29 + ... +2,| < leq| 4+ |29| 4 ... + |2, | elvar Tpopaviig
(ue emaywyh).
‘Botw 6t toyldet nweotnrar |2y + 29 + ... +2,| = 21| + o] 4+ ... +[2,].
Tote

a1+ .o+l = oy + o2, = (21 +29) + ... +2,]

<lzgy + 2o+ oo+ 2, <l |+ ... + 12,

Apa|zy+29| = |21|4]29]. Omote elte 2y = O elte 29 = O cite 2y /29 > 0.
‘Op.ota epyalbpaate Yo Suo TuydVTa 2, 2. ZoWTEPAIVOLPE OTL EGY LY DEL
N w6oTNTa TOTE 2, /2, > 0 Yo TOYOVTA &4, 24 7= O.
Avtictpoga: éotw 6Tt 2, /2, > 0 otav 25, 2, 7= 0. I'mobétovpe 6t 2y # 0.
Tote

2 2
oy + ot =l 1 +2 4+ +2
S 41
2 2 ,
= |24] <1 —+ 2—2 —+ ..+ Z”) (oot 2,/21 > 0)
1 1

2 2
= |z4| <1 —+ % + ...+ ||Z”||> (e apobd 2;,/z; > 0)
1 1

= |z¢| + ... +|2,l.

Apo 7 tadTyyTa toydet av xatl povo av o AY0¢ Suo TUYEVTOY PY) LNSEVLRGOY
opwv elvat Oetinde.

lz] = [(z —w) + w| < |e —w| + |w| dpa |2] — |w| < |z — w|. Opolog
lw| — 2| < |z — wl dpa

—le—w| < o] — |wl < |z — wl
Brhadd) [le] — fwl] < |z —wl.
[Ipoxdmret apeca awo to (i), agod |i| = 1.

Oétovpe A = |22 + ... + 12,12, B = |wy|? + ... + |w,|? x C =
2 Wy + ... +2,W,. Ay B =016te w; = 0 yta xabe i = 1,...,n xot v
aviaotnTa toybetl Tetpippéva. ‘Eotw twpa étt B > 0 (ométe B € R xat
dpo. B= B). Téte

n

2
Z |Bz; — Cw,|? =
Jj=1 J

n n n n
=B% ) |5 —BC ). z;jw; — CB ) zw; + |C|? ) |w;|?
j=1 j=1 j=1 j=1

= B?A — B|C|?> = B(AB— |C]?).

(Bz; — Cw))(BZ; — Cw))
=1
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14 1. ANAZKOIIHEZH TQN IAIOTHTQN TQN MITAAIKQN APIOMQN

Suvernig AB — |C2 > 0 3nhad |C2 < AB mou etvar v {ntobpevy.

H wsétnto Loy et av xaw pévo av Bz; — Cw; = 0 ya xdbe j = 1,2,...,n

o Xot LOVo av ;= /le omovl=C/BE€Cyoandlej=1,2,...,n. O
Iégiopa 1.6 To (C,|-|) elvar wAngng ycoog e vogua, xau ¢oa wANONG (eTOLXIG
2 D00g we Ty ueTouxn p(z, w) = |z — w|.

Amégedn: Davepd |z| = 0 av xat povo av 2 = 0 xat |1z| = [A] |2] Yo xd0e
2 € R xou yro xd0e 2 € C. H tprywyien avisotnta |2 + w| < |2| + |w| SeiyOnxe
oty llpétacy 1.5.

H mampétnta elvor dpecy cuvémela tng TAnpotTag tov R. Mpdypatt, av
2, oxorovBia Cauchy oto (C, |- |), apod

|Re By — Re Zm‘ = |Re (Zn - Zm)| S |Zn -2

m |

amé o (i) e Hpétacyne 1.5, supmepaivovpe ott xat 1 Re 2, eivar Cauchy ato
R. Opolwg etvar Cauchy xat ) Ime,. Apa oo Ty TAnpétyta tov R vwdpyouvy
a, b € R wote Rez, — a xat Ime, — b. Zupmepaivoope ot

|z, — (@ +1ib)] = |Rez, +ilmz, —a —ib| < |Rez, —a| + |Imz, — b| — 0.

Apa ) 2, elvat cuyrAivousa pe 6pLo Tov PLyadtxd a -+ ib, OAOXAPOVOVTAS TNV
am6detty. O
o emopeva Oa ypapovpe S(z,7) Yo Tov avotxtéd dioxo axtivag r > 0 xot

%évtpou z € C, Snhadn
S(r)={weC : lw—z] <1}

To S(z,7) O cupBorilet Tov xAetatd dioxo, dniady
Se,r={weC:|jlw—ze <7},

xat téhog Oa ypdopoupe S’ (2, r) Yo Tov avorxth Sloxo ywplic to xévtpo Tou, SNAASY

§'(z,7) = S(z,7) \ {2}

To abvopo tov S(z,r), SnAady o xdxrog {w € C : |w — 2| = r}, Oa cupBoki-
Cetar pe C(z, ).
Acnmoelg

Acxmen 1.4 Avz = =+ iy pe x, y € R, umoloyicte To Tpaypatind xot
povtosTind pépog Ty aptBpmy 1/2 xat 1/(1 + 22).

Asxnen 1.5 Amodeifte Ty 3LHTNTA TOL TOPAAANAOYPALL.OL:
e —wl? + |z + wl® = 2(2]* + |wl?)

Yo xabe 2, w € C.
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1.5. TEQMETPIKH ANATTAPARTAYH MITAAIKQN APIOMQN 15

Acxmem 1.6 Amodeilte tnyv ol TavtotyTa: Yo xdle 2, w € C oydet

1
= (e +wl® — |z — w +ilz + iwf® —ile — iwl?).

Acxmem 1.7 Acifre 6t yio xd0e pryadixé aplpd z toydet Re (iz) = —Im ez xot
Im (iz) = Rez.

Asxnem 1.8 Amodeifte 6t yia xdle puyadind aptdpd 2 toydet
2] < |Rez| + |Imz| < V22|

Asxmem 1.9 Av to V elvat avowxtd vtoshvoro tou petptxod ywpov C (6mwg
oto Iléptopa 1.6), amodeilte 6Tt ot suvapthcets f(2) = |z|, g(2) = Rez ot
h(z) = Im & dev éyovv péytoty Ty ato V.

Acxmen 1.10 Amodeifte 6Tt o suvapthoets f(2) = Z xat g(2) = |2] elvar
opotbpopoa suveyeic suvaptncelg ano to € ato C.

1.5 Tewpetpwxy] avarapdstasy wyadtxomy optinny

‘Eyoupe Set 6t g ahvolo ot puryadixol aptbpol C tavtilovtal pe to xapte-
alavé ywopevo R X R, 8niady to mpaypatind 2-Sidstato enimedo. H tabdtion
TWV TPAYPATIXOV 0PtV LE LTOGWLN TWY WLYASIX®Y AptOL®Y YEWULETPLXE
ebvat 1 TadTLeY TWY TpayPaTXwy aptluoy pe tov optlévtio atova Twv  Tou
ptyadtxod emtmédon. 't auto o dEovag awtog xakeitat Tpaypatixés dEovag. Av
2 € C xot Rez = 0 téte 0 aptBpéc 2 xareltal pavractixds agibudg. Ov @a-
vraotixol aptlpol Tpopavic arotedody Tov xdleto dlova T y Tov pLyadixold
eTLTTEBOL XOL VLo AVTO 0 GEOVaG QUTOS XAUAE(TAL PavTaeTIRdg dEovag.

‘Evog pryadixéc aptbpés z = (a,b) € C
elvat Twpo éva aMpelo Tou wiyadixol eTLTE-
dov, xat eiong opilet (xat propel vo TawTt-
otel pe) Stdvuspa ou apyilet amd TV apyn b ¢
v aEévov O xat xatoAnyet oto 2. H and-
Aty Ty 2| = Va? + b% tov pyadieod )
elvot To PAX0S TOL SLaviGPATOS PE TO OTTol0
towtiletat. H avisotnta |2 +w| < |2]+|w]
elval 1) YEWPETPLXY] TPLYWVLXY] AVLGOTYTA. 0 a R

H mpoéslean twv wyadixov aptdpoy ei-
VL, LE TNV TOPATAYW TadTLaY, 1) Tpochea
SLovVLGPATWY (LE TOV XAVOVOL TOL TTAPOAAY)-
hoypappov). I va e€etdoovpe T yewpe-
TPLXY EPPMVEIN TOV TOAAATAAGLAGP.0D SU0O
pLyasStemy aptOpmy xavoupe yp1Non Twy To-
Ay GUVTETAYEVWY. Av e = a+ib = (a, b) € C tote oL ToAnéc cuvTeTayp.éveg

R

Zxr'".la 'RE rswpsTler'] avamna-
deTaoq HIYQBIKOL’) aplepoﬂ)
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16 1. ANAZKOIIHEZH TQN IAIOTHTQN TQN MITAAIKQN APIOMQN

Tou z ebvat ot (r,0), pe r > 0, 6 € (—m, 7], dwov @ = rcos @ xot b = rsin 0.
Mmopobpe vo ypadoupe

z2=ua-+1ib=rcos0+ irsind. (1.1)

Avti) elvat 1 TpLYWYOPLETPLXT] LOPPY) TOU 2.

BéBata, 0 meptoptopég 0 € (—m, ] a@opd GTLg TOAXES GUVTETAYLEVES, EVE 1)
oyéom (1.1) suveyilet va taybet av avti yio 0 ypadovpe 0+ 2kw yia xdbe k € Z,
aob ot GLYKPTYGELS NEITovo xat cuvnpitovo eivat Teplodixég e Teplodo 2. H
ywvio 0 € (—m, 7] ovopdletar mowTedov doioua Tov 2 xat T culBoAilovpe pe
Argz. Me argy, z supforiCovpe to doroua 0 + 2kmw = Arge + 2k, bov k € Z,
eV e arge = {arg, 2 : k € Z} to GOYoAo TV 0PIGULATWY TOL 2.

Qo Sobdp.e Tapordtw (Seite Optowd 3.3 xat petd) 6Tt v tehevtalio Exppacy
oty (1.1) ypdwetar xat wg re'?; éxppacn Ty omota Bo yprotpoToLobpe 6To
kg xat Yo Ty omola toyhovy 6Twe Oa Sodp.e, GAEC oL LALOTNTES TWY AAYERPIXMY
Tpdewy 6Twe Ttg Yvwptlovpe Yo Ty Tpaypatiey) exbetinn cuvdptnor. Pavepa
toydet r = Va? + b2 = |z| > 0.

Av dotméy 30000y ot pryadiol aplbpot z = re'?

row w = pe'?, téte

2w =rpe'®+9),
Anhadh 1 TpLYmvopeTpny Lopeh tou zw. Otwe yvwpilovpe xat Teptpévoule

lzw| = rp = |2| |w| not
Arg(zw) = (Arg(z) + Arg(w)) mod 27.

Apo to TpwTedov Gptap.a ToL Yvopévou wyasixwy aptbumy tsodtat pe to dpot-
OO TWY TPWTELOYTOY optopdtwy modulo 2. I Topddetypa, To Tpwtedoy
bpLopa Tou 2 = "47/3¢47/3 Fey eivan 871/3 (apod To TpwTELOY Eivar TAVTA 07O
(—m, 7)) alkd 87/3 — 27 = 27/3. BéBata to 8/3 elva évar amd ta oplopata
TOU TPONYOVILEVOD 2 XL GUYXEXPLLEVE TO argy 2.

Hapatipmen 1.7 H emwthoy tov Stasthpatos (—m, 7] wg T0 GOVOA0 TGOV
Tov TpwTebovtog oplopatos eivar avbalpetn, xat xavelc propel va emtAéLet
omotodnmote StdoTnua TAdToLS 27, oTtwe (7/2, 2w + /2] Y (w/3 — 27, w/3]
xo. Mea térota emidoyy) Befalng Oo petafdiiet xat Tig TLég TwV arg,.

Acnmoelg
Acxmem 1.11 Amodeifre ot yta 2, w € C pe 2 7= 0 xat w 5= 0 woybouy ta efng:

arg(z) = —arge, arg(z/w) = argz — arg w,

6oL Pe — arg 2 evvoollLe To GOVOAD TwV avTLOETWY TwY aTotyElwy ToL GUYGAOL
argz, Xot e To argz — arg w ewoobPE To GOVOAS TwY Stapopwy xdle aTolyeiov
Tou arg 2 pe xabe atovyeio Tov arg w.
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1.6 TOmoc de Moivre

AT TNy TpLYWVOPETPLLY PopY) Tov 2 = a + ib = re”} g oupe apeswg ot
(Y z # 0) 2" = "™ yioon € Z. Avr = 1 té1e 2" = €' Fnhadn ()" = ™7,
[IpoxbdmTet dnhady o THmog tou de Moivre:

(cos @ + isin 0)" = cos(nb) + isin(nb).

YrohoyiCoupe Twpa Tig n-aTeg pi-
Ceg evog pryadixod aptlp.od z 5= 0 Yo
n € N. Ilpéret va Aboovpe v eki-
swon w" = z. Botw 61t 2 = re? xou
w = pe'?. Téte g'e™? = re'’. Tlaip-
vovtag to Létpa toug Bpiaxovpe 6Tt
' = rat dpo " = €. Tuvemag
o =" warngp—0 = 2kw ok € 7. T 0/12
Anladt

2 = ret?

0 2
p=r"" xa ¢= T ?k
'Etot walpvovpe Stapopetinég Ti- n=12
méctov weav k =0,1,2,...,n — 1.
Eropévng n Adam g ekiowong w" =
2 Bivetar amd Tov THTo 2yApa 1.2: Mewpetpikn avanapaosta-

1wy, = 1/ gi Ok @), on Twv dwdekatwy pilav
vk = 0,1,2,...,n — 1. lapatnpodpe btt bAeg ot pileg wy, éyouvy Ty (BSta
ambALTY T /" xan Ta opiopatd Toug améyouy eficou petat toug. Mewpetpund
gyoupe to Tynpo 1.2,

Anhadh ot n-ateg pileg Tov 2 = re'’ eivat oL XopLEPES TOL XAVOVLLOD TTOALYG-
YOL PE 1 TAELPES TTOL elvat eYYEYPaWLLEVO GTOY XDXA0 e xEvTpo To O xat axtiva

1/n

ri/n,

Tty e mepintwon wov 2 = 1 o pileg tg povddag etvor oL wy, = e
Yok =0,1,2,...,n—1. Av 0écovpe w = '27/" &youpe btu ot pileg Tng povadog
ebvat ot wy, = wh vk =0,1,2,...,n— 1.

i0

k(2 /n)

Acrmoelg

Acxmom 1.12 Amodeite tov thmo tou de Moivre pe emaywy.
Asxmen 1.18 Eavaidote tnv Aoxney 1.2 pe yphon tou tomou tou de Moivre.

Asxmen 1.14 Xprnopomotmote tov tomo de Moivre yia va Bpeite toug THToUg
StrAacion xot TptrAasiov toEou Y To cunitovo xat To Mp.itovo. AnAady
exppaote o cos(2x), sin(2x), cos(8x) xat sin(3x) pe Suvdpets Twy cosz xat
sin .
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Asxnen 1.15 Amodeitte tig Tprywvopetpinés TawtotyTeg Tov Lagrange:

1 sin((n+ LHz)
1 2 = — 72,
-+ cosx + cos 2x + ... + cosS nx 2—0— 2 sin(z/2)
xou
sin(nx/2) sin((n + 1)z/2)
sin(x/2) ’

sinax + sin 2x + ... + sinnx =

LT6 TV Tpobmelean 6Tt sin(x/2) # 0.

Asxnem 1.16 Amodeifte v tautéTnTaL

<sin %) (sin 2—5) <Sin ( _n 1)%> = 2731—1

TOPOYOVTOTOLWVTAS TO 2 4241 YPTNCLLOTOLHYTAG TLE N-GTES
pilec tng movadag, avtixadiotovtag 2 = 1 xat Taipvovtag pétpa otny ekicwon
TOL TTPOXVTTEL.

1.7 Opiax 570 5OVoAG TwY pryaditrey apltinmy

Aépe, natd To Yywatd, 6t e axoiovbia 2, € C suyxAivet gto 2 € C av
T xdle ¢ > 0 vmdpyet ny = ng(e) € N wote yia xdbe n > ng vo taydet
lz, —z2| <e.

Te avtibeam pe to R ato omoio éyoupe 300 eldn amelpov (To +o00 xat 1o —oo)
ato C éyovpe éva nat auto apopd 6Ty ATOGTAGT, Ao To PNSEV. Andady) Aép.e oTt
2, — 00 oY XL W6V av |2, | — 400 w¢ axolovlio Tpaypatieody aptbuoy. ‘Etotn
2, = —n evw ato R teivet aT0 —oo xat ypdeouye &, — —oo, 6tay epyaldpacte
ato C Oa ypdwoupe 2, — oo (ywplc TpoaMo) evwowvtag 6Tt |2,| — —+oo oo R.

‘Op.ota petoryetptlopaste xat To 6pLo GUYAPTHGEWY:

i) lim,_, f(2) = € v xar povo av Yo xdbe & > 0 vmdpyet § = d(e) > 0
wote av 0 < |z —2g] < 0 va taydet [f(2) — {| < e.

i) lim,_, f(2) = oo av xat p.évo av yo xale M > 0 vmdpyet 6 = (M) > 0

220

wote av 0 < |z —2o| < 0 va taydet |[f(2)] > M.
iii) lim, ., f(z) = £ av xot p.ovo av yia xdle ¢ > 0 vmapyet K = K(e) > 0
oote av 2| > K va woybet |[f(z) — 4] < e.
iv) lim,_ . f(2) = oo av xat povo av yio xdbe M > 0 vwapyet K = K(M) >
0 wate av |2] > K va waydet |f(2)] > M.
Me toug Tapamdvw optap.ode, wia axorovbio ato C éyet mdvta wia vaxoiovdio
Tou elte GuYxAIveL ae pryadind aptlpd (av ) apytxr) axoiovbio eivat @poyp.évn)
elte Telvel 6T0 0o av 1) apy x| axolovlio Sev elva Qpayuévy).

Hapatipmen 1.8 Iapatnphote ot evo o dpto lim,  (—1)"n oto R dev
uTapyeL, oto C woydet lim, . (—1)"n = oo, apod lim, ., [(—1)"n| = +-oco.
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Acrmoelg
Asxnem 1.17 Bpeite to wedlo optap.od Tne cuvdptnemg
2t —422+3
[&=—(m 71—

xowe ot to lim,_ o, f(2).

1.8 Muyagixég Suvaposeipés

Ot optopol xot ot 8LOTNTES TWY GELP®Y PLYadtx®V aptOpwy eivar ev Yévet
TOPOP.OLES PE RUTES TWV GELPMV TPAYLATIX®Y XXOAOLOL®Y.

Opapés 1.9 i) H cepd X2 ay, pe a;, € C ovprdiver ato s av Yo xdle
e > 0 umapyet ng € N wote yia xdls n > ng oydel | X))o a; — s| < e.

ii) H aetpd Y2 ap, pe a;, € C, suynhivel amoddtmg av 1 cetpd 372 |ay]
GUYXALVEL.

Hpérasm 1.10 Av n Y72 a;, cvyxdiver amoditwg TTe 1) 6eL9d Yoo Ay CVPAAL-
vel.

Améeely: Enetdr) to C elvar TAnprng petpindg ywpog xot

m
< Z la |

k=n+1

m

Z“k

k=n+1

oupmepaivovpe 6Tl 1 axorovlio Yo a; sivan Cauchy, agod xat 1 X |a;l
eivar Cauchy wg suyxAivovsa. Apa xat v Yj_o a; GUYXALVEL. O

Yuyva atov AetpoaTtind Aoyiopo Ta xpttnpta cdYxAeg n-atng pllag xot
AGYOL LG GELPAS Yine 4 @,,, Yio AOYOUE TG TN O, TtapouatalovTatl pe T Bonlsta
Twv opiwy lim V/Ta, | %ot lim @, 1/a,]. Exetd) autd to bpla Sev udpyovy Tdvto
7 avdmtuln e Oewplag pe ) Bofleta twv lim sup xat lim inf elvat o axptfve
xot €80 axohovfodpe auThv:

Mopatnpodpe ot av Yo a;, € R Gécovpe b, = supla,,a, ,...} xatc, =
inf{a,,a, q,..} yan=1,2,... tote

by >by>...>2b,> ... not ¢g<e¢y<...<¢,<..
Apa ot axorovbieg b, xat ¢, éyouv mavta opto ato R U {4=oo}.
Opiopée 1.11 'Eotw ot 7 {a,} eivar o axorovdia Tpaypatixwmy aptpoy.

Bétouvpe:

Nn—00

limsupa, = i%g(SUp{“n’aner ..}) = lim (supia,, @, 1,...})
n
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ot

liminfa, = sup(inffa,,a, ,...}) = lim (inf{a,,a,_ ,...}).
nEN n—00

Opiopés 1.12 T éva dmetpo voshvoro A tov N Mépe 6t 1 dotnta p(n)
taybel euyvd oto A otav yix xabe n € A vrdpyet m € A pe m > n wote p(m)
A0,

IMo éva detpo vrosdvoro 4 tov N Aépe 6Tt v étnta p(n) toydet Tedixnd aTo
A btav vrapyet ny € A wate yia xdbe n € A pe n > ngy, 1 p(n) eivar ainine.

T Tapdderypa, v axorovdio (—1)" eivar cuyvd weyorbtepn tov 1/2 oto
N, ahrd Gyt tedind peyaddtepy tov 1/2. H axohovbio 9/n Bploxetat tehind ato
Staotnpa (—1,1).

Optopég 1.13 'Evaonpeio a € RU {00} Aéyetat ograxd onuelo prag oxorovliog

a,, otay vTdpyet vaxohovbia @, < a, wote lim, @ = a.

Hpéracm 1.14 Av a, arodovlia moayuatindy aglfudy, téte 1o a = limsup a,,
xaw 7o b = liminf a,, elvaw oguand onueic g a,,. Emiwdéov To a eivar To uépiero
ogLaxo enuelo Tng xaw To b To eddyLeTo.

AméBetdn: Av a = +-o00 t61E 1) @, Sev elvat dvw Qpaypévn (aAlog, av a, < M
Yo xamoto M € R ebxora wpoxdwtet 6Tt limsup a, < M). Suvewwe uTdpyet
vraxohovbior @), — —-o0. Anhady) to oo elvon oplaxd oNelo xaL TPOPOVLS JEV
L&Y EL PEYAADTEPO.

Yrolétoupe twpa ott @ € R. H z, = supla; : k£ > n} éyet oplo 10 a
cuvenwg fBploxetat tedind 6to (@ — 1,a + 1). Katd cuvérneiax z, € R. To
supfay, : k> n} — 1/n dev elivar dvw @pdypo tou suvérov {a, : k > n} omote
LT&PYEL £, WOTE

supia, : k> n} — % <q, < sup{a, : k> n}.
Atd to Bedpnpo Twy toocuyrAoLewY axoAovbiwy TpoxbteL 6Tt lim, | L a, =
a, Snhady ‘fOY”; elvat opwcxz’) onpeio g a,,. ’ e
Etvat 6pwg xat to peyaddtepo optaxtd snpelo tne. llpdypatt, av ¢ éva diio
optoxd g anpelo, vTdpyet vtaxohovbio a,, wote lim,  a, = c. AAAG
povepd
a, <supia, :k>m,} =x

My, My, *

Hatpvovtag OpLor g TPOG 1 TPOXGTLTEL OTL ¢ < a, agob M z,, wg vToxoAovbia
¢, GUYRALVEL GTO a.
‘Opota xdvovpe Ty amwddetEn xat yio to liminf a,,. O

Napazipmen 1.15 o xdle ¢ > 0 to sbvoro {m : m > nwotea, >

limsup a, + &} eivo Temepasp.évo shHvoro. Ilpdynoatt, oy Koy dretpo cdvoro
n

Yoo xdmoto & > 0 téte B umNpye vTokorovbia TS a,, €0TL 7 @ , OGTE
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a; > limsup a, + e. Auth 1 uaxoloubio eite Sev elvar ppayévy, otote éyet
ky, ’ n . /T) Y| . , f ep IYP‘ Y)’l ’ X
o TEpaLTépw vTaxoAoLlia e 6plo To 400, eite elval PPaYLEVY), OTTOTE EYEL PLLa
Tepattépw vTaxoiovlio pe opto peyaritepo 7 (oo pe to limsupa, + & Auto
elvan dromo SLéTL ToTE M a, €yet optaxd onp.elo YINolwg peyaddTepo amwd To

lim sup a,, avtupdorovtag pe Ty lpotacy 1.14.

Opiopés 1.16 AJvvaposeigd e xévtpo to a € C elvar pra oetpd tne popehs
Yo c,(e—a)", omov ¢, 2 € C.

H yewpetpinh aetpd X0 2" elvat évo amtd to amhobotepa Topodelyp.ato Su-
vapocetpdg. Efetdlovpe yia ot 2 € C suyxhiver 1) yewpetpiny cetpd. ‘Eyovpe
1— 2n+1
l+z+422+.. 42" = T

—z

Ay 2] < 11tételim, o 2" = 0 dpa n yewpetpinh) oetpd cuyrhivet xaot éyoupe
N 02" =1/(1—2). Av|z| > 1 tote lim,_, 2" 1 = oo o 1) Getpd amoxAiver.

Avt) v oup.eptpopd eivat TUTLY GTLS SUVAPOGELPES, SNAadY] Yo xd0e Suva-
pogetpd vmapyet optbuéc 0 < R < oo wote

7 oelpd suYrAlver vl [ —a| < R

7 oelpd amoxhivet yia |2 —al > R.
Opiopés 1.17 'Eotw 6t o (X, p) elvar petpirog ywpos xat f, : X — C 1
n=1,2,... 0étovpe s, = 1 +fo+ ...+, Adpedtins(x) = Yooy [, () av
s(x) = lim,_., s, (x) Yt xabe x € X. Hoepd 3102 ¢ f,,(x) cuyriivet opotdpoppa
oV s, — 8 OLLOLOYLOPYOL.

Ba ypetaatobpe to Tapaxdtw xpttplo (Seite [1] Oewpnp.a 4.6.3).

Ipétasy 1.18 (Kpttnpto tov Weierstrass) Eotw 61i 0 (X, p) elvar uerourdg
x®gog xau [, + X — C ovvagrioeig wote av Oéoovue ||f, |l = sup,ex |, ()]
épovue XX o Ifulloe < A4-00. Téte m cerod 2 [, ovprAiver oporduogper.

Améeely: Oétovpe s, = [y + ... + f,,. T n > m éyouvpe

Z f(x)

k=m-+1

n n

< Y @< D 1fille

k=m—+1 k=m—+1

|Sn(x) - Sm(x)| -

Apob nyoeipd Yo I f3]lee sUYRALVEL eivar Cauchy dpo elvan Cauchy xan v axorou-
Oiot (s,()),,, oLVETOS GUYRAIVEL 5TOY TAT)PY peTpnd ywpo C (toétto C =R X R
elvat TANPNG e TV petpny) d(2, w) = |z — w| aprvetar wg daxnay). Ag uTo-
0éooupe 6Tt suYxAlvet oe éva pryadind aptdué s(x). ‘Etot opiletatns: X — C
wot yto xale & > 0 vmdpyet ny = ng(e) € N wote

5,(0) —s@)=| Y @< D @< D fille <e
k=n—+1 k=n—+1 k=n—+1

Apa s, = s, ShadN M 25 [ SUYXALVEL opoLOpPOPQA. O
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Oswpnue 1.19 INa xdbe dvvayoseiod ¥ a,(z — a)" o agbudg

n

1
~ limsup |a, |}/’

(R = o0 av limsup |a, /" = 0) 0 omoiog ovoudEetar axtiva cOYrNGTE TS
SUVALP.OGELPAS, Exel Tig eEng LoLdThTEg:

i) 0 <R < oo
ii) av |e —a| < R vdve 1 6etpct svyxliver amélvra.

iii) av 0 < r < R vdve ) 6ewpd ovyxdiver oporduogpe 6o S(a,r) = {2 € C :
e —af <}

iv) av |z —a| > R tdve n 6epd amoxdivel.

AméBeilm:

i) Ipopavng 0 < B = < —+o0.

lim sup |a,, |/ —
i) Xwpic BAdBn ¢ yevixotnrag a = 0. 'Eotw [z| < R xat emdéyovpe 7y
wate 2| < ry < R. Téte 1/ry > 1/R. Zuvemwg

1 )
2 Jk
. > Jirgo<sup{|ak\ k> n})
Omote vmapyet ng € N wote Yo xdle n > ng vo taydet
1
— > supllay |V s b =0} = |a, [V,
To

‘Btou ywa xdbe n > ng maipvoupe |a, | < 1/r§. Yuveraog |a,z"| < (|2]/7)".
Apo m oepd X2, @,2" GUYRALVEL aTOALTAL, 0POL PPAGGETOL OTLG TNV
yewpetpueq B2, (12]/ro)".

iii) ‘Eotw twpa 6t |2] < r < R. EmAéyoupe ry wote r < rg < R xot
emavaapBavovpe to Tponyodpevo. Omdte 1) oelpd Yoo a,2" GuYRAIveL
opotopoppa amé to xptrnpto tou Weierstrass, agpod |a,z"| < (r/ry)" xat

rirg < 1.

iv) Av |z| > R t6te emtiéyovtog 7y wate (lim sup la, """ =R < ry < |2
supepalivoupLe 6Tt Yo ametpo TAN0og atorysiwy taybet |a,| > 1/75. Apa
suyva tayvet |a,z"| > (|z]/rg)" > 1 ométe 1 a,2" Sev telvet ato pndév.
JUVETMS 1) GELPA Yoo @, 2" ATTORAIVEL. O

Ipérasm 1.20 Oswoodue tn dvvapoceiod Yoo o a, (2 —a)" we axtive cvyrliong
R now velvndt a,, # 0. Av vo lim,_. |a,/a, 1| vdoyer T0Te avTd eivar ico we
70 R.
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AmégerEn: Xwpic BAdBY ¢ yevixdtntag vmobétovpe 6t a = 0. Oétovpe
A= lirnn—wo |an/an+1 |

Av =0 téte o 2 = 0 woydet lim,_ o |a,2"/a, 12" = 0. Apa vmdpyet
ng € N dote yia xdbe n > ng woydet |a,2"/a, 12" < 1. Zuveroe 1 |a, 2"
Yoo m > mg elvat yvnolng abfovsa kot GUVETKOS Sev Telvel ato pndév. Apa )
GELPd ATOXALVEL, GuveTwg B = 0 = 4.

‘Eotw topa ott 4 > 0. Bewpodpe 0 < r < 4. Apa vrmdpyet ng € N
wote v xdbe n = ny oyder r < la,/a, . Toverog |a, (| < la,l/r
Enayoynd |a, | < |ano|/1""" vk > 1. Oétovtag n = ng + k cupmepaivoupe
la, | <la,,|/r"" yioe n = ng. Bewpobpe z pe |z| < 7 xat Tapatnpodye ot

2l < o, | 3 (B

n=ngp n=ngo
7 omola cuyxAivet. Apa 1) apyixy| cetpd cuyxAivet Y xale 2 pe [2| < r ométe
r < R.Twr— A" cuumepaivovpe ott 4 < R.

Av A = Ho0, Tt amd To Tpornyobpevo emtyeipnua éyovpe r < R yia
xd0e r > 0. Emopévwg B = +4-o00 = . Y'wobétoupe Aoty oty cuvéyeta 6Tt
0 < A < o0 xat Oewpodpe omotodfywote r > A. ‘Etot, umdpyet ny € N dote
Yo xabe n > ng toydet |a,/a, 1| < r. Av topa 2 octe [2] > r O éyovpe 6Tt

2|

r

|a,|
|an+12n+1| > i|z|n+1 — |a”2n|

> la,z"|.

Zuvewog 1 |a,2"| elvat yvnolwg adovsa, dpa Sev telvet ato undév. ‘Etat n apyixy
oetpd amoxhivet. Tupmepaivoupe 6t R << r xat dpo o r — AT mwaipvoupe
R < A, ohoxdnpovovtag v amwddetty. O
Asrnsetg

Acxmom 1.18 Amodeifte 6t vy xdle axolovbio a, € R pe pn pndevixodg
6poug, Ltayhovy oL aVIGHTNTES:

< liminf :/ la,| < limsup :/ la,| < limsup

Ao awtég Tig avadTyTeg amodetEte pe dAro tpomo Ty Ilpbtacy 1.20.

. a
lim inf —ntl

Ap+1
a

n n

Acumon 1.19 Amodeifte 6T xat to téooepa bpto tg Aounong 1.18 pmopel va
elvat Stapopetind, bohoyiCovtdg Ta Yo Ty axoiovdia

a = 2 —1)"n—n
n ( ) ’

a n 1
liminf %+t =0,  liminf ya, = -,
a, 4

n . a
limsup +/a, =1, lim sup -+ = o0,

n
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Acxumon 1.20 'Eotw 6t a, € C\ {0}. Actéte ot av limsup |a, 4 /a,| < 1
ToTe ¥ oelpd Yoy a, auyxAivel ato G, eve av liminf|a,  /a,] > 1 7 cepd
oTOXALVEL.

1.9 Tevixég Asuijocic Kepadatov

Acxmem 1.21 'Eotw 6t o (X, p) elvar petpirdg ywpog xat A = X. 'Eva B = A
ebvat avotxté 6To (4, plscq) OV xat povo av B = A 1 G yia xamwoto G = X
aVOLXTO.

Asrmem 1.22 e éva petpind ywpo (X, p) ta pova supmayy) cdvolo elvat ta
TETEPAGILEVO 0V XOL LOVO Ay OA T LTTOGHVOAX Tov X elvatl VoL Td.

Acxmemn 1.23 O R” yia n > 1 elvar TAMpYS PETPLROS YWPOS.

Acxmen 1.24 Av (X4, p1), (Xs, po) eivan cupmayeic petpixol ywpot, TOTe 0
(X X X5, p) elvat copTayng LeTpinds YmPos P

(@1, 29), (41, Y2)) = maxip (x1,y1), pa (e, Y2)}-

Acunon 1.25 Av 2y, 29,253 € C, |2¢]| = |25| = |2g| xat 2y + 29 + 25 = 0 toTE
T 21, 29, &3 ELVAL XOPLPES LGOTTAELPOL TPLYHVOL.

Ao 1.26 Av ¢ : C — C eivar avtopopropog (ahyeBptrds xat ToToroynog)
t6te P(2) = 2 T xdfe 2 € C 1) ¢(2) = Z 1o ndbe 2 € C.

Asumen 1.27 Opilovpe tyouvdptnon D, (t) = 3¢ e* yiot € R. Not Seuybet

ot
sin((n + %)t)
D(t) — T, av t £ 2k,
2n+1 oav t = 2km.
ok € 7.

Acxmem 1.28 'Eotw 61t A = C. Kahodye xvgry Onan conv(A4) % (4) tov 4ty
TOPY) OAWY TWY XVPTWY GUVEAWY ToL TEPLEY LY To A (SNAadr) To EAd)yLaTO XVPTH
ahvoro Tou Teptéyst to 4). No Setylel ot

conv(4) = iz = Z Az; + I memepacpévo , &; € A, 1, > 0 xo Z A =1¢t.
i€l iel

Asxnsm 1.29 To shvoro twv ptllov g Tapaywyov evés Tolvwvdp.ov Bodpod
> 1, meptéyetat oty xptY 07Xy Ty ptlov Tov ToALWYLOL.

Asznen 1.30 'Eotw 61t A = C, A # &. Térte Srap.((A4)) = Stap.(4).

Acxmon 1.31 'Eotw 61t 4 = {24,...,2,} = C. Téte 10 (4) eivar cupmayée.
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Acxmen 1.32 Av A = C xaw 2 € (4), tote uTapyoLY @, b, ¢ € A wate 2 €
({a, b, c}).

Asznen 1.33 Av A < C suprayée tote xat to (4) elvar cupmoyée.
Acxmon 1.34 H cuvdptney f(2) =2+ ¢° yia 2 € C pe Rez < 0 eivar 1-1.

Asxmon 1.35 Amodeifte pe emaywy?h ot yia xdle 24, ...,2,, wy,...,w, € C
toybet 1 aviaotnta Cauchy-Schwarz:

lgrwy 4+ ...+ 2,w,| < \/|21|2 + ot 2,2 \/|w1|2 + oo |w, |2,
axolovfmvTag Ta Tapaxdtw ot

i) AetEte mpwta 61t 0 < (2 — W) (2 — W) cuvemdyetar Ty 2Re (2w) <
|2+ |w]®.

ii) Xpnotpomotriote To Tponyodevo yia va Setfete Ty avtadtyyta Cauchy-
Schwarz yia n = 2 Eextvivtog amd Ty Topdotoacy |2;w, + 2ewy|?.

iii) Tt to emaywyted BApa vtobéate ot 1 avisdTnTa Loydet Yoo n — 1, %ot
EQAPLOGTE TNV TPOTNYOLUEVY] (1 = 2) 3TNV EXPPACT)

2oWg + ... +2,W,

(Jwg|? + ... + |w,|?)

1/2
2wy + 75 (lwa? =+ oo 4 20, ) 2.
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Kegpdiato 2

OAdpoppeg GLYARTYGELS

Z10 xe@dhato autd weketdpe Tt Bactrés LSLOTNTES TOV WLYASLLOY GUVOPTY-
Gewv Tov €youy Tapdywyo ato C xat Tig omoieg ovop.dlovie 0AGpOpEES.

Optopds 2.1 'Eatw 6tt to Q eivar éva avorxté voshvoro tov C xat f: Q — C.

i) n Tapdywyos g f aTo 2y € Q eivat To 6pLo

£—20 g — ZO
oV QUTO LTTAPYEL.

ii) H f Aéyetar odduoogpn ato Q av vwdapyet 1 f/(2) yia xdle 2 € Q.

To ahvoro Twv suvapTHGEwY TOL eivat oAbP.opYes aTo Q To supBorilovpe
ne H(Q).

iii) H f Aéyetow axéooun av @ = C xat vmapyet 1 [/ (2) 1o xdbe 2 € C.

'OTTwe %ot GTIS TPAYWLOTIXES GLVAPTNGELS Xal 00 LY LOLY SLAPOPES YVWGTES
1BLOTNTES 6TWS BAETOLYLE GTIS TAPAXATY TPOTAGELS.

Ipétacy 2.2 Av 1o Q eivar avouxtd vwocvvodo tov C xar f + @ — C duagogi-
oL 670 2o € Q, ToTE N [ elvan cuvexng 670 2.

Amégedy:

)'f(zi_g(%) =0-1(2)=0. O

lim () — fle)) = Jim (e — =) = 7

Igérasyn 2.3 Av Q@ = C avontd, f, g : @ — C oddpoogeg nav a, b € C, vére
af 4 bg € H(Q) xow [+ g € H(Q).

27
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28 2. OAOMOP®EX SYNAPTHXIEIZ

Am6BetEy: ‘Eotw 61t 2y € Q. Tote yio xdle 2 € Q pe 2 5~ 2, éyovpe

af () +bg(2) — (af (20) + by(z)) _ , f&)—f(eo) |, , 92) —g(z0)

2 —2 2 —2 2 —2

Av mapoupe to 6pto Y 2 — 2o Bploxovpe 6Tt vTdpyet o (af + bg) (29) xat
toydet (af + bg) (29) = af’(z) + by’ (20). Opoinwg, amé T oyéay

[(2) — f(20)
Z2—2

0

[(2)g(2) — [(20)9(20) _ f(z)g(zz) :g(%)

+9(20)

Bploxoupe ot vrapyet o (f - ) (2) xat taybet (f - 9) (29) = f(20)9 (20) +
1" (20)9(20)- O

Ipétacy 2.4 (Kavévag arvsidag) Av Q xaw G avowrrd vwocvvolde tov C,
[f:Q—C,g:G— Colduogpeg cvvagrioeg e [(Q) = G véte 1) 6vvbeon
g o [ elvar oAduogpn xa toyver

(91 (20) = 9" (f(20))["(20) V2o € Q.

AxéeeiEn: 'Eotw o1t 25 € Q. Oétovpe: wy = f(zg) xot ypNGLLOTOLOOPE TNV
«mapathpnem Kapalbeodwpr)y- opiCovpe:

[(2) = f(20)
K4

— 2

_]N(Zo)a 2 € QN {20},

&1(2) =
eot) = HD=EE0 ), € N .

Téte: lim,

220

&1(2) = 0, lim,,_,, &5 (w) = 0 xou taydouv:
f(2) — f(20) = (f"(20) + &1(2))(z — 2¢),
9(w) — g(wo) = (g’ (wo) + &5(w)) (w — wy).

Bétovtag w = [(2) nat wy = [(2¢) atn SebTepn ayéon xat avTxadioTwyTag
TNV TPWOTY GE AUTY) EYOVLLE:

9(7(2)) —9(/(20))

g—Z

— (9 (1 o)) + ea(F(2) )(f"(20) + #4(2))
Tt 2 = 2o Ao awt), kot awol 1) [ elvat GUYEYMS GTO 2, EMETOL OTL UTTAPYEL V)
Topdywyos (9o ) (2g) xat toydet: (g o) (29) = g’ (f(20)) - [ (20)- O

Hapageiypata 2.5 1) Hf(z) =2" (n=0,1,2,...) elvar oAép.open oto C
apa xa0e ToAvmvupo elvat oAdp.opey) cuvdptrey ato C.

2) H f(2) = 1/z elvor oAép.oper ato C \ {0}.

3) Amo ) 2) xot tov xavéve aAusiBag émetat ott av @ = C avotxto, f,
g Q — Cordpopopeg nat g(2) # 0 ya xdbe 2 € Q, tote /g € H(Q).
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2.1. SYNOHKEX CAUCHY-RIEMANN 29

Acrmoelg

Asxmen 2.1 ‘Eotw ott 1o U elvat avowxtéd vwoshvoro tov C. Bétovpe U* =
{z: 2 € U}. Anodeitte briav ) f: U — C ebvau mapoywyion oto 2o € U téte
N 9(2) = f(2) elvar Topaywyiotun ato 2 € U*.

2.1 ZXvuv0rxeg Cauchy-Riemann

O mapaxdtw optopés eivat 0 TUTLROS 0PLGPOS TNG SLAPOPLGLPOTNTAS VLo
GUYaPTHGELS BU0 peTaBANToY xat propel va Bpelel ae xdle BifAio Ametpostinod
AoYiop.od Yo GUVAPTYGELS TOAA®Y PETABANTOV.

Optopés 2.6 'Eotw A = R? avownté, f: A — R xou (2, y0) € A. H f Aéyetan
duaogioun to (g, o) v nar pévo av vdpyet T : R2 — R ypoppixn kote
va Loy et

. [ y) — [ (xo,40) — T(x — 20,y —yo)
lim = 0.
(z,y)—(20,50) |(x — 20,y — Yo)

Mua ypappinh) axewdvion T : R2 — R etvar tg poponc T (2, y) = ax—+ by,
omov a, b € R, xat yewpetpind v ekicwon 2 = T'(x,y) = ax + by otov
R? meprypdopet o eninedo Tou dépyetor amd Ty apyl) Twy albvoy xo lvat
ToUpaAANA0 6T0 eQaTTONEvVO eTtinedo ¢ [ 6To anpelo (g, yy). Otovtag T va
elvat 0 1 X 2 wivaxag (a, b), 0 Tponyodpevog oplapoc elvat tGod0vapos e Ty

[, y) — [ (20, o) — ale — x) — b(y — yo) —0
(2,9)—(20,y0) |(x — 20,y — Yo)I

Amodetvbetat atov Ametpootixd Aoyiopé (Seite [B], Evétnta 2.7) dttav y f
elvar Stapopiotpy) ato (g, yy) TOTE LTAPYOLY OL LEPLXES TAPAYWYOL TNS [ GTO
(g, Yo) not taybet

fx’(x05y0) = a, fy(anyO) - ba

émou [, = df /dx xou [, = df/dy, supfoliop.d Tou ypnoLuoToLodpE Xou GTo
TOUPARAT.

Ocwpmpa 2.7 Eorw 61t Q@ = C avourtd, [ : Q@ — C nar 2y = xy + ty, € Q.
Oérovue, u(x,y) = Re f(x +iy) xa v(x,y) = Im f(x + iy), x + iy € Q ue z,
y € R. Tore ta e&ng elvan t6odvaua:

i) Prudoye n maodywyos [ (zq) e f 670 2.

ii) Ovu, v elvar dragogioiueg 67o (g, Yy) *aL LEYVOVY 6TO GNUELD VT 0L
ovvinreg Cauchy-Riemann:
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2y wegintwmon avtiieyden: Re £/ (20) = u, (2, yo) = v, (2, Yo) xew Im ' (29) =
—u, (2o, Yo) = 0,(%0, Yo)- AnAadn:
f=u,—iu

=, +iv, = u, +iv, = v, —iu,. (2.1)

Y Y Y

AmégetEn: Yndpyet a + ib € C wote lim <f(2)f(20) —a— ib> =0 av

2—20 2 — ZO
xau (Wovo av

2—20 g — 20

0. (2.2)

opotnpodpe 6Tt
[(2) = f(29) — (a +ib)(z — 2)
= [u(@,y) — (g, yo) — alx — xo) + by —yo)]
+i[v(z, y) — v(@g, yo) — bz — o) — aly — yo)l-
Apa (2.2) elvar tooddvapn pe ™y draptn a + ib € C wate

w(@,y) — u(xg, yo) — alx — x) + by — yo) _

0
(@) —(0,y0) |(x — 29, ¥y — Yo)l

pded’

. v(x,y) — v(xg,Yo) — b(@ —x9) —aly —yo)
lim =0.
(@)~ (x0.90) |(x — 20,y — Yo)l

Avto oybet av xar wovo av vwdpyovy a, b € R, wate ot u xot v vo eivat
Stapopiotpes pe u, = a, u, = —b xou v, = b, v, = a (570 (2g,Yo)) v xau
(ovo av ot u xot v elvat Stapopictpes xat TANPobdY Ttg suvdfxes Cauchy-Riemann

ato (g, Yp), Snhadn 7 (ii).

Efdape mponyovpévog 6t Re [/ (20) = a = u, = v, xou Im ["(29) = b =
—U, = 0,. O
Iépiopa 2.8 Eorw Q@ = C avortd, f: Q — C ue f(Q) = R xar 29 € Q pa

70 omolo vardtgyel 1 wepdywyog f(2y). Tote f(2y) = 0.

AméZeln: ‘Eyovpe v = Im [ = 0 xa ["(29) = v, + iv, = 0. O
Optopés 2.9 "Eva sdvoro Q = C radeltar Tdmog, av eivat avotxto, P xevo xol
GUVEXTLXO.

Ilgétacy 2.10 Eorw ot 1o Q@ = C eivon vémog now |+ Q@ — C oddpoogpn ue
' =0. Téve 0 f elvar 6101,

AméBeen: Ao v (2.1) éyovpe [/ = u, —iu, = 0 onote u, = u, = 0.
Ouolwg v, = v, = 0. Apa, apod To Q elvat GUVEXTIRG WG TOTOS, Ot U, ¥ ElvaL
atalepée, apa [ atabep. O
Iépiopa 2.11 Eorw o1t 10 @ = C elvar vémog no |+ Q — C odduoogpn ue
f(Q) = R. Tove n [ eivar orabegn.

AmédeiEm: Ané to Ilépiopa 2.8 éyovpe ot [/ = 0. Apa 7 f elvat otabepr. O
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Acurjoetg
Asxnem 2.2 Efetdote wg mpog Ty OTopEn Tapay®you TiS GUYAPTHGELS:
i) f(z) =lel,2€C.
iy f(z) = 2|2, 2 €C.
iii) f(2) = 2/lz], 2 € C\ {0}.

Acxumen 2.8 'Eotw 6w n [ etvar axéparn. Efetdote av ot g4(2) = f(2) xou
95(2) = [(B) 1t 2 € C elvar axépateg.

Asxmen 2.4 'Eotw 61 Q = C térog xat f: Q@ — C ohopopey. Téte ta
axohoulo eivar taodbvap.a:
i) H f etvat otabep).

ii) H |f] elvat atabep).
H £ eivat ohdpopen.

)
)
iii)
iv) Hu = Re f eivat atabepy) (avtictorya, n v = Im f elvat otabepn)).

Acunem 2.5 EmBefatwarte tig suvdvxeg Cauchy-Riemann yia T suvdptnoy
) =1+2%

Acxmem 2.6 Efetdoteavy [ : C — C pe
(1 +4)Im 22
[(z) = CLE

0, av ez =0,

avz =+ 0,

TAnpot ttg suvlvxeg Cauchy-Riemann oto 2 = 0 xat av vmdpyet v f7(0).

Asxmem 2.7 Eotw bt f(2) = 2°/|2|* av 2 = 0 xon [(0) = 0. Aeibre 61t 10
bpro lim, . f(2)/2 Sev vmdpyet. AciEte ott v [ ixavomotel i suvlnxeg Cauchy-
Riemann ato 0 adAd 7 f7(0) Sev umdpyet. Avtipdoxet auté pe to Bewpnpa 2.7

2.2 THapaywyog Suvaposspds
I to emdpevo Bempnp.a Bo xdvovpe Yp7I0T TOV TAPAXATY TAPATYPHGEWY.

Mapatienen 2.12 lim,_ . n'/" = 1 ot lim,_ o/ = 1. O

Mapatipnen 2.13 Av b, > 0, lim,_ ., b, = b > 0 xoat a = limsupa,,, ToTe
limsupa,b, = ab.

[Ewmedn lim sup(a, b,) = blimsup(a, (b, /b)) ot b,/b — 1 apxel va amodel-
Eovpe 6Tt av ¢, — 1 téte limsupa,c, = limsup a,,.
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‘Eotw 61t @ = limsup a,, € R xat éotw ¢, — 1, omdte tehxd ¢, > 0. Eretdy
a = limsupa,, uTdpy el u?axokouetloc (akn)’ WGTE @) — . Acplou C, 1, éyovpe
g, €, — @, SNAXSY) T0 @ ebvan opland oMuElo TNS @,c,,. Tuvemag lim sup(a,c,) =
a.

Avtiotpoga, éotw ¢ = limsup(a,c,). 'Eotw 6t £ > a. Oewpoldye vraxoiov-
bla (ay, cp, ) 06 (a,c,) wote @y ¢, — £ > a. H (a;,) eite elvar paypévn xat
éyet suyxiivousa umtaxorovbio ette dev eivar dvw @poryp.évr xat €yt baxoioudin
LLE 6pto To 00 eite Sev elvat xdTw @poyp.évy xot et uaxohovdia pe 6pto o
—oo. Ye xdfe mepinTwan propodpe va vrobéaovpe, TEPVHVTAS Ge LTAXoAOLDIa
o peLasTel, 6T (ag,) cuyxhiver oty extetapéyn Tpaypotinn eubela éotw
ato d, 8nAadn

akn - d E [*OO, +OO]

Erewd?) ¢, — 1, maipvoupe a; ¢, — d. Apood = £ > a. Avté dpug elvou
aBOVATO, aPOoD RUVEVX EXTETAP.EVO optaxd anuelo Tn¢ (a,,) Sev wropel va elvat
peyardTepo amé limsup e, = a. Eropévog

lim sup(a,c,) < a.

Yuvemwe lim sup(a,c,) = a.

Av a = —o00, yia xd0e M > 0 vdpyovy dretpot deixteg pe a, > 2M, ra
telnd ¢, > 1/2, dpa a,c, > My dretpoug Seinteg. Eropévog limsup a,c, =
—+oo. H wepintwaon a = —oo eivat avdroyy, agod teAtxa 1/2 < ¢, < 3/2 nat

a, — —oo.]

Napathpnon 2.14 H axtiva sbyxitang R g Suvaposelpds Yioe o a, (2 — a)”
divetat ot améd Tov TOTOo

L timsup Ja, |77
— =limsup |a,|T.
R n——+o0 "
n>2
A ; Sel , SOk , / 1/n
[Apxet va amodeifoupe 6Tt ta GOVOAa TV optax®y onpelwy e |a,|Y" xou

e |a, MY routilovtar. ‘Eotw 61t to s eivon opraxd onpeto tng |a, |/
(n > 2). Ymdpyet Aotmwov vToxolovdio |akn|1/(k"_1) ToU €yel 6pto to s. Tote
opwe, sdpewva pe v Aoxnor 2.8 toybet

kyy—1)/k
‘akn |1//€n — <|ak,, |1/(/{7L71)>(L;1 )/kep L

xot 1o s elvan xat optoxé anpelo T |a, |/, Opotwg epyalépacte av To s sivat

oplaxé anpelo Tng |a,| V" Yo va Tpondder bt eivor xaw tg |a, |V (n > 2).
Aqod hotov Ta GOvola TwY optaxmy arp.elwy Toug Tawtilovtat Oa éyouy to (Lo
supremum, 3nAad lim sup |a,|'/" = lim sup |a,,|*/"—1).]

Ocwpmpa 2.15 Av n dvvapoceiod f(z) = X2 g a,(z — a)" éyer axtive 60-
yudiong B > 0, tdve n ovvdotnon [ magaywyilerar nar woyder: f'(z) =
N na,(z—a)" ! e xdbe 2 € S(a,R) := {2 € C : |z —a| < R}.

n—
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AméBeEn: 1) Bewpodpe ) cetpd 302y na, (z—a)" ! wow 6étovpe R v axtiva
abyxAtang tne. ‘Eyouvpe ot

1
n—1

1 . a1 1
= lim sup |na, |™—T = lim sup |»|7"—T lim sup |a
1 1

R R

7Z|
= lim |n| 71 limsup|an|ﬁ =1-

amo TIE TopATAYW Tapatnproels. Apa R” = R.

2) Apxel va amodeifoupe to Dewpnpa yio @ = 0. Tta 2| < R Oétovpe

[ee) n (S
g(z) = Z na,z" 1, 5,(2) = Z a2, 0,(2) = Z a2t
n=1 k=0

k=n—+1

xot Topatnpodpe ot f(2) = s,(2) + £,(2).
Oéhovpe v amodelfovpe 6Tt Yo xdbe 2y €
S(0,R), 0’ (2y) vdpyet xat [ (29) = g(2)-
Emukéyoovpe r, 07 > 0: |gg] < r < R xat
S(2g,01) = S(0,7). I'to 2 € S(zg, d7) €xovpe

O (ORI O Y
z—2 z2—2
— s,,(20) + 8,,(20)
. .

2 —

—9(20) + (2.3)

0
Mopatnpodye ot
En(z) 7€n(20) _ i ' o

2—2p

k=n+1
xot AopBavovtag uwody ot

/

L —Zk

= |zk*1 + 25220 + ...+ 2871| < ferk—1,

z—2
ool 2, 29 € S(2g,0;) = S(0, ), Taipvovpe 6Tt

gw(z) _ fw(zo)

oo
< Z klay|r* 1.
2 — 2,

k=n+1

'Eotw & > 0. Egdcov » < R 1 oetpd 372, kla,|r* ! cuyxiiver (amé to (1)
¢ am6delEng) xat dpa umdpyet ny € N wote yia n > ny vo taylet

2—2

&

: (2.4)
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vt xdfe 2 € S(zg,01). 'Eyovpe emiong mpopavng 6t s;,(29) — g(20). Apa
LTAPYEL Ny € N ®aTE av 1 > ngy Vo Laylet

[5c0) —9(z0)| < 3. (2.5)

Oétovpe ny = max{ng, ny} oméTe Loy bovY TAVTOY POV xat M) (2.4) xat 1) (2.5).
Twpo wou emAéyOnxe o ng, emtaéyovpe 0 pe 0 < 0 < 0y wate av [z —zo| < 0
va Loy et

p— — 87, (20)| < 3 (2.6)
"Eyovpe télog amé v apyixn ayéam (2.3) xat tig (2.4), (2.5) xat (2.6) ot
2) —[(z
[OZTC) g <oyl —zol <,
z—2g
a6 to omolo émetat ott g(29) = [’ (2)- O

épiopa 2.16 Av 5 dvvapoceiod f(2) = Yoo o a,(2—a)" €yel antive cvyrliong
R > 0, tove:

1) n [ elvaw amegibpioTa duapogiowun naw LoyveL:

oo

fPE) =Y nn—1)(n—k+a,(—a)"" palz—al <R.
n=k
2) a, = " (a)/n! pren=0,1,2,...

Amégedy:

1) amé to Bewpnpa 2.15 pe eTaymyy).

2) Xpnotponowvtag o (1) éyovpe: f®(a) = kla, yia k= 0,1,2,... O
Opiopés 2.17 'Eotw 61t Q@ = C avorntd xat f: Q — C. Aépe bt v [ elvar

wopactaciun (e dvvouoceiod oto L, av yia xdbe S(a,r) = Q vwdpyet wio
Suvapocetpd 32 ¢, (2 — a)" = f(2) o xdbe 2 € S(a, ).

n

Acrmoelg

Acxmem 2.8 Amoleifte bt av @, > 0 pro axorovbio Tpaypatixmy pe lima, =
Crardh, >0peb, — 1 tote alr — 0.

2.3 Tevizés Asnmoetg Kepaialon

Asxmen 2.9 Ymoloyicte to Stagpopind T = (;; 23) LG Tapoywyiotpng
suvdptnang f: C — C fewpwvtoag Ty wg suvdptnoy 300 petafintwmy, dniady
og wo [ R2 - R2, xou amodeifte Tic cuvO7xeg Cauchy-Riemann delyvovtog
6t o T ebvon ¢ popehs (¢ ,0).
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Kegaiato 3

Bact®ég suvapineets

3.1 H exletiny) suvdptnoy

[poavwg GUVOPTYGELS TAPAGTAGULES [LE SUVAPLOGELPD Elval aTepLOpLaTa
Swapoplatpeg. Mapdderypa tétotag suvdptnong eivar 1 e® e @ = C. Opifovpe
v € emexteivovtag Tov tomo tou Taylor yia Ty € pe x € R ato C: opilovpe

exp(z) := Z 'Z—

Tz €C. 0 opwgég elvat xokde Lot 7) GELPA GUYXALVEL, 0Ol GLYXALVEL XTTOAD-

twe. Hpdypatt auto elva cpowepo apod 1 Y07 |2]" /0! elvat oetpd TpaypaTiR®Y

aplBp.dv o cuyriiver amé to Oswpnua Taylor ato €.

Me ttg 8tétnTeg TNg GuVAPTNGNS auTNg, Tou cupBoiilovpe pe exp, Oa asyo-
AnBobpe Tapaxdtw.
H mapdywyog avthc vmoroyiletat pe Bdon to Oebpnpa 2.15 wg ebvg:

R O ) e W e R B

Apo exp” = exp.

Am6 ta Bascixd mapadelypata ato Oempnpoa Taylor yvwpilovpe ott Yo wdle
Tpaypotind aptlpd ¢ taydouy ot kg oyéaeig:

(—1)" 5, . S G VA
| = t n t = t n+1
CcoSs Z (21@)‘ sin n;() (2n+ 1)! )
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36 3. BAXIKEY XYNAPTHIEIZ

aetpég ot omoleg suyxAlvouy yta xdle ¢ € RR. Haparnpo()pe ot
R VT S SO Z (i) +1
4 n! N—oo & Naoo 4 (2k)! = (2k+ 1)

N k
L (—1) (=DF
z&‘&(m (2)! # Z 4 (2k+ 1)! ml)

= cost+ ¢sint.

Apa '
et =cost—+isint o xdbe t € R.

AT6 awtdv Tov TOTo Yot = 7 Talpvoupe Tov 6p.oppo toHTo Tov Euler o omolog
suvdudlet xat Toug TéVTe «aNPavTIXobE aptOuode:

e +1=0.
Emtmiéoy, Tpoxdrret dpeca 61t cost = Re el xau sint = Im e’ xou amé tov
Baaixd tprywvopetpixé tomo cos? £+ sin? { = 1 waipvoupe apéowg |l = 1.
Tewpetpind o apbuéc el eivar atoryeto tou xdxhov C(0, 1), xor xdbe ctotyeto

owToD TOL XOXAOU (VAL AVTYIC TS POPPTIC 0pol €Y EL GUVTETAYLEVES TS PLOPPTIC
(cost,sint).

Hpérasm 3.1 I Ty exbstinn cvveornon, yia ndbe 2, w € C, woydovy ov e&ng
10LoTNTES:
i) e =c¢
11) P €2+w
iii) e =1 aw now wovo av z/2mi € 7.

Am6BetEn: (1) amo Tt cuvéyeta T 2 — Z éyoupe

k n k " k =n

— . z . 2" . z =
eZ:hmZ—’:hm —‘:hmZ—‘:e.
koo =4 1] (oo 4l (oo 4l

f—o00 k—o0

0

(ii) o xabe a € C fewpodp.e 0 cuvdptnon f(2) = e7e“ . A6 Tov xavova aAvai-
B0Lg XOL YWVOPEVOL YLa TNV TapdywYo Talpvovpe [7(2) = e’e"F +efe"F(—1) =
0 v e z € C. Zvvemwg, emed?) o C eivan tomog ([Ipdtacn 2.10) 1 f elva
otalepy). Anhady) vrdpyet ¢ € C wote e’ * = ¢ ya xdbe 2 € C. Apa Y
2 =0 € R malpvoope ¢ = e”. 'Etot yta xdle a € C xat v xde 2 € C taydet
e % = ¢". Bétovtag a = 2 + w TporVTTEL To {NTOdUEYO.

(iii) T 2 = a + ib pe a, b € R, xaw ané o (i) éyovpe &€ = €. Apa
av e’ = 1 cuvemdyetar |e%e®| = 1. A& yvopilovpe bt |e| = 1 omdte
supmepaivovpe e* = 1 pe a € R, dnradh a = 0. Apa 2 = ib xouw €* =
cos b+isinb = 1 omwéte cos b = 1 xar sinb = 0. Apa b = 2n7w Y10 xaTAAANAO
n € 7. Xovertwg 2/2wi = (ib)/27i = n € 7.

Avtiotpdomg eival TpoQave: av 2/2wi = n € 7 GUVETAYETAL & = 2N,
omote ¢ = cos(2mn) + isin(2an) = 1. O
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3.2. H AOTAPIOMIKH SYNAPTHZH 37

Acrmoelg

Acznon 3.1 Acifte 6t 1oybovy or ayéoetc: cost = (el + e ") /2 xau sint =
(e — e7) /24 yio x40 t € R. Tty cuvéyeta opiote avakdywg Toug pLyadieole
TPLYWVOoLETPLXo0g aptBode cos z xat sinz yto 2 € C xat amodelfte Tig oyéostg:

i) cos®z +sin?z =1,
ii) cos(z + w) = coszcos w — sin z sin w,
iii) sin(z 4 w) = sin z cos w —+ cos 2 sin w,
Yo xale 2, w € C.
Acxmem 3.2 Adcte )y eflowan cosz = 1/2.

Asxmon 3.3 Acifte 6Tl v cuvdptna sinz ametxovilet xdbe evbein y = a # 0

TOPAAANAY Tpo¢ Tov Tparypatixd atova e éAerdr) xat xdle evlela x = a pe

sina # 0 xat cos a # 0, TapdAAnAn aTov QaviaaTiné aova oe LTEPBOAY).
Bpeite Ti¢ etxdveg autwy twv evletwy xat LTH TNV oS 2.

Acrmom 3.4 Tpadre otn popen) a + ib pe a, b € R toug aptbp.ode:

3, cos(1+14), sin(2 + 34).

3.2 H AoyapOuizy] suvdptney,
H embpevn mpbtaoy pag divel T Suvatdtyta vo opicovpe tnv évvota Tou
hoyap(Op.ov.
Hpérasm 3.2 I xdle w € C\ {0} vwdoyer 2 € C dore €€ = w.
Amégedy: ‘Eotw 6t w € C\ {0}. Tote |w| > 0. Davepd w/|w| € C(0,1) dpa

udpyet 6 € R dote e = w/|w|. Suvernmg w = |w|e’? = eloslvl+i0, O

Ytov emopevo optaps vevlupiCoupe, suvodilovtag, Toug 0pLaP.odg TwY opt-
opaToV pryastxod aptOp.od.

Optopés 8.3 Avz € C\ {0}, téte umdpyet 0 € R: 2/|2| = €', Snhadry 2 = |2[e”,
N TPLYWVOUETPLXT popet) Tov 2. To chvoro twv 0 € R v ta omwola toydet
2 = |z|e"? nakelton dguoua Tou 2 xar o cupBoiilovpe pe argz. O povosrpava
optopévog 0 € R pe —7 < 0 < mxaw 2 = |2]e’ xodeitow Basind, Tporo 4
TpwTeboY bptapa Tou 2 xat supforiletar pe Argz. ‘Eyovpe tote:

argez = {Argz + 2knw, k€ Z}.

Enione ypagovpe arg; 2 yio tov aptbuéd Arge + 2kmw.
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Apa
log|z| +iArgz : C\ {0} = {x+iy : 2 CR, y € (—7, 7]} =R X (—=x, 7]
elvat avtiaTpoey TNg

¢ : R X (—x, 7] — C\ {0}
xofwe xon Yo xdbe k € Z 1

log |z| +darg,z : C\ {0} = {x+1iy : x € R, y € (—n + 2kw, w 4 2kn]}
=R X (—x + 2kn, w + 2k7]

ebvat avtioTpoeyn TNg

€ : R X (—m+ 2kmw, w + 2kw] — C\_{0}.

Avtég ot avtioTpopeg cuvaptroetg ovopalovtatl xiador Tov Aoyaoibuov. Oa
Ypapovpe Logz yia Ty cuvaptney log 2| + tArge xot tnv ovop.alovpe modTo
1) T TEV®V xActdo Tov AopagiBuov, evw Yo TNy éxppaa log [2| + targ, 2 6a
vpdpouvpe Log,z xat B Ty ovopdlovpe k-xAddo tou AoyapiOp.ov.

Hapatipnsy 3.4 O wpwhrog Aoydptbpog Sev elvan 1 avticTpogn GuVAPTNGEY TNG
e : C — C\ {0}, apod v tehevtala dev eivar 1-1 o va elvat avtiotpédepy
(1o Topdderypo 7 = €37 = —1). Eivar pévo debid avtictpoeyn auths Tng
exfetinnc 6mwe xat xdle k-xAddog Tou hoyapilpou. Hpdypott, yio xale k € Z
éyouvpe
exp(Logkz) — ploglel+iarg,z — |Z‘eiargkz — 2

v ndle 2 € C\ {0}. Aev eivar bp.wg (6Twg avap.évouye apod 1 exdetiny) Sev elvat
avtietpédLun) aptatepd aviictpoon. Ma tapdderypa Loge’3™ = log |37 +
iArge™ =log 1 + im = im # i37.

Ipérasm 3.5 To mowredov doiope Arg eivar cvveyng cvvdgrnon oto C\ {t €
R : <0}

AzéBern: Oa Seifoupe mpoTa 6TL Y [ = Argleo 1)\ (1) EvaL cLVEYNG, 6TTOL
C(0,1) = {2 € C : |2| = 1}. Av awté Bev toydel, ThTe LTAPYEL 2o = €00 pe
0o € (—m, ) 6to omolo 1 f dev etvar cuveyrc. Katd suvémeta, umdpyet 2, = e'%
pe 0, € (—m, ) Tou GuyxAivel 6To 2y aAAd 0, + O,. 'Etct vdpyet ¢ > 0 wate
cuyvd 0, ¢ (0 — &, 0y + &), cuvemig auty €yet vaxolovlia, éotw Ty 6
wate 0, ¢ (6y — & 0y + ¢). Opwen 0, aviixel oTo suprayés [—m, 7] omére
éyeL suYrAivousa TakodovBio. Ag ovopdcovpe auTH TNy LTTaXoAoLBiN @, [
bplo to @ € [—m, 7] xat @ # Oy (apod @, ¢ (6 — & 0y + €)). ANKG amd Tny
uéhean e'¥n — €% (1 ePn eivar vTooAoLBiN TNC 2,) EVO aTh TN GuVEYELa TG
exfetinnic Oo Tpémet ePn — €%, Apa €'? = ¢'%, omére /P00 = 1. A6 tny
[pétacy 3.1(iii) énetan 61t (p—0,)/27 elvan axépatog. AAAG emetdy) |gp—0y| <



“complex” — 2026/6/21 — 11:21 — page 39 — #39

3.2. H AOTAPIOMIKH SYNAPTHZH 39

27, agobd ¢ € [—m, @] rat Oy € (—m, w) cvpmepaivovpe ot (p — 0p)/27 = 0
Inhadh @ = 0O, Tov elvat dtomo. Apa [ cuveync.

Optlovpe tpa h: C\ {t€ER : t <0} — C(0,1) \ {—1} pe h(z) = 2/|2],

om6TE N Arg| e yier:1<0y = [ ol elvar suveyng wg abvBesm suveywy suvapThcEwY.

O

H (8o awd8etln propel va yiver xat yio ta uwdroima oplopata. ‘Etot xdbe

®Addog Tou Aoyapifpou elvar guveyhs suvdptnen ato abvoro CN\ {t € R : £ < 0}.

3.2.1 Hapaywyog not Suvapesstpd AoyaptOnwy

H mapdywyog vroroyiletar ebxola améd Tov TOTO TapoyWYOL AVTIGTPOPNS
auvaptnane. I Adyoug TATPOTNTOC 0 AVaALTIXOE LTOAOYLGWLOE elva ¢ eEN¢:
Avz,zg c CN{tER : ¢ < 0} nat 2 — 2y TOTE ATO T1) GUYEYELX TOV
hoyopiOuou toydet w := Log,z — Log,2, =: wy xat &2 = €, 25 = €0, apod
%60e hoydptBuog eivar Sebd avtiotpoprn tng exbetxyc. ‘Etat éyouue

Log;z — Log;2q w— Wy 1 1

f/(ZO) = lim = lim W wo | oo 4"
=20 z2—2& w—wg e — "0 €' 20

Toverwg (Log,e) = 1/zyia xdle 2 CC N\ {{ € R : ¢ < 0} i xdle k € Z.
IMo to avdmTuypo oe SuVaPoGELPd TAPATTPODPE TPWTA OTL AUTY) TPETEL Vo

éyel xévtpo dAlo amé to 0, apod To undéy Sev elvat 5To TES(0 0PLGP.OD RAVEVES

royopiOuov. Me xévtpo to 1 Tapatnpoldye amd T YEWUETPLRY) GELPd OTL

/ 1 1 N n S n n
(Log2)' = 2 = T =3 = n;o(l —2) = ,;)(_1) (e—1)".

‘Etat, atov tomo S(1, 1) O éyouvpe

<L0gkz— Z ( —i)ln 1)”+1> =0,

omote vrapyet atabepd ¢ € C wote

Log,z = ¢+ Z ( —01)1 — 1)+,

o 2 = 1 wpoxdmtel ¢ = Log, 1 = log|1| + darg, 1 = i2kx. Suvemug

. < (*1)n 1
Log,z = i2kmw + (z— 1)+,
n,;o n—+1

xot M axtive sOYxALaTE TpoxdTTEL EbX0AN OTL LaolTat e 1, toodhvapa

S
n

Log,z = i2km + ). (z— 1), (3.1)
n=1
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I to avamToypo e xévtpo éva ampeio 2y 7= 0, Bétovpe
z2—z
w=""9

0

Téte
z2=2zo(1 +w).

Av |z — 2| < |z, tote |w| < 1. Apa to 1 + w avixet atov dioxo S(1,1), 0
omolog Bev Téuvet Ty apynTinh Tpaypatixy nutevleio. Eropévng o Tpwtedwy
royaptbpog Log eivat optapévog ato 1 + w, xan toydet

el —1 n—1
Log(1 4 w) = Z (T)w", lw] < 1.
n=1

OptCoupe toHpa, atov Sioxo S(zq, 12]), T cuvdpTNoY

LZOJ\"(Z) = LongO + LOg(l + : ; ZO>’
0

6mou ato Sebtepo Péhog to Log elvat o Tpwtedbwy Aovaptbpoc. H suvdptnoy
L, i ebvow avohutinog xAddog tov AoyapiBuou atov dioxo S(2, [2o]), opod

¢20+) — glogizo <1 + - ZO) =2 <1 -+ - zO) =z,
20 20

%ol ETULTTAEOY
LZO’k(zO) = Log;2g.

Emopévwe, yia |z — 2g] < |2g], Talpvoupe

o —1 n—1
L., #(2) = Log,zp + Z %(z —20)". (3.2)
n=1 nZO

Me dado Aéyta, to Tapamdyw eivat to avamtuypa Taylor tou tomxod xAddou
Tou AoyaplBpov Yopw amé to 2 Touv Talpvel TV Tty Log; gy 6To 2.

Acrmoelg

Asxmem 3.5 Bpeite dvo Stagopetirods pryadixods aptbpoie 2y, 25 € C\ R
oate va toydet Log(z29) = Log(zy) +Log(z,), xat 8vo dAhovg wy, we € C\ R
wate Log(w wy) # Log(w,) + Log(ws).

Asxmsn 3.6 Amodeite btt To euphtepo hVolo aTo omoio elvat oAdpopey) v
f(2) = Log(zzy) — Logz, 1t 2o ¢ [0, +00), amoteheitar amé 800 cuvextixég
CUILGTMGES Xat 6e xale o amé autéc 1) suvdpTNeY [ elvat atabep).
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Asxmen 8.7 (Opropbe pwyodiemy duvdpewy) Me Bdon t oyéon oV = ev'8”
a6 Toug Tpaypatieots aptBpoie optlovpe i z = 0: 2y = e”Logr émou Log,
0 k-xAddog tou AoyapBuov. Aniady ya xdbe xAddo tou hoyapibu.ov opiletar
o évag xhddog dbvaung tov 2 oty w. Tia 2 # 0 xow w # 0 pe to sbpPoro /2
supBorilovpe tov e9€)/" 4oy Logz o mpwtebwy hoydptdpog. Ta 2 = 0 660
7 Svapy pe exdétn w #= 0 660 xat 1 w-pila pe w = 0 opiletat v elvar iom pe
PNoEV.

i) Amodeifte 6Tt uTdpyEL P.oVO évag xAdBog TNG BhvapTS 2
T0 w elvat axépatog.

“ oy Xo LOVo oy

ii) Amodeifte 6Tt av 0 w elvar pNTog NG Lopeic m/n pe m € Z o n € N xot
To m/n elvat avdywyo TéTE To 2V €yEl N SLOPOPETIRES TLPES, TIS N-OTES
pileg Tou &™.

iii) Av to w elvat dpprntoc 1) Imw = 0 tote T0 2% Eyet dmetpo TANDOS TLL.OY.
Asznsm 3.8 Ymoloyiote dheg Ttg Suvartés TLé Twy aptOpmy
Z.i’ (_Z)l7 2{7 IOg 17 log(l)a log(l + 7’)

61ToL YL Tov optaps Twy Suvdpewy Beite Ty Aounen 3.7 xat pe to log evvoobe
vo Bpebodv bheg ot Suvartég TLpée, Snhady 6o ta Log, Yo k € Z.
Acxmon 8.9 Amodeifte 61t 1 cuvdpinoy f(2) = 22 amewovilet To TpHTO
tetaptuéplo A == {# € C : Rez > 0, Imz > 0} ato dvw npeninedo
B:={z€C : Imz > 0}.

Amodeitte ot 1 g(2) = /2, pe g(0) = 0 xou g(2) = glogz/2 Tz # 0,
amewovilet to C 6to chvoro

D=1{0}U{z€C\ {0} : —7/2 < Argz < 7/2}.
Asxney 3.10 Amodeilte 6tL v f(2) = € ametxovilel T Awpida
f2€C:Rez<arab<Imz<b—+ 2n}

at0 S(0,e") \ {0}, Yt xd0e a, b € R. Meketriate To medio Tipov tov Log, dtav
to Tedlo optapod eivar S(0, R) \ {0}, émou R > 0.
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Kepahato 4

Muwyagixny) OAoxAMpway,

2t0 xe@dlato authd g 0AOXATPWGYE BéAoupe Vo opicovp.Ee TO OAOXATpLUA
Ltog PLyadtuhg suvaptnerg f Tdyw e pro xap. oAy Tov emtrédou. Ltny ovsia
TPOXELTAL VLo TO ETLXAULTOALO 0AOXATpWU.A 6TWS TO YVwpilovpe amwod Tov Amet-
poaTixd Aoyiapd we T Stapopd 6T ) [ Bev el amopaiTTa TPOYLOTIXES TLUES,
oaAhd ttpég ato C. Omwe xat 6Tov amelpoaTing AOYIGO TO OAOXANPWILA QUTS
eV UTTApPYEL TAVTA, ot ) OTtopEy) Tou Twpa ebaptdtat Oyl Povo amd Ty [ aidd
RO AT TNV ROPTTOAY) TAV®D GTN)Y 0Tolo OAOXAT|PDVOVYLE.

210 xedAato auté Bo TOPOLGLAGOLYLE [LLo: ATTAOTTOIMPEVY) Lop®PY) TG Dewplog
pe Ty emtAéoy uTolean) OTL 1) GUYAPTYGY) TTOL TEPLYPAPEL TNV XAUTOAY TAV®
oty omolo 0o OAOXATPWYOLP.E Elval XOTA TUHULATR GUVEY WS TapaywYiatLY):
dnAady extde améd wemepaapévo TAN00¢ an.eiwy 1) GUVAPTYGY) TTOL TTEPLYPAPEL
TNV XAPTOAY eivat TopaywYIGLLT Xot 1) TapdywYog TN lvat GUVEYTS.

Ev tobtotg, av xdmotog 0éAet va Set v yevinn) avdmwtuly e Oewplag tote
oVTE VLol AUTO TO XEPAALO LTTOPEL VOL LEAETTIGEL TO ETOLLEVO XEQAAOLO GTO OTOLO
7 ovamtuEn g Bewplog Yivetat Yia sLUVAPTNGELS EPaYLEVTS XOPAVEYGS.

Av ¢ : [a,b] — C pra mapapetpomoinen g xapwoANS oty omola fu
OAOXATPWGOLYP.E, TOTE E(VOL YAVEPS, AXOAOLOMVTAG TIC TEYVIXES TOU ATLELPOGTLXOD
AOYLGPOD, OTL TPETEL VOl XATAGREVEGOLP.E abpolopata TNS LOPPTIC

2 F@E)(BE) — $tiy)),
i=1

bmov a =ty < t; < ... < t, = b dapépton tou [a,b] v b,y < 7, < ¢
evdtapeca anpela ™S SLapéplorg, ETUSLOXOVTOS VO TETOYOVILE (Lol 0PLAXY) TULY
btav M AemToTTA TG Starpéplomg Telvel 6To PNdéy. Av auTh 1) oplaxy Ty
vTTapyel Do TNV 0VOULAGOLPE (OAOXATIPWLP.O.
H mapamdavew éxppacy) ypagpetatl xot wg
> rpp P =y,
i=1 i—1

i

43
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Av Aotmov vmoBécouvpe OTL M @ elvar cuvey®E TopaywYIoLT TOTE YPAPOVTHS
Y wg @) = x(f) + iy (t) pe (), y(t) € R, awoé to fewpnpa péomng Ttpng Tou
ametpoaTixod AoyLapol, udpyet &; xat n; 6o Stdatyue (£, t;) (bt amapaitnta
petald toug (oa) waote
x(t) — x(t;_ t) —y(t,_
(z) (1, 1) — x/<§i) %o Z/( ) 2/( 1) :y/(nz)
bi—tiy bi—tiy

v xdle i =1, ..., n. (Iapatnpodpe edw 61t o Oewpnpo Méang Tiphg tov amet-
poaTLxod AoYtap.ol Bev taybet amapalTnTa Xal Yo SLavuaUaTIRES GUVNPTYIGELS.)
'Etat malpvoupe to dbpotspa:

Z [l @ (&) + 1y' () (6; —t;_q). (4.1)
i=1

Aprvovtag Topa T AETTOTHTA TN SLApEpLang Vo TAeL GTo Pndéy, xatalaBui-
voup.e StoeaOnTind ot ta 7y, &; xaw n; B supmésovy 6to (8o apeio Sivovtag To
ohonktipopa [ F($(H)¢' (1) dt.

Evadhaxtind nmopodiLe vou ypnotlomoticouite TNV £WWoLa Tou SLapoptxod xat
va ypadovpe

¢t) — (i 1) ~ ¢ (€Nl —tiy)

xot xotd Ty d0potay) pe TNV AETTOTNTA TNG SLoP.EPLaTS Vo TEIVEL GTO PNGEY
popodyLe va SelEoupLe 6Tt To GPAAP TNG TPOGEYYLANS TEIVEL XA VT GTO PNSEY
XoToAyovVTag 6T (Bl éxppac fab fo)g’(t) dt.

Av topa 1 ¢ elvar cuveywg Tapaywyloy extdg anéd to anpeio a < ¢ <
ey < ... < ¢ < b, TOTE TO OAOXATpWP.A toobTAL e To dlpolapa

‘1 €2 b
/ PN (&) dt + / AN O db+ .+ / O B dt

Snrady mak pe o [ F(3(6)4 (b) dt.

Opiopds 4.1 Av ¢ : [a,b] — C elvar pla Topapetpinomolnaey Wog xatd
TUNPOTR GUVEY WS TaPaYWYISIPNE XaTOATS ¥ %ot To oAoxApwio Riemann

fab f(o()g’(t) dt vmapyet, Ty Tipy avth ™ ovop.alovpe ohoxAMpwp.a g f
OTNV XOPTOAY] P XA YPUPOLP.E

b b b
/ fdp— / FG(0) dg(t) = / PO (O dt.

Optopés 4.2 M cuvdptney [+ Q — C, émov Q avoxtéd vToGHYOAG TOL
C, Aéyetar magaoracwun we dvvaposelgd 6To Q av yo xdle avotxté xOxAo
S(z9,¢) = Q7 f Taptotdvetor pe Suvaposetpd atov S(2q, €).

Oczwpnpa 4.3 Eotw 610 g : [a, b] — C ovveyrg, ¢ : [a,b] — C xavd tuijuara
ovveyog maoayaoyiciun xar @ = C avouxto ue Q ) g([a, b]) = @. Tore
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i) novwagrnon f: Q — C pe

M dg Y dg
o= 2=

glval waQaeTAGLULY We VYA LOGELQd.

ii) woyder

" dg b dg(t)
(n) — I S S
f(@_mﬁnw—@““_ma (g() — 2y
e xabe 2 € QN g([a, b]).

Amégedn: Hapatnpodpe, améd tov TOTo dhpolong T Yewp.etptng Tpobddoy, b1t

3 1 e—2 \ _ 1
,;0 g(t) — 29 <g(t) — 50) T g —z (4.2)

ov 1) oeLpd cuyrAivet. Av Bewpricovpe otalepd to 2 € S(2y, &) = Q ToTE M) GELPA
oTY), WS GUVAPTYNGT) TOL ¢, GLYXALVEL opotopopea. Ilpdymatt, 1 pev 1/]|g(t) — 2ol
elvat Qporypévy) suvdpTtney Tou ¢, atw amtd to M > 0, Stott elvat Guveyhs 6To
[a, b] ot |g(t) — 29| = & (apod Q N g([a, b]) = &), xat

22—z
gt) —zo| —

|2 — 20|

< 1.

Omote

=1 Zo "
wg@%<w>29’<MZ‘

Zoverwg, amo to Dewpnp.a tov Weierstrass, v sOyxALoY) T0¢ GELPAS GUVAPTYIGEWY
Tou ¢ oty (4.2) elvat opotopope).
Yopmepaivovpe Aoty ([1] Oewpnpa 4.3.2) 6t

— RS ( ZO) > _ </ > n
f@)v[<;&mn W) @m yor )
= y;o a,(z —zg)", 6mov a, = /a W'

Q¢ vostoy (pe exaywy) a, = [ (z9)/n! ohoxknpmdvoviag Ty amédelly. [

< o0,

Napatnpmeyn 4.4 Amo to Tapoamdvw Dempnpo BAéTovpe 6Tt 1) xoTnyopla Twy
GUVOPTYGEWY TTOL E(VOL TOPUGTAGLLES LE SUVALOGELPA VAL LEYEAT).
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Acrmoelg

Acxmem 4.1 'Eotw bt a, b€ R, a < bxat f: [a,b] — C ohoxinpwaoipy). Téte

b
[ @i

Asxmon 4.2 'Eotw ott to Q elvat avotntéd xat xupto, xot [ : Q@ — C oddp.open
pe T Re 7 vo uny éyet piloa oo Q. Tote v felvar 1-1.

4.1

KapmdAeg pe prnog

Optopds 4.5 i) Mux suveyrc suvdptnem ¢ : [a,b] — C Aéyetow xapmdry

ii)

iii)

iv)

cto C.

To cbvoro p* = {p(t) : a <t < b} = p([a, b]) Aéyetat {yvog tng ¥ 1
aLnove TG y.

To ohoxAfpwy.a j{;b |y’ ()| dt to ovop.alovpe unrog tng xapTdANG P xot
to oupforilovpe pe w(y). O Aéyog eivar 6Tt pia TPOGEYYLGY] TOL PHROLS
®oPTOANG pe Baan pla Stapéptan a = ty < t; < .. < t, = b elvar
o abpotopo g [p(4) — p(t_1)], nat epapp.olovtag TaAL To fewpmpa
LLEGTC TLPRYS TOL ATLELPOGTIXOL AOYLGWOD Ylor TO TpaYotind z(f) xot To
poavtaatind wepog y(t) e p () = x(f) 4ty () dmTwe xat oty (4.1) Yo TNy
ROUTA TPARATA GUVEY WS Topaywylotun p, avté ypagetot Nr i |2’ (&) +
iy ()| (& — 1) Lo watddAnie eviidpesa onpela §;, ;. Zuverwe oy
N AETTOTYTO TVG SLoP.EPLamng TelVEL GTO P13EY TPOXVTTTEL TO OAOXATIPWLO

Ly @l at.
H xatd tpmpoata suveyng Tapaywyiotnn xoap oAy y Aéyetal evbvyoaui-
ouun N napuwoAn we whrog ov w(y) < —-oo.

Hapageiypota

i)

ii)

‘Eotw étt a, b € C. H xapwdiy py : [0,1] - Cpep(t) = (1 —Ha +tb
xoAE(TaL (TPOGAVATOMGEVD) eVOVYQaLLO TURA LE TPOTO UXPO TO & KOL
debtepo to b xat supforiletar peptrés wopés xat [a, b]. To phnog avthg

elvat . .
W)/ |y’<t>|dt/ b—aldt = b —al.
0 0

H xapmodn p : [0,27] — C pe p(t) = a + re'’ émova € Cxarr > 0
xoAeltol (TPOGAVATONGUEVY) TEQLPEQELE REVTPOL a KL AXTIVAG 7 KOL
supBoriletar pe C(a,r). To pirog avthg eivat

2w 2w ) 2w
w(C(a,r)) = / Iy’ (B)] dt = / lire’| dt = / rdt = 2mr.
0 0 0
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iii) H xapwdin p : [0,27] — C pe p(¢f) = acost + ibsint, a, b > 0 eivar
(Tposavatoiiopévn) éldenpn pe nuiatoveg a, b.

Ilgéracy 4.6 Eotw éte ny : [a,b] — C sivar xaunddn we unrog nar ¢ :
[e,d] — [a, b] wea xavd TuRUOTE GVVEY®S TOgaywYiLy, Yyhcie adEovea (4
ywnee pOivovea), xau el cvvagrnen. Tove w(y o @) = u(y).

AréBeiEn: ‘Eotw tphta 6t 1) ¢ elva yvhiota adovsa. Emed?) 1 ¢ eivar xatd
TUNLLOTAL GUVEY WS TTopaywYIGLLY Xat LovoTov), taylet ¢’ (£) > 0 o xdle ampeio
6Tou LTapYEL 1) Tapdywyos. Apa |¢' ()] = @'(f) v dAa T ompelor exTog
amt Temepaspévou TANloug anpela, ta oola Sev exmnpedlovy To oAoxANpwLPa.
Emopévwg

u(qu):fcd!(w@'(t)dt:[d
=[%mewW=[d

Me v ahhoyt) petafAntic s = @(f) xot emetdh) v @ elvar ent amé to [¢, d] ato
[a, b], Talpvoupe

Y () ¢ 0] dt

7' ($(D)| ¢’ (D) dt.

b
uwo@—:/ﬁ¢@WM—uw»

Opoiwg av 1 ¢ elvat yvhota bivovsa (1) ¢ O Byet améd Ty ambivTy) TLY pe
éva eTLTAE0V TANV OAAG To s Twpa Do xopaivetat amd b Ewg a). O

Optopds 4.7

i) 'Botw ot p; : [a,0] — C, p5 : [¢,d] — C elvor xopmdrec. Aépe 6Tt
N py elvat toodhvapy pe T Py (XAl YPOPOLWE Py ~ Pg) OV UTTAPYEL
¢ : [e,d] — [a, b] xatd TpApata Guveywe Topaywyiotwy, Yynoia adEovca
(apo xat 1-1) xon el OGTE Py > P = Py

ii) Bewpodpe pro xap.wdAn ¥ : [a, b] — C. Optlovpe we avtifetyn xapmwdiy
gy Y —p ¢ [a, b] — C pe (—p)(f) == p(a + b —1). Ilapatnpodpe o1t
—y =y omov ¢ : [a,b] — [a,b] pe ¢p(f) =a+b—t.

iii) ‘Eotw 6tt 94 : [a, 0] — C, py : [¢,d] — C eivar xapmwdieg wate p4(b) =
v9(c). Optlovpe to dbpotop.d Toug py =+ g Vo elvat 1) XAUTOAY) P4 —+ g
[a,b+d—c] — C pe

71(0), ava<t<b,

(y1 +p2)() = yolt+c—b), avb<t<b-+d—ec.

Hpérasm 4.8 Ioyvovy Ta mapandro:

i) H oyéon ~ elvar 6yéon teodvvauiag.
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i) Avyy ~ pg 07e u(yy) = p(ps)-

iif) w(—y) = @)

iv) v yy ¢ [a,b] — C, ps : [¢,d] — C naumdles dove p1(b) = po(c) ToTe

@y +p2) = w(yn) + u(y2)-
Am62ell: (1) Aprvetar wg doxney pe Ty Tapathpnon 6Tt av py o ¢ = py 60V
¢ [a,b] — [c,d] xatd TuMpoTa GLVEYHS TopPayWYISLLY), YVl adEouca Kot
et t6te py = pg o ¢ L bmov oLk [e,d] — [a, b] ebvar xoTd TUHPATH GUYEY MG
Tapoywylsty, Yvhota abdfovaa xat ewl.
Ta (ii) xa (iii) eivar dp.eoeg suvémeteg ¢ [lpdTacnc 4.6.

(ivy H¢ : [b,b+d—c] — [c,d] pe ¢(t) = ¢t + ¢ — b elvar cuveywe
Tapaywyloy, yviota abdfouvca xat entt ametxdvion. ‘Eyovpe

b+d—c
s+ ) = / s+ 72) 0] dt

b b+d—c
2/ (1 +72)’(t)\dt+/ [(y1 + p2) (B)| dt
a b

b b+d—c
= [ |ri®]dt+ /
a b

= w(y1) +w(pz > $)
= w(yy) + uly9) (amcd v Hpétacn 4.6) O

(a(t+c— ) (1) dt

4.2 Emwapmdie OhoxAvpwpa

Optapés 4.9 'Eotw ottm p ¢ [a, b] — C eivar evbuypappicty xapwddy, xatd
TUAHpoTe GLYEY MG Stapopiatun xat [ p* — C cuveyng suvdptno. Opilovpe
¢ ETLXAUTOALO oAoxATpwpa TN¢ f el TN¢ ¢ To ohoxATpwp.a Riemann

16y de = / oy = / oy @t
Hapgatipnen 4.10 i) 'Eotow 6t
Il = sup{If @)+ 2 €7} = sup |[fpO)] < +oo.
Tote amo Ty TpLywILLY] aviaoTyTa €YOVILE OTL

/f(z)dz
y

b b
[ty < [ oo ol <.
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ii) ‘Eotw étt ot f,, + p* — C eivar cuveyelc cuvaptnoels. Av 1 axorovlia
(fi)nen (avtiotovyo v oetpd 302 f,,) GuYXALvVEL opotdpopea oty (GuVEYN)
f. Téte oydet fyfn(z) dz — j;f(z) dz (avticToryo E‘,’f’zlfy fn(2)dz =

fy f(2) dz), yeyovog mou TpordTTEL ApP€SWS ATO TO TPOTYOOLEVO ROl TO
ot

f@ds— [ el =| [(f.)—re)d

Nopageiypata 4.11 i) Avyyp: [a,b] — C elvar xatd tpipato cuvey®S
Tapoywyiopn xoapTOAn xat [ = ¢ atabepy) cuvdptnar) ToTe fycde =

Loy’ (b dt = e(p(b) — p(a)).

ii) Bswpobpe 2y, 25 € C xow 1o evldypappo tpipa ¢ : [0,1] — C pe
p(t) = (1 —1t)zy +lzg. Avr [ p* — C elvat suveyfig suvdptnon €y ovp.e

< fu = Flloott()-

1
/[ ]f(z)dz—/o f(21 + (29 —2)t) d(2y + (22 — 21)t)

1
= (29 — 21)/0 f(z1 + (29 — 29)0) dt.

Avzq, 29 € R éyovpe

1
/[ ]f(z)dz—/o f(21 + (29 —2)t) d(2y + (22 — 21)t)

:f22 f(x) dax.

iii) ‘BEotw 6tt y = C(a,r) xat [ : p* — C osvveyng suvaptnay. Tote

27

27
/f(z) dz = fla—+re)ydy(t) =ir Fla+ re)el dt.
7 0

0
[Biaitepa i f(2) = (2 — a)", n € Z, éyovpe

27 ] ] 27 )
f(2)dz =ir (re'yre dt = ir"+! / o1 gy
0

» 0
2w 2w
= gyl / cos((n+ 1)t) dt + z/ sin((n + 1)t) dt \
0 0
|0, n=+—1,
| 2@t p=—1.

Apa
, 0, n =+ —1,
(z—a)'dz = { . o
/C(a,r) 2w, n=—1I1.
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Ilgéracy 4.12 Eorw ome 1y : [a,b] — C elver xavd tujuate cvveyg
TaQayYieLn naumodn we uixog, ¢ : (¢, d] — [a, b] ovveyng, yvioie adEovoa
(avicrorya yyvieie pOivovea) xaTd TUHWATE GUVEYMS ToQayYLGLIY %ot T,
wew [ 5 p* — C ovveyi ovvdornon. Tote éyovpe [ f(2)dz = [, [(2)dz
(avricTovya fy f(z)dz = —fyo¢ f(2)dz).

Amégedy:
d
[ rew= [ om0
ye ¢

= / df(w(¢<t>))y'<¢<t>)¢'<t>dt

Am6 to Oewpnpa adhayhg petafBAnThc Tov Aetpoatixod Aoyiap.ol, xat Oétovtag
s = @(t) O éyovpe ds = ¢’ ({)dt omée

b
fod= [ )y ed
/Mb z)dz /a »(8)y’ (s)ds
—/f(z)dz,
7

OAOXATPWYOVTOS TNV ATOSELEN. O

Ilgéracy 4.13 Oszwoodue tig xaumdleg ovov Oguoud 4.7 xaw wie Gvveyn ov-
vaptnen [ oguouévy ota iyvny tovg. Tote éyovue

i) Avy, ~ yy ToTE ‘/;)1 f(e)dz = fyz f(2)dz.
ii) j;y f(z)dz = —fy f(z)dz.
iii) fy1+y2 f(2)dz = fh f(z)dz —i—fyz f(2)de.

Amégelyy: Ta (i) xou (ii) Tpoxdrtouy dpeso anéd v [pbtacy 4.12.

(iii)

b+d—c
/ f(z)dz= / fo(pr+p2)d(y; +p2)
e b bt-d—c
=/ f°71d71+/b [epzopd(ys-9)

= / f(2)dz + f(2)de, (a6 v Ilpotacy 4.12)
71

omov @ : [b,b+d—c] — [c,d] pe ¢(t) = t+c—b (Seite lpotacn 4.8(iv)). O
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Ozvpmpa 4.14 Eorw drt Q@ = C avowxtd, p : [a, b] — Q svbvpoauuiowun xard
TUAUATE GVVEY MG TTagaypiowun xaumvdn xow |+ Q — C cvveyng cvvdotnoy
we wagdyovea (ondady vidoyel F : Q — C dove F' = f). Tore

f [() dz = F(y(b)) — F(p(a).
7

AméZetlyy: Aol 1 p elvat XaTd TUNPATA GUVEY WS TaPAYWYIGLLY) TOTE

b b b
f £ dz— / Fopdy= / Pl ®)y! (b dt = / F 0y (0 dt
¥ a a a
b
- / (F )/ (t) dt = F(y(b)) — F((a). O

Ilépiopa 4.15 Eotw 6te = [a,b] — C\ {0} eivar #derors) naumvdn pe
wnrog (xhewot) xedeitaw av p(b) = p(a)). Tove yia ndls n € Z \ {—1} toyde
j;/ 2"dz = 0.

AméBetEn: H F(2) = 2" /(n + 1) etvow wapdyovsa ¢ f(2) = 2". Apo amtd
T0 TPomNYoLPEVO Bewprua Eyovpe j; 2"dz = F(p(b)) — F(y(a)) = 0. O
Asrisetg

Acxmon 4.3 AvQ = Cxar f, f, :  — C, m = 0,1,2,... elvon cuveyelg,
fo — [ (avtlotovya Y02 o f,, = ) xow m adyxAtam elvar op.otopopey), tte
S fudz — [ fdz o ndBe xopmbion pe pixog p oto Q.

Asxnem 4.4 Na vrohoytatody to axéAovbo emtxanTdALL ONOXANPOPATA:

62
I, = —dz,m>1 Iy, = zdz Iy = |z| dz
c,1) ? [—i.7] [—i.i]
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Kepaiato 4

Muwyagixny) OAoxAMpway,

2to xe@dlato authd ¢ 0AOXATPwGYE Béloupe Vo opicovp.e TO OAOXATpLUL
Lag LYoSIXAG GLVAPTNGTNG [ Tavw G pia xaptOAT Tou eTLTédon. Bty ovsia
TPOXELTAL VLo TO ETLXAULTOALO 0AOXATpWULA 6TWS TO YVwpilovpe amwod Tov Amet-
poaTixd Aoyiapd pe T Stapopd 6T ) [ Bev €yeL amopaiTTa TPOYLOTIXES TLUES,
kg Tipég ato C. 'Otwg xat 6Tov ameLpoaTiXG AOYIGPS TO OAOXANPWL AVTO BEY
LTAPYEL TTAVTA, xot 1) OTapEn Tou Twpa eEapTdTat 6yt Lovo amd TV f adld xot
oo TNV XAWTOAY) VW GTNY 0Tolo OAOXATPWVOLPE. NTa Tapaxdtw Oo Topovstd-
GOLLE [LLOL YEVLXY) XOTNYOPLOl XAPTIOAMY, TLS XOUPTTOAES (PPOYLEVNG ROLOVGTISN,
GTLS OTOLES 0L GUVEYELS (TOUALYLGTOV) GUYAPTHGELS EYOLY GAOXATPWILAL.

Av ¢ : [a,b] — C pra mapapetporoinen g xapwdANS 6Tty omola Ou
OAOXATPWGOLYP.E, TOTE ElVOL YAVEPS, XOAOLOMVTAG TIC TEYVIXES TOU ATLELPOGTLXOD
AOYLGPOD, OTL TPETEL VOl XATAGREVAGOLP.E abpolopata TNS LOPPTIC

2L L@ (Pt — (tiy)),
=1

bmov @ =ty < t; < ... < t, = b dapépton tou [a,b] o b,y < 7, < ¢
evdtdpeca anpela TG SLapéplarg, ETUSLHXOVTOS VO TETOYOVILE Lol 0PLAXY) TULY
btow M AeTToHTNTA TNG Stopéplomg TEVEL GTO UNBEV. AV auTY) v) oplokY) TUWLY) LTTAp-
et Oo Ty ovopdsovpe «oroxhfipwior. Exetdy) oe avtibeoy pe tov amwetpostind
roytop6 ot Tipée e [ 8ev modhamhactdlovtal pe Tig Staopéc t; — U ahhd
e Tt Stapopés (L) — ¢(f,_q) to ohoxAhpwo autd Aéyetar «OroxAhpwp.o
Riemann-Stieltjes». Tov axptf37 optapéd tov b tov Sodpe Tapaxdtw.

4.1 Xovaptioels Qpaypévns xOpavemg
Optopés 4.1 'Eotw 6t a, b € R pe a < b. 'Eva newepacpévo gbvoro P =
fa =ty < t; < .. < t, = b} rakeltar derpéoron tou [a, b]. To cbdvolo

TV Stapeplaewy Tou [a, b] to supfoiilovpe pe Dla, b]. Tov aptbpd A(P) =
max{|t; —t;,_4| : ¢ = 1,2, ..., n} xoarobdpe lenrdrnra TS Stap.éptang P.

53
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Optopés 4.2 'Eotw oty f: [a, b] — C (avtiotorya R”) elvon pia suvdptnoy
ot P =f{a =ty <ty <..<t,="b}pdapépian tou [a,b]. JvpBorilovpe
pe Af;  Swapopd: f(E) — f(t;—1).

i) Kahodpe xduavon (petaforn) e f wg mpog v P tov aptpd
V(f,Pla,b) = V(f,P) == Y|ty — [(ti)| = X IAfil.
i=1 i=1

ii) Kadobpe oduxn) xduaven tne [ oto [a, b] tov aptip.o
V(fa,0) =V ()= sup V(f,P).

PED[a,b]

iii) H f xoeltor gporyp.évne xbpoaverng oto [a, b] av V (f) < —4oo.

Hapadeiypate 4°.3

i) Avr [ :[a,b] — R eivat povotovn tote 1) [ elvot @paypévng xbpavemg
xar V(f) = If(b) — f(a)].

ii) Avyta [ : [a,b] — R vmdpyet v Tapdywyos [ xon eivat ppaypévn
(BnAady) vmdpyet M > 0 wate |/ (x)] < M v xdle x € [a,b]) téteq f
ebvat ppayp.evng xopoavemg (Aoyw touv Bewphuatog PLéang TLmg).

iii) Avyn f:[a,b] = C () R") elvar ppayp.évng xbpavang téte 1 [ elvar xot
ppayp.évn (agod av x € [a, b] tote |f(x) — f(a)| < V().

iv) Hf :[0,1] — R pe f(x) = sin(1/z) v x € (0,1] xor f(0) = 0, ev
elvat pparypévne xdpavene. Hpdypoatt yo ) Stapépiom
1 1 1

"2mn+ 3 2am— % 2a(n— 1)+ §’
1 1 1
2n(n—1)—2""" 2n+ 2’ 2w — %’

P,=10

1

eAéyyovpe edxora ot toybet V (f, P,) = 2n — +-oo.

Hapatipnen 4.4 Av P = @ o Srapepioetc tou [a, b] tote amé Ty Tprywvixn
avieotnta Tpoxdwtel 6t V (f, P) < V(f, @) (Aoxnan 4'.1). Katd cuvémeta
av Py Stapépiom tou [a, b] taydet

V(f) =sup{V(f,P) : P € D[a,b] xow P = Py}.

pdrypott, oy ovopdoove po Ty ToadTNTa 6Ta SekLd, amd Tov optawd g V (f)
pavepd taydet po < V (f). Eve av & > 0, emetdn vwdpyet P Sapéptan tou [a, b]
bate V(f, P) = V(f)—e barayber po = V(f,PUPy) = V(f,P) = V (f)—s,
onAasn po = V (f) — & na dpa pg = V (f).
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H emopevn npotacn avagépetal 67 oyéon g xdpaveng wag @ : [a,b] — C
(N R") pe ty ¢ btay avth vapyet xot elvat suveyhe. Ilapatnphote ot e avth
NV TEPITTWEY) V) ¢ €yet Tedio optap.od évar SLAGTNPA TPAYLATIX®Y optOpmY
(xat 6yt To C). 'Etor v ¢’ Sev elvar v ptyadixy) Tapdywyog ahrd v Topdywyos
omwe auty opiletat atov Ametpootind Aoyispé. Téso 1 wapdywyog 6o xat
TO OAOXATPWP.OL GE QLT TNV TEPITTWGY) EVWoolvTaL Xatd cuvteTayévy. ‘Etat
av @) = (¢1(0), ..., 9,(0)) pe g ¢; vo Eyovv cuvey? Tapdywyo Yoo xdbe
j=1,..,n1tote ¢'(t) = (p1(£), ..., §,,(£)) xot taydet to Oepetmdes Oempnp.a
Tou Ametpostixod Aoyiopod, SnAadn

y Yy Yy
/ g&’(t)dt:(/ gﬁ’l(t)dt,...,/ ¢;l(t)dt>

= (1) — $1(2), ., () — 4,(2)) = d(y) — (),

via xdle z, y € [a,b] (Seite [B]). Tto wapaxdtw 1 Tapdstacy |’ (f)| eivor
T0 PETPo Tou WLyadiwod @’ (f) xat av 1 ¢ éyet wedio Tipwy to R” tote elvae 1
BEuxAeiSeta vopp.o tov ¢’ (£).

*lpértacn 4'.5 Av 1y ovvdornen ¢ : [a,b] — C (1 R") elvar ovveydig dagpogioiun
(OnAadn vrdoyer n ¢ ovo [a,b] xar sivar cvveyng 6e avtd) TéTE N § elvan
poayuévng xvuavens xar V (¢) = fab |¢’ ()| dt.

TMo v amédeltn Oa ypdpovpe S(1¢’|, P) yia to dbpotspa X7 4 @' (¢)|(E; —
ti_1), To omolo eivat to dlpotopo Riemann tg [¢| ot Srapépian P pe emthoyy
evdLdpecwy onpeimv ta b to Sebld dxpa TwV SLASTNUATWY TNS StapépLang.

Amégetgn: ‘Eotw 6t ¢ > 0. H ¢ elvar suveyne, dpa (amd ) Bewplo tov
ohoxAnpwyp.otos Riemann atov Ametpoatind Aoyiop.o) umwdpyet 0y > 0 wote Yia
%60e Stapéptany P tov [a, b] e A(P) < d; va toydet

b
’S(Igb’l,P)—/ |¢’(t)|dt’<;

H ¢’ eivar opotépopoa suveyne ([1] Osmpnpa 3.4.12), dpa vdpyet dy > 0 moTe
viondle by, by € [a, b] pe [ty —ta] < 0 vataybet |¢' (E)—¢ (t2)] < &/ (2(b—a)).

Bewpodpe Stapépton @ tou [a, b] pe A(Q) < min{dy, s}, xau Srapéptom
P ={r,<..<z,} tou[a,b] pe P = Q. Tote A(P) < 6; »at dpa

b
’S(WI,P)—/ |¢>’(t)|dt‘<;. (4°.1)
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Exiong

[V (¢, P)—

= Z<’¢(%) — G )| — ¢/ (x| (i — 1}'—1)>’
=1

Z(f §(0) di| — / ¢<x>dt>
f/_szﬁ(t)dt—/ § () di

l

/ /) — & ()| d
1Y %1

& &
m(xi*xi—ﬂ =3

<

IN
M= T

~.

I\
MS

1

~.

6mou 1 tedevtalo aviedtrTa Loy et Stott Yo xdle ¢ € [x;_q,x;] éyovpe bt
It — ] < UP) < MQ) < 8y omére |§/(H) — ¢/ ()] < e/ (2(b— a).

YOVETWC
V(6.P)— S/ P)| < 5. (4.2)

Amé tig (4°.1) xou (47.2) Talpvoupe 6T

b b
/ |¢'|dte<V<¢,P></ (0] dE+ ¢

vt xale Sapépton P = Q. Apa (amd v [apathpnorn 4'.4, xat Taipvovtog
supremum ¢ ©pog P € Dla,b] pe P = Q)

b b
/|¢’|dt—6<V(¢)£/|¢’(t)|dt+e

o suvemie V (9) = [ 14 (D] dt. O

Hapatipmen 4.6 H mapamdvw wpétacy pwmopel va yevixevtel agod yivet
axb6rovly abp.ocy: to fab f () dt éyet vompa xat 6tav 1 [ opiletat o 6o To
[a,b] extog amo memepacp.évo mANlog onpelov x; < o < ... < z,, oTx
ool av 0éoovpe Tpég f(x;) = a;, ¢ = 1,2, ..., m, UTAPYEL TO fab f(t) dt, xou
WOALGTO elvat aveEdpTnTo amo TS TULES auTéS. AV 7 ¢ elval xaTd TUMpoTa
suvey M Stapoplstpy), SnAadr) vtdpyovy a = xy < xy < ... < x, = b H)GTE
N @' vo umapyeL xot vo elvan suveyMg o xdle [z, 2], i = 1,2,...,n tote
V(g) = fab |¢(£)| dt. H amddetén eivar suvduasp.og twv Ilpotdoewy 47.9 ot
4°.5. 'Eva mapddetypo tétotag suvaptnoms ¢ eivat o tebiaspévr ypapuy.
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géracm 4.7 Av f, g : [a,b] — C elvou cvvapriceig gpoayuévng xduaveng
xaw A € C 767e naw ov ovvepriceis | = g, Af, fg elvar cvvagticerg poayuivng
xvpaveng now woyvovy V(f +g) < V() + V(g) now V(Af) < AV (f). To
(0vo woyver oraw f, g [a,b] — R” xow A € R e mig f = g e Af.

H amédetty aphvetat wg doxnem pe ty axdiovdy uwddettn yio to yvdpevo
fg: Oétovpe h = fg. Ao to Iapdderypa (iii) éyovpe 6Tt umdpyovy 4, B > 0
wote |f(x)] < 4 xat |g(x)| < By xdbe x € [a, b]. Hapatnpodpe twpa 6Tt
Ah; = [(t)Ag; + g(t;_1)AS; dpa

DAk < A Y |Agil + B Y |Afi| < AV (9) + BV (f).

Ilgéracm 4.8 Eorw ot [ : [a,b] — C, f1 =Ref, fo =Im[. Tore n [ eivar
poayuévng xduaveng 6vo [a, bl av xow wovo av ov [y now fo eivon poayuévng
xbpaveng 67o [a, b]. Emadéov woyder V (f1), V (fs) < V() < V(f1)+V (fo).

H amédeten aphvetatl we doxnon xadwg xat v YEVIXELEY) TNG YL TNV TEP-
wtwon o [ = (f1, for s [) ¢ [a, 0] — R” (Aounon 4°.2).

Ipétacn 4.9 Eorw én [ : [a,b] = C (§ R") e a < 2 < b. Tore
V(faav b) = V(fa a,x) —+ V(f’x’ b)

Am6BetEn: ‘Eotw 61t to P = {t, < ... <t} elva Sropéptom tou [a, b] xat 4y 0
Setxtng Yo Tov omolo woybet f;_y <o < (. ‘Eyovpe

V(£ P)= Y1) — F(ti_)]
=1

io—1
< D) — i)+ 1 Uiy—1) — [ (@)
i=1

+1f @) — FE)I+ D 1FE) — Ftiy)

i=ig-+1
<V(f,a,x)+ V(f, D). (4°.3)
Apo V(f,a,b) = suppcopiu V([ P) < VI(f,a,2)+V(f,2,b). Avtiotpbouwg,

av @, Qs Stapepioets Twy [a, z] xat [z, b] avtictorya. Oétovpe @ = @ U Qs.
H @ eivar Stapépiom tou [a, b] xat toydet

V(@) +V(fQ) =V (f,Q) < V([,a,0).

IMaipvovtag supremum w¢ wpog @ € Dla, x] xat Qs € D[z, b] TpoxdmteL 1
avtiotpoen g (4.3). O

Ilépiopa 4°.10 Eotw étv y f : [a,b] — C (1 R") eivar ovvdgrnen gpoayué-
vng xduaveng. H ovvagrnon Ux) = V (f, a, x), n owola Aépetar 6vvaQTnon
xopaveng g f, elvar adfovea nar poayusiv. O
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Oczwpnpa 4'.11 Eorw érey [ : [a,b] — C () R") elvar poayuévng nduavong
xaw ovveyns. Tére n ovvdornon xduavens g [, Uy : [a,b] — R: Up(z) =
V(f,a,x) elvar cvveyig.

AnéBeign: 'Eotw 6ty € (a, b]. Oa deifovpe 6t lim,_,— U(t) = Uy(y). Eneidn
opog M Uy etvar adgovsa toybet limy_, — Uy (t) = supye, ) Up(f). Apo apxet
va Betfovpe 6Tt supy(, ) Ur(t) = Up(y), naw yro autéd apxet yio xdbe & > 0
vo. Bpodpe t € [a,y] wote Uy(t) = Up(y) — &, apod n aviictpopn, dnadn 1
SUPye(q,y Up(l) < Uply) ebvou dpeamn amé to 6t Uy etvon abEovsa. Isodbvap.a,
apxel va Bpodpe t € [a, y] wate V (f,a,t) = V (f,a,y) —e.

AT tov optop.d ¢ V (£, a, y) Ocwpodpe Stapépion P = {a = zy < 2; <
<z, <z, =y} o0 [a,y] wate V(f,P,a,y) >V (f,a,y) —e/2. 'Etat
Loy et

n—1

V(fray)—e/2< Y |f (@) — f_ )|+ @) — [, ). (4.4)
i=1

Emukéyoope ¢ € [x,_1,y] wote |f(y) — [ ()] < &/2 to omolo vmdpyet, apod
7 [ elvat soveymg. Zoveyilovtag twpa amwd Ty (4'.4) pe TpLywytxy) avieotyTa
Talpvovp.e

n—1
Vi ay) —e/2 < Y If (@) — @i )|+ 1F ) — f@,_ )|+ |f (@) — F @)
i=1
< V(f,a,t)+¢/2,

mov Nty 1) Cnrobdpevy,.
Opotwe, av y € [a, b), awodetxvdetat 6Tt lim,_,+ U(t) = Uy). Apan U,
elvait GuveyTg. O

Oczwpmpa 4'.12 Eorw énv n [ : [a,b] — R eivar poayuévyg xduavens. Tore
vadgyovy cvvagticeg [, [+ [a,b] — R abdfoveeg xaw poayuéveg dare
F=1"—1".

Av n f elvaw xaw cvveyng téte naw o [, [ elvon cvveyels.

AméBeln: Octovpe T = Upnon [~ = [ —f. Téte f = [+ — [, o
agob 1 f etvar eparypévng xopavens ot £ xat [ elvar ppaypévec. H 7 eivon
avtovoa (Iléptopa 4°.10) xabwe xar v f: éotw a <z < y < b. 'Eyoupe

=) — (@) =Ully) — Ux) — () — [(2)).

Bzwpodpe ) dapépton P = {x < y} tou [x,y]. Tote éyovpe V(f,P) <
V(fs2,y), onpady [f (2) — ()l < V(f, 2, y). ANrd

V(fvxvy) = V(faa/’?/)_ V(f,a,x)
(a6 v Lpotaon 4°.9). Apa f(y) — f(x) < V(f,a,y) — V(f,a,x) Snhady
) — () = Upy) — Uplx) — (f(y) — [(x)) = 0.
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‘Qote 1 [ elvaw adbovsa. Av v [ elvar cuveync téte elvat cuveyng xaw ) [+
(@epmpa 4°.11) dpo xoawn [~ =T — .

A6 o Tapamdvew Bewpnu.o TPoXOTTEL dpeca 6TL Bev elivat GAeS oL GuYEYE(S
TPAYWLATIXES GUYAPTAGELS PpayLéyng xopavang (av ftay, Tote 1 Stapopd
avfovswy, Yo Tapddetypa Do vTHPyY Y TAVTa Ta TAELPLXA GpLa GE xA0e amp.eio).

Mpogavwe m avddvay = [+ — f~ Bev elvar povadiny) (yia Tapdderypa
f=ft—f"=({"4+ce)—(f +c¢) naxdbe ¢ € R). Yo Tapaxdtw Oo
Oswpobpe 6t [ = U,.

Ilépiopa 4'.13 Eorw dte i ¢ : [a,b] — C elvouw svvaornen goayuévng xo-
waveng. Tove vdoyovv ¢, ¢1, ¢g, ¢ adfoveeg cvvapricelg hote ¢ =
o — ¢ +ildy — 7))

Av n ¢ elvaw naw ovveyng ToTe xaw ov §F, ¢, @y xow ¢y elvan o avTég
ovveyelg.

Am6BetEn: Oétovpe ¢, = Re @, ¢y = Im ¢. To amotéhespa eivar suvémeto Tng
IIpotacmne 4.8 ot tov Bewpripatog 4°.12. O

Acrmoelg

Acxmem 4.1 Amodeite 6t v xopovan V (£, P) plag suvdptnens f : [a, b] — C
elvat abEovaa GuvdpTNeN TN¢ Stapéptone P. Aniad av P = @ Suo Stapepioetg
tou [a, 0] tote V(f,P) < V ([, Q).

Acxmon 4.2 Amoteifte v Ilpotacy 4.8 xat T yevixevon g pe ) Bonleta
TNS AVLGOTIXYS GYEGTS

n n
)| <llwlly =4 / D522 < D7 Iy,
k=1 k=1

T xdbe j = 1,2,...,n xot o xabe x = (2,29, ..., x,) € R".

Aswnon 4'.3 Amodeifte 6T ) quvdpTna

T
xreos—, ovax€(0,1],
x

f(x) =

0 ave =0,

elvat suveyng oto [0, 1] xot Sev elvat GuVAPTNGY) PpPaYLEYNS XKOPAVET.

4’.2 OloxAMjpwpa Riemann-Stieltjes

Opiopéc 414 Eotw ot f, ¢ : [0, 0] = C, P =fa=t, <t <..<t, =
b} € Dla,b] noar T = (7)1 <<, eTthoyn evdtdpecwy onpelwy tng P. Opilovpe
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0¢ evitapeso dlpotopa g [ wg tpog P xat T tov aptbpd

S(P,T)=8(f,¢,P,T) = Y, [(r)((t) — $(t;_1))-
i=1

Aépe ot v f elvar ohoxAnpootpy xatd Riemann-Stieltjes wg mpog ¢ av vwdpyet
apllpdc I wote yia xdle ¢ > 0 v umdpyet d > 0 wate av P Suapépian tov [a, b]
pe A(P) < dvatoydel [S(P, T)—1I| < &y ndle emthoyy) evdidpeswv anpelwy
T wne P. Tov aptBué I epocov umapyet, Tov Aéue xat 6pto tou abpoicpatog
S(f, ¢, P, T) xabwg A(P) — 0 xow ypapovpe I = limypy o S(f,¢,P,T). To
bpto auTh To xahobpe ToTe oAoxApwLa xatd Riemann-Stieltjes tng f wg wpog

¢ nat to cupBoiilovpe pe fab fdé.

Hapatipnen 4'.15 Ilpocétte 61t To Tapamdvw 6pto Sev EUTITTEL axpLBOS GTNY
évvota Tov oplou OTTwS TNV Yvwpilovpe amwd Tov ATelposTtiné Aoyiopd, Sttt v
rmogotyta S(P, T) dev elvor quvdptyay ¢ Aemtotntag A(P) e Stapéplang
P, add g (Brag g Stapéptang. Auto Stott elvar povepd ott pmopel yia 800
Stapepioetg Py xat Py va toybet A(Py) = MPy) odhd S(Py, Ty) = S(Py, Ts)
axopo xot av oo Ty war Ty tawtilovtat. o évay evalhaxtind optopé Seite tny
Acxneom 4’ 4.

Hapatiprnorn 4°.16

i) Avy feivae otabepy) iom pe ¢ t6te T0 fab fd¢ umdpyet xot Loy bet fab fdo =
o(4(b) — ¢(a)). pdypaz S(f, ¢, P, T) = Ky e(d(t;) — ¢(t; 1)) =
e($(b) — p(a)) yia xdbe (P, T) € D,

i) Eivow @avepé étvov = f1 +ifg xot ¢ = @y — ¢y + (g — @) TOTE

S(f?ﬂb?P’T) :S(f1’¢17PvT)_S(f1?¢2’P’T)
—8(f2, 93, L, T) + 8(f2, ¢4, P, T)
+ US(fo,¢1, P, T) — S(f2, 9o, P, T)
+8(f1, 63, P, T) — S(f1, 44, P, T)).

Apor oy LTAPYOLY TA OAOXANPWULATO fab fidg; =limypy_o S(f; ¢, P, T)

Tt =1,2 xotj = 1,2, 3,4 t6Te T0 0AoxApwpa j{;b fd¢ vmdpyet xa
toolTaL PE

/abfdﬁb:/abfld%—/abf1d¢2—/abf2d¢3+/abf2d¢4
—I—i</abf2d¢1—/abfgdgbz+/abfld¢3—/abfld¢4>_

iii) Av|f(x)] < Mywondbe z € [a, b] xatto fab fd¢ umdpyet thte | fab fdol <
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MV ($). Lpaypart:
IS(f ¢, P, T = | D3 Fr)(8t) — §(t;1))
i=1
< Y AFEt) — gl ) < M Y 1p(t) — p(t; )]
i=1 =1
<MV (9).
Apa| [, fdgl = |limypy o S(f, ¢, P, T)| < MV (9).
iv) Av [, ¢ : [a,b] — R pe f ouveyn xat ¢ adlovsa, P = {a =t, < t; <
. < t, = b} Srapéplom tou [a, b] xan evdtapeca onpeio
T = jrl,rz,...,rn b <<ty i=1,2..nl,
Bewpobye, oW xot atov ATelpoatind AoYiopo, Tig TOGOTNTES
Lt P) = X mi(9t) — glti)s dmov ;= _inf  f()
i=1 i—1-%
U Py = 2 Mi(9(t) — §(t;1), omov M= sup [()
i=1 telti—1.4]
R(f,P,T) =Y f(r) ($(t) — p(t;_1)),
i=1
6mov ytoo A6youg euxohiag Tapaeidape ™) ¢ awé ta svpBora L(f,P),
U(f,P), R(f,P,T). Otav ypetaletar va tovicovue wota eivat 1 ¢ Oa
ypdgovpe L(f,¢,P), U(f, ¢, P), R(f,$, P, T) avtiotovya.
Edxola edéyyoupe (axptBwg 6mng xat aTo ohoxAnpwpa Riemann) étt yua
omoteadrrote Stapepicets P, @ tov [a, b] toybet
L(f,P) < U(f, Q). (4.5)
(Av Py exAémtuven tng Py tote L(f,P;) < L(f,Py) o U(f,P;) >
U(f, Py), ombte Yy toyobeeg P, @, emedr) P U Q eivan exhémtuvan xo
g P xat g @ wpoxdwte L(f,P) < L(f,PUQ) < U, P U@Q) <
Uu(f,@.)
Emedn v ¢ éyet twpa vmotelel adfovoo xat Tparypotiny) suvdptnoy taybet
o) — o(ti_y) = 0 xaw emwedn) n f éyet wg cuveyns 6to [a, b] eivar
ppoypévy) toybel —oo < my; < M; < oo. Katd cuvémeta
L(f,P) < R(f,P,T) < U(f, P)
vt xéle emAoyY) evdtapecwy onpelwy 7.
—
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To Oewpnp.a Tou o axolovdfoet pag Bivet Lo GuVOHXY) YLor TNV RoUPTOAY
¢ (OGTE TOUALYLGTOV OL GUVEYELS GUYALPTYGELS Yo €Y 0LV OAOXATpwa. Oo ypeta-
GTOOPE GG TPWTO EVOL AT

Appo 417 Av f: [a,b] — R elvar cvveyiic ovvdgrnon xat pia omworecdn-
ote axodovlisg Ovoueoicewv P, xar @, we M(P,) — 0 xaw 1(Q,) — 0 woyvet
lim, . (U(f,P,) — U(f,Q,)) = 0 7é7e 70 dgto limypy o U(f, P) vacoyet.

Am6BetEn: H f wg cuveync oo [a, b] eivar ppoypévn, éotw ot |f(x)| < M v
x&0e x € [a, b] yo xatdddnho M > 0. Apo yro xdle Stapéptan P = {z;}7
Tou [a, b] toybet

U, P < X IM (e — ) < ) M(zy—y) = M(b—a).
i=1 =1

Bewpobe axolovbio Srapepicewy @, pe A(Q,) — 0. H U(f, Q,) siva ppay-
p.eévn dpo LTApyEL uYrAlvousa vtaxorovbia, éotw N U(f, @ ) pe dplo tov
aptBps I. Topa yio x40e anorovbia P, pe A(P,) — 0 arwd tny vwdbesn toydet
lim, ., (U(f,P,)—U(f, Qk”)) = 0. [IposBétovtag v lim, ., o, U(f, Qk") =
I watpvoope ot lim, . U(f,P,) = 1.

'Etat éyouvpe amodeifel 6Tt yio xdbe axohovbia Stapepicewy P, pe A(P,) — 0
Loy bet

lim U(f,P,)=1. (4.6)

Av topa to oplo limy py o U(f, P) 8ev umdpyet, tote dev ebva (o pe I, dpo
vdpyet € > 0 wote Yo xdle d > 0 vmdpyet dapéptay P wou ekaptdtal oo
t0 d wote |U(f,P) — I| > e. Egapuélovtag avté yia 0 = 1/n Bpioxovpe
Stapépton P, e A(P,) < 1/n vote |U(f,P,) — I| > & aviwpdaoxovtag pe tny
(4°.6). O

Ozopmpa 4'.18 Av [ : [a,b] — C eivaw ovveyng xaw ¢ : [a, b] — C goayuévng
xOUaVeng TOTE VIAQYEL TO fab fdo.

AméBeiln: Ao to Ozwpnpa 4.12 xor v Iapathpnen 4°.16 (i) aprel va
amodelfovpe 0Tl TO OAOXAPWP.A LTTEPYEL Ay [ TPOYLATIXY, GUVEYNS GLVAp-
oY XAl ¢ TPAYLATIY, adfovsa xatl @payp.Evy) suvdptnaey). ‘OTwe xat aTny
HMopoatnpnon 4°.16 (iv) wydet L(f,P) < R(f,¢,P,T) < U(f,P).

‘Etou apxet va eifoupe ot ta bproc limypy o L(f, P) xow limypy_o U(f, P)
uTapy oLy xat eivat (sa. Avté elvar Tpoavés av ¢ otalepy) (sivar xat ta 800
bpta pndév). Ymolétovpe 6t ¢ byt otalepn, xat apod eivat adfovsa taybet
6(a) < $(b).

H f w¢ auveymg ato supmayés [a, b] eivat opotdpoppo cuveyg, dpa yio xade
& > 0 vmapyet & > 0 wate av A(P) < 0 va toydet M; — m; < &/(¢(b) — ¢(a)).
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Zoverwg av A(P) < 0 Ba éyovpe
0 < U(f,P)— L(f,P) = Z (M, — my) ((6) — (b))

Z G — g Y —#t)

— E&.

Omote To Gpto limMP)ﬁO(U(f,P) — L(f, P)) vmapyst xot eivat (6o pe w]Bév.
Mévet va Sety el 6Tt U‘ItO(pX&L ot to limypy o U(f, P). Av dev umtdpyet, tote,
amd o Afppa 4°.17, vrdpyet & > 0 xar axolovbicg Stapepicewy P, xat P,
pe A(P,) — 0, A(P)) — 0 pe U(fP)—U(fP) > ey xdbe m € N
(xavovixa |U(f, P,) — U(f,P,)| = & adrd émote U(f, Pn) U(f,pP,) <0
petovopdlovpe v P, ae P, xan Ty P, ce P,). ANAG amé to Tponyoduevo
lim,  (U(f,P,) — L(f,Pn)) = 0, dpa u*rco’(pxst delxtne k wote U(f,P),) —
L(f,P,) < &/2. Yuverwg

1

LA B) — UL P)) = U(f P — 3o — U(f B) = e — 5= 36> 0

L
2
avTipasxovtag pe Ty (4.5). O

Ilgérasy 4’19 Av f, g : [a,b] — C ocvveyelg, @, P : [a,b] — C poayuévyg
xouaveng xaw A, w € Cxae P = {a = x5 < 21 < ... < x, = b} toydovv:

D) SO gy dd =2 [ fdp+u [ gdp.
i) [ FdGg+pp) =1 fdp+u [ fdyp.
it) ) fdp =Sy [, fdg.
AzéZedm: [pdpovpe 1 ¢ ¢ (¢ —d7 ) +i(dg —dy ) pe ¢]i ablovoeg, j = 1,2,
xot ypnetpomotodpe v Hapathpneyn 47.16 (ii). O

Igéracm 4°.20 Avnf, : [a,b] — C eivar axolovbic cvveydy cvvagricewy,
1 axolovlic [, (avricroya 17 oewpct Y2 1 f,) ovyrdiver opordpogpa 6E wia
(ovveyn) evvdornon f xaw ¢ : [a, b] — C q)ga;}yémyg xpaveng, ToTe fah fd¢ =
lim, o, /" f, d¢ (evricroya f fdp =32, ['f,d).

Am62eiln: 'Eotw 6t e > 0. Ymdpyet ng € Nwote |f,(x)—f ()| < e/(1+V (¢))
vta xdle n > ng xot Yo xd0e z € [a, b]. Tote yia xdbe n > ng pe tn fondeta
¢ apatnprnong 4°.16 (iii) éyovpe

&
—f)d¢‘<1+v(¢)V(¢)<8- =

is— [ rag =
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Ilgéracm 4'.21 Av [, ¢ : [a,b] — C ue [ ovveyn o ¢ cvveydg dregpogioiun
(1) xatd TuiuaTe cvveydg diagogiowun) wyde [ fdp = [ f(B)¢’ () dt.

AxéBeEn: H f eivon @paypévn, Snhady) vmdpyet M > 0 wote |[f(H)] < M
T xabe ¢ € [a,b]. 'Botw o P = {a =ty < t; < .. <{, = b} € Dla,b],
T = (7)1<i<, emA0OYY eViapeswy onpeiwy g P xot ta evitdpesa afpoispata

= S( 6P, T) = 2 F0)(60) 4
Sy = S(f¢/,P,T) = if(n)qﬁ’(n)(ti —ti ).
Eyovpe
|S; —8sl < 2lf<n-)\ |p(t) — Pt 1) — &' (r) (i — t; )|
<M i|¢(ti) —@tiq) — &' (r)(t; — t,_y)]. 4.7

‘Eotw 6t ¢ = ¢ +1igg, pe @y, @9 : [a, b] — R. Tote and o Oswprnpo e Méarg
Ting Tov Ametpoatixod Aoyiopod vTdpyouy ;, y; pe by < x;,y; < t; hote
¢1 () — 1 (ti_1) = g1 (@)(t;— 1, 1) now §o(8)) — o (ti—1) = Po(y) (i —tiy)-
‘Etot v (4°.7) ypagetat

1S, — Sl < M Y — b (8 ) — 6100 + (8550 — $4r))*
=1
(4°.8)

O @1, ¢ elvar cuveyeic ato [a, b] dpa elvat xat opotdpoppa cuveyels, SnAady
Yo xale & > 0 vmapyet 0 > 0 wote av x, y € [a, b] pe |x — y| < 0 va toybet

/ _ 4 e 4 _ 4 €
|91 (x) — d1 (] < N 93 (x) — do(y)] < Vol —a)
AT6 ta Tapamavw, av A(P) < § eivar pavepd ot
n P
1S) =S < MZ;(ti_ ti%)m =é&

Zuvemig

b b
1(};§EO|S1 — S| = /@ fdgb—/a fe (t)dt‘ <e.

Avté woydet yio ndbe & > 0 dpa [ fdp = [ f(t) (8) dt.
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Av v ¢ elvar xatd TpARaTa cuveyns Stagopliciu, Talpvovpe Stapéptom
a=1xy < x; < <, = bwoten ¢ va eivar cuveyws Stapopictyy ce
w&le [x;_y,x;]. Tro memepaspévo onpele &y, ..., ,, 1, av 1 ¢ ev opileta,
¢ Sivoupe avlbalpeteg Tipée: autéd dev emmpedlet to oAoxANpwpa Riemann.
Eapp.éCovtag to Tponyobpevo oe xdle vmodidotnua xat afpoilovtag, Talpyoupe

[ hqub:]i f ) fd¢=§ f *rogwa= [ g wd. D

Yta embpeva Oa ypagovpe S(a, r) yio Tov avorntd xbxdo {2 € C @ [z —al <
r} xévtpov a € C xat axtivag r > 0. Eniong Oa ypagovpe Cla,r) yia tny
meptpépeta Tou xOxAoL xévtpov a € C xat axtivag r > 0, 3nhadh YLor To GOVORD
fz€C : |z—a|l =7r}.

Optopés 4'.22 M cuvaptney [+ Q@ — C, émov Q avoxtéd vToshvoro Tov
C, Aéyetar magacracwun we dvvaposeipd 6to Q av yo xdle avotxté xOxAo
S(z9,¢) = Q7 [ Taptotaveto pe Suvaposetpd atov S(2g, €).

Ocwpmpa 4'.23 Eorw du g : [a,b] — C cvveyrg, ¢ : [a,b] — C poayuévyg
xouavens xaw @ = C avounté ue Q () g([a, b]) = &. Tove

i) novvagrnen f: Q — C pe

M dg 0 dg(
o= 2=

slva waeoeTaAGLUY WE OVYQLOGELQC.

i) woyver

o bodg . 10)
o= [ G = G e

puoe neebe 2 € Q.

Am6geiEn: Hoapatnpodpe, amwd tov tomo dlpotang T YewreTptns Tpoddou, 6Tt

i 1 2 _20 " 1 ,
= .9
Py <g<t> - 20> 90—z (4.9)

ov 1) oeLpd guyrAivet. Av Bewprcovpe otalepd to 2 € S(2y, &) = Q ToTE M) GELPd
T, WS GUVAPTYNGT) TOL ¢, GLYXALVEL opotopopea. Ilpdymatt, 1 pev 1/]|g(t) — 2ol
elvat Qporypévy) suVdpTNaY Tou ¢, Eotw amtd to M > 0, Stott elvar GuveyHs 6To
[a, b] ot |g(t) — 29| = & (apod Q N g([a, b]) = &), xat

< lz2 — 20l <1

&

z2—2
g(t) — 2o
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Oxéte
[e'e)

Z 1 ( 2 —2g >72’<Mn§0’2_820’n<—0—00.

290 —20 \g() — 2

Yuvenwg, anéd to Bewprpa tov Weierstrass, 1 sOYxALGT) TG GELPUS GUVAPTYGEWY
Tou ¢ ot (47.9) eivar opotép.open).
Awé v Ilpotacm 4.20 supmepaivoupe 6Tt

(5 mnr Yam g ([t )
— ¥ P07 ) dd = S S o n
/) / <Zo G0 —a ") ® = 2\, Gy )
S} b d
= Z a’n(z _ Zo)n, 6TTOL a, = /a (g!;)nﬂ

n=0
Q¢ vostéy (pe exaywyn) a, = [ (z9)/n! ohoxknpovoviag Ty amédelty. [

Hapathpmen 4.24 i) Ané to mapamdvew Oempnpa BAémovpe btt v xaty-
Yopiot TWY GUVAPTAHGEWY TOL EIVAL TAPASTAGLILES LE SUVALOGELPE Elvat

WLEYEA).

[ o
" (g(t) _20)72—0—1

Asxmsetg

V(¢)

£"+1 T

i) |a,| = < n=0,1,2,..

Acxmen 4.4 'Evo pr xevé gbvoro X pe puo avoxAasTing xot LeTaBotiny
ayéan < ovopdletatl xarevfuvduevo ov €yt Ty emTAEOY L3LOTYTA 6Tt VLo %A 0e
Cevydpt aTotyeimv ToL GUYGAOL QUTO EYEL XATOLO GTOLYELD TTOU (VAL AV PPAYP.L
Toug: SnAady) av x, y Suo aTovyeln evog xateuOuvoLeVoL GUVEAOL TOTE aLTH EYEL
éva atotyelo 2 wote x < 2 xat y < 2. H ayéon < oe éva xateuBuvépevo civoro
ovop.aletar «xatebbuvany. Aépe 6Tt x, — oo oty xatedbuven av yto xdle
x € X omapyet n € Nwote v < z,,.

i) Acifte 6Tt TO GOVOAO
T ={P,T) : PCDla,b], Teviapeoa anueio tns P}
ve (P, T7) < (Py, To) ov xat povo av Py = Py elvat xatevfuvopevo.

ii) Xe xdbe xatevbuvépevo chvoro X e xatedBuvan < Adpe OTt 1) GUVAPTNGY
f:+ X — Céyeuopro £ oty natedbuven <, o ypdoovpe lim, v f(x) = ¢,
ov kot povo av Yo xale & > 0 umapyet zy € X wote yia xdle x € X pe
xg < xwoydet |f(x) — L] < e. EmtmAdov Aépe 6Tt T0 6pto oty xatebluvay
elvat To 00 av xat Wévo av Yo xale M > 0 vmapyet o € X date Yo xdbe
x € X pexg < zoybe |f(x)] > M.
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Y'robétovpe bt v f elvat suveyhg xat 1 @ pparypévne xdpavers. Arodeitte
ot to limypy o R(f, P, T') umdpyeL v xow wévo av umdpyel To 6pLo tng
R(f,P,T): T — C oty natedoven = xat taybet

Jm R(f.P.T) = lim R(/.P.T).

Asxnem 4.5 'Eotw 6wy f: R — C elvat suvdptnon xat z, € R.

i) Amogeifte 6Tt av vt xdle 3o axorovlieg x, ot y, pe x, — Ty xot
Y, — xq toybet f(x,) — f(y,) — 0 tote T0 6pto lim f(x) vmdpyet oo

C U foo}.

T—=X0

ii) Amodeitte 6Tt To TpoYOLUEYO Loy bEL ot avTiaTpoa av eTLTAEOY LTODE-

sovpe 6t v felvar @paypévy. Avate éva Tapddetypo pn epaypévng [yt
v ool Bev taybet To avticTpogo tou (i).

Acxmem 4'.6 Amodeite bt avm ¢ : [a,b] — R eivar abfovoa, tote fab dg =
V(9).

4’.3 Kapmbdieg pne wijrog
Optapse 4°.25
i) Mw suveyng suvdptney p : [a, b] — C Aéyetar xap.mdry oo C.

ii) To ahvoro p* = {p(f) : a <t < b} = p([a, b]) Aéyeton iyvog Tne ¥ 7
unove TG ).

iii) Tyv okuwy) xopaven V(p) tng ¢ xahobpe unrog tNg RoPmOANG P xot
supBoAilovpe pe u(y).

iv) H xapmddn p Aéyetal evbvpoauuiciun % xaumddny ue unxog av w(y) <
—+00.

Hapatipnen 4.26 Av 1 xapmddy p : [a, b] — C eivar suveyng Stapopictyn
t6te ano Ty pétacy 4°.5 to prxnog g elvat w(y) = fab [y’ (8)] dt.
Hapageiyporta

i) 'Botw 6tta, b € C. H xopmddn p : [0,1] - Cpe p(t) = 1 —Ha+tb
*oAE(TaL (TPOGAVATOMGEVD) VOV L0 TUNA LE TPOTO AXPO TO & KOL
debtepo to b xat suporiletar peptrés wopés xat [a, b]. To phnog avthg

elvort ) .
W)z/ y'<t>|dt=/ b—aldt = [b—al.
0 0
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i) H xapwoin p : [0,27] — C pe p() = a + re’ émov a € C xaw r > 0
xaAeltat (TPOGOVATOALGUEVY)) TEQLPEQEL REVTPOL @ XAl OXTIVOS 7 XOL
supforiletat pe C(a,r). To phnog avtnhg elvar

2w 2w ) 2w
w(Cla,r)) = / Iy’ () dt = / lire| dt = / rdt = 2mr.
0 0 0

iii) H xoprwoin p : [0,27] — C pe p(f) = acost +ibsint, a, b > 0 eivar 7
(Tposavatolioévn) éldenpn pe nuidtoveg a, b.

Hpérasm 4'.27 Eorw éreyy : [a,b] — C elvaw naunddy xaw ¢ : [¢,d] — [a, b]
weee ovveyne avEovea (1) pbivovea) xaw emi amewxovien. Tore u(y - @) = w(y).

Amé2eEn: 'Eotw ot ¢ eivar adBovaa. Hapatnpodue ott yro tuyoboa Stapéptan
P =1lc=yo <y <..<y,=dloled]oia=dQyo) < ¢y) <
e < @(y,) = b} (ywpic BrBN ¢ yeviottag ¢(y;—q) < P(y;) Yoo xdbe
i =1,...,n 0AAW®S Starypdpovpe Ttg eTavarfdet) eivat Stapépton tou [a, b],
apa

D1y e ¢) =7 60| = 2 |r6w) —(60,0)| < w).
=1 i=1
Apa
wyo@)= sup M |yedy)—ye )| < ). (4°.10)
PeDle,d] j—1

‘Eotw 61t to Py = {a =ty < t; <...<t, = b} elvar pra Srapéptay tou [a, b].
Egboov 1 ¢ eivar eml, umdpyet P = {c = 2o < 2y < ... <z, = d} € D[e,d]
wote @(x;) = {; oo wdbe 1 = 0,1, 2, ..., n. Apa éyovpe

Dyt — i)l = Dy dlx) —p e dlai 1) < uly - 9).
=1 =1
Oxote
wp) = sup DIyt —pti) < u(y - 9). (4'.11)
P1€Da,b] ;=1

Ao v (4.10) xow (4°.11) émetan 6Tt w(y ° @) = w(y). Opolwg av 1 @ eivar
¢Oivouaa. O

Optopés 4°.28

i) 'Botw ot py : [a,b] — C, py : [¢,d] — C elvar xopmdrec. Aépe ot
N pq elvat toodbvapm pe T Yy (Xal YPAPOLYE Py ~ Pg) OV LUTAPYEL
¢ : [c,d] — [a, b] cuveyng, Yvhota adfovca (dpa xat 1-1) ot emi wate

Vi°P=7s.
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ii) Bswpodpe pro xapwdAn P : [a, b] — C. Optlovpe wg avtifetn xapTdAy
ey Ty —y ¢ [a, b] — C pe (—p)(£) == p(a + b—1). lopatnpodpe o1t
—y =7y omov ¢: [a,b] — [a,b] pe ¢p(f) =a+b—t.

iii) ‘Eotw 6tt 94 : [a,b] — C, py : [¢,d] — C elvar xapmwdreg wate p;(b) =
p9(c). Optlovpe to dlpotopd Toug py -+ g va elvat 1) xap by Py + g
[a,b+d—c] — Cpe

y1(0), ava <t<b,

(71 +72)() = yoll+c—b), avb<t<b-+d—ec.

Hpérasm 4'.29 Ioyvovy ta magardrwm:
i) H oyéon ~ elvar oyéon teodvvauiag.
i) vy ~ pg 1078 @(p1) = @(p2)-
i) w(—y) = ().

iv) v yy = [a,b] — C, ps : [¢,d] — C naumdles dove p,(b) = po(c) ToTe
w1+ 72) = (1) + @(p2)-

AméBeEm: (i) Apnvetat wg doxnoy Pe TNV Tapathpney 0Tt av pq ° ¢ = py 6T0L
¢ : [a,b] — [c,d] cuveyhg, Yvhota adEovsa xat el T6TE Py = Py o ¢ L bTOL
¢t : [e,d] — [a, b] elvar cuveync, Yvhota abdtovca xow exi.

Ta (if) xa (iii) eivar dp.eoeg cuvémeteg tng [lpétacnc 4°.27.

(iv) Ho: [b,0 +d —c] — [c,d] pe ¢(t) = ¢ + ¢ — b elva suvey™E, YVHGLX
avEovsa xat el awetxoviay. ‘Eyouvpe

w(yy +7ps) = V(ps +pssa,b+d—c)
=V (1 +79,0,0)+V(y; +79,b,b+d—c) (Ipbtacn 4°.9)
=V (,a,b)+ V(pgog,b,b+d—c)  (Opopéc 4'.28 (iii))
= w(y1) +u(pz > 9) (Optopée 47.25 (iii))
= w(yy) + w(ys) (a6 Ty [lpéracn 4°.27) O

4.4 Emuroapmdito OhoxAvjpwna
Opiopés 4°.30 'Eotw 6t m p : [a,b] — C eivar evbuypappiotpyn xapmdin xot

f = p* — C ouveyng suvdptnom. Opilovpe wg emxapTOALO ohoxATpwpa ¢ [
eml Tn¢ p To oAoxAfpwpo Riemann-Stieltjes

b
f(e) dz = / [opdy.
Yy a
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Hapatipenen 4'.31 i) ‘Otav vy eivar suveywe Stapopiatpy) (1 xotd Tppota
suveywe Stagoplopy) améd Ty Ilpdtacy 4°.21 éyoupe

b
[reri= [ roonoa
Vs a

ii) 'Eotw 6Tt
Il = supllf @] = 2 €%} = sup [F((O)] < +oc.

Tote armo tny Hapatnpner 4°.16(iii) éyovpe ot

/y f(2) dz

iii) ‘Eotw ot ot £, : p* — C elvow guveyeic cuvaptroetc. Av 1 axolovdio
(f)nen (avtiotovyo v oelpd X7 f,) cuyrAbver opotbpopga oty (Guveyn)
f. Ané v Ilpéracn 4°.20 wyber [ f,(z)dz — [ f(2) dz (avtictorya

Soir ), (@) dz = [ [(2) da).

Napageiypata 4.32 i) Avy: [a,b] — Celvar xapmodn xat f = ¢ atalepy
cuvaptnon tote (Hapatipron 4°.16()) fycdz = c(p(b) — y(a)).

< M oope(p)-

ii) Bewpodpe 21, 25 € C xat to eLbdypappo tpnpa p : [0,1] — C pe
p(t) = (1 —1He; +teg. Avy [ p* — C civar suveyng suvdpTney €youpe

1
/[ ]f(Z)dZZ/ f(21 + (29 —2)t) d(2y + (22 — 21)t)
21,89 0

1
:(22_21)/ f(21+(32—21)t)dt
0

Avzq, 29 € R éyovpe

1
/[ ]f(z)dz—/ f(21 + (29 —2)t) d(2y + (22 — 21)t)
21,89 0

2/22 f(x) dax.

iii) ‘Eotw 6tt = C(a,r) xat [ : * — C svveyng suvaptner. Tote

27

27
/f(z)dz = fla—+re'tydy(t) =ir fla + retyet dt.
? 0

0
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[Bwaitepa 1o f(2) = (2 — )", n € Z, éyovpe

2w } ) 2 '
f [(2)dz = ir / (reye dt = ir ! / ¢t g
7 0 0

27 27
= gy t1 / cos((n + 1)t) dt + z/ sin((n + 1)t) dt
0 0
|0, n =+ —1,
| 2w, n=—1.

Apa
0 n=+—1
(z—a)"dz:i . M
/C(a,r) 2me, n=—1.

Hgérasm 4'.33 Eorw éreny : [a,b] — C eivar xoaumnddn ue wirog, ¢ : [¢,d] —
[a, b] svveyng, avEovea (avricTovya plivovea) xaw emi, xau [ = p* — C cvveyig
ovvagrnon. Téte éyovue fy f(z)dz = fy°¢ f(2)dz (avtiorouya f/ f(2)dz =
— [ ) da).

AméBetEmn: Adyw g ouvéyetag T [ mavw oTig ¥, (po@)* xat ewed) u(y-¢) =
w(y) < o0 umdpyovy T ohoxhnpopata [ f(2)dz, [, [(2)dz. To [ f(2)dz
LTapyEL, dpa Yo xale & > 0 vmdpyet §; > 0 wote yia xdle P = {a = xy <
x; < ..<zx,=>}€Dla,b] pe A(P) < 0y xot o x&0e emAoy) evitdpecwy
ompetoy T = (£);<—, ™ P éyovpe

<e. (4°.12)

D DEG ) ) — [ f@d
i=1 v

H ¢ : [c,d] — [a,b] eivar suveyng dpa opotopoppa suveyng. Omote yia to
0; > 0 umdpyet 0y > 0 wote av s, ¢ € [¢,d] pe |s —t| < dy toydet |p(s) —
o) < 0;. T xdbe Py = {e =ty < ¢y < ... < t, = d} € Dle,d] pe
MPy) < g wor yroo xd0e emihoyy) evirdpeswy onpelov Ty = (7)) {<;<ps TO
ahvoro Py = {a = ¢(ty) < ¢(t;) < ... < ¢(t,) = b} (wdAt ywpic BA&BN ¢
YEVIXOTYTAS OL OVLGOTNTES GTOV 0pLoP.0 TNG Py elvat YVAGLES, AAALIE Starypapovp.e
Ttg emavahers, apod 6tay ¢(t;) = ¢(¢;,_1) 8ev suvetapépouy ato dbpotapa, SLoTt
»(@(t)) = p(o(t;_;) = 0- éat, apod awarpedody ot emavarndetg emAéyovpe
Ta avtioTotya evitapesa anpela yio T véa Stapéptar)) aviixet ato Dla, b] xot
MPy) < 0y, eV Tt (F(7r;))1 <icp, EDVAL ETUAOYN EVELAPESOHV OMPElWV TNG Py
Suveramg toydet 1 (4°.12), Snaadh

< e.

S ) [7((0) — 7(dt1)] — f F)dz
=1 Vv
Apa

‘S(f°V°¢a7°¢vP1»T1) f(2)dz| < e

v
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yia xdbe Py € Dle,d] pe A(Py) < 0y. Anhady, fyo¢ f(z)dz = fy f(z)dz. O

Ilgétacy 4'.34 Oswoodue Tig xaumveg 6rov Ogioud 4°.28 xaw wie cvveyy
ovvagtnen | ogiouévy ota iyvn Tovg. Tote éyovue

i) Av yy ~ pq TdTe ‘/;)1 f(z)dz = j;/z f(2)dz.
ii) f_y f(2)dz = —fyf(z) dz.

iii) N f(z)de = _/;1 f(2)dz +-/;/2 f(&)dz.

Amégelyy: Ta (i) xou (ii) Tpoxdmwtouy dpesa amé Ty Ipétacy 4°.33.

(i)
b+4+d—c
f Fe) dz — f Fe(n+ ) d(s -+ 79)
71+72

b+d—ec
/ [ 71d71+f [eyseogpd(ys-¢)

(amé v Ilpétacyn 47.19)
= f(2) dz—l—/ f(z)dz
r2°9

7
= f(z)dz + f(2)dz, (a6 v Ilpotacy 47.33)
7 72

6mov @ : [b, b+d—c] — [¢,d] pe §(t) = t+c—0b (Seite [Ipbtaon 4°.29(iv)). O

Avppo 4.35 Eorw du @ = C avowrtd, p : [a,b] — Q evOvpoauuioun
xoumodn waw [ Q@ — C ovveyng cvvaornen. Tove pio nctbs ¢ > 0 vwcoyet
P=la=1t, <t <..<t, =0} € Dla,b] odcre n molvyovixy yoouun
vp =2y =2 [y _1), p(t)] elvan vrocivodo Tov Q nar oyl

ff(z)dz— f(2)de| < e
Va 7P

Azésein: ‘Botw ott P = {a =t < t; < ... < t, = b} € D[a,b] xat ag

vrofésoupe TPOS TO TAPOY 6TL 1) TOALYWILXY] Ypapuy) ¥p = 2i 4 [v (1), y(E5)]
elvar uogdvodro tov Q xat T' = (7;)1 <<, ETLAOYY evitdpecwy anpeiwy. Tapa-
wpodye ot yta S(P, T) := S(f,y,P,T)

D |/ r@de— ), @) de] <

S, D)|+[$(P, 7Y~ f(2)de].
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S(P,T) —/ f(2)dz

7P

S ) () — plti ) — Y f F@)dz
= =1

1
l f(y(r))de— [ f(z)dz || (4.13)
1 Vi

Vi

=

)
i=1

6mou yto v (4°.13) ypMGLP.OTOTCAPE TO YEYOVOS 6T

(fy(r)) — [(2)) dz

Vi

bl

lf(V(Ti)) dz = [(p(r))) dz = f(y(r))(y(t;) — p(ti_y1))-

7i
iii) T 2 € 9, éyovpe

lz — ()l < le =y + [y (L) — p(r)]
< [p&;) =yl +IpE) —p(l.

Ba TposTalcovpe va TeETOYOLPE
xofeptd Tosotn e oo Sebd 6o (i) va
elva puxpotepy Tov &/2 pe yp = Q.
To y* = y([a,b]) eivar copmoa- Q
véc (apol p auveymg) xat to C\ @
ebvat xAetato. Av Q #+ C, Oétoupe
do = d(p*,C\ Q) > 0. Av Q= C,
Oétovpe amiwg dy = 1. e xdbe me-
pimtwar optlovpe

K=1{z€C:d(zyp*) <dy/2}.

Tote to K elvat xAetaté xat @payp.évo,
apa supToYES, xat v g elvat opoto-
LLOPPOL GUVEYTS.

Bo vmobécovpe w(y) > 0. Av
u(y) = 0, tote 1 p elvor stabep).
[aipvoupe atabepy) ToAvywvirny Tpo-
aéYYLom), OTOTE ROt Tot 800 OAOXANPWLOTO Elvat PNSEy.
o) H f|x elvar opotopoppa guveynge, apa vt ¢ > 0 uwapyet 0; = dy(¢) > 0
Gote av |z, — 2] < 0 T67e |[(21) — F(ea)] < &/ (2u(y).
B) Hy:[a,b] — Q elvaw op.otopopa suveyng, dpa yia &g = min{dg, 01}/2 > 0
urapyet 0y > 0 waTe av by, &y € [a, b] pe [ty —1lo| < 0y taydet |p (L) —yp(ta)] <
&g (emthéEape auTo T0 £y HGTE VoL TETHYOLP.E Yot LaYDEL yp = NP, p; = Q- BuoTt
av e € [p(ty),p(ty)] navz € C\ Q tote d(p(t), C\ Q) < &g, dTOoTO OO TOV
0pLGP.6 TOL &g).
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Y) f/ f(2) dz = limp¢pp, ) S(fey,p, P, T) dpo pe
e/2 > 0 umdpyet 0 < 05 < 0y wate av P = {a =
to <ty < ...<t,=0b}pe MP) < dg tote

DNy —pti Dl — [ F)dz| < g.
=1 Y
Q Bewpobpe t) yp = Ny yi = D [y(Gi—1)s p(E)].
Téte
iv) yp = K.

Hpdypor, av 2 € p; = [p(t;_q), p(t;)] téte
le =y < Ip(ti—y) — ()] < do/2 dpa
d(z,p*) < |z — ()] < dy/2 ométe 2 € K.

V) ISP, T)— [, f(2)dz] < &/2

Ipdrypatt, Adyw tou (iii) xat tov (B) éyovpe |[2—yp (1) < 6;/240;/2 = d;.
Apa Moyw tou (x) toydet | (p(r) — f(&)] < &/(2u(p)). Suverwe 7 (ii)

Sivet
N € & Niq w(py) ¢
SP,T)— 2)dz| < ——u(y,) = == < -
(P,T) // fe)de| < 3 gy = ST < 0
To arwotéheopa topa eival Qavepd and Tt (i), (v) xat (v). O

Ocwpmpa 4.36 Eorw 61t @ = C avountd, p : [a,b] — Q evOvyoaupioun
xopumodn wow 2 Q — C cvveyng cvvagrnen ue wogcdyovee (dnladn vwcoyet
F:Q—Cadoore F' = ). Tore

/ FG)dz = Fy(®) — F(p(a)).
?

Am6BetEn: o) Av vy p elvar suveywe Stapopiotpy tote

b b b
f(z)dz=/ f°7d7=/ f(?’(t))?/(t)dtZ/ F'(p(t)y’(t)dt
4 a a

a

b
- / (F =) (1) dt = F(y(b)) — F(p(a)).

B) Yt yewxn) mepintwan, Bdost tov Afppatog 4°.35 Yo TV xapTOAY
v [a,b] — Q xat Yo & > 0 LTAPYEL TOALYWILXY VPO

n

vp= v = D[t 1), p(t)]
i=1

i=1
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MGTE |fyf(z)dz—fypf(z)dz| < e
Kabe p; eivar suvey i Stagopiotuy, dpa €yovpe

fRdz=Y [ )iz = Y [FGt) — F((t_))
’p =1

=17

= F(y(0)) — F(y(a)).
Apo

[ 1@~ [FGo) ~ Fo@) ]’ <e
7

v xd0e & > 0, omote j;/ f(z)dz = F(y(b)) — F(y(a)). O

Ilépwopa 4°.37 Eotrw dte np : [a,b] — C\ {0} elvar %Aetoty) xaumddny pe
wnrog (xheret) xedeitew av p(b) = p(a)). Tove yia ndle n € Z \ {—1} toyde
j;/ 2"dz = 0.

AnéBetfn: H F(2) = 2" /(n+ 1) elvon Tapdyovsa tng f(2) = 2". Apo aré
T0 TPoTYoLP.EVO Bewpra Eyovpe fy 2"de = F(y(b)) — F(y(a)) = 0. O

4.5 Ozwpmpata cOYRALGYS

Ta Tapoardtw Bewppata cdyritang 0o pag ypetaatody ato SedTepo pépog
ToL BfAlov addd taptalet vo Tapovstastody edw. Ta Bewphpota avtd potdlovy
ne to fewpnpo xouptapyp.evng abyxAtorg tov Lebesgue aiid dev eivat. Xto
Bewprnpo xuptapymuévne cbyxitang éyovpe pia axorovdio GuVapTNGEWY TOL GU-
TxALveL ae pia guvdpTyeY xat éva aTalepd PeTpo we TPog To omolo uTtoAoyilovTat
T ohoxAnpopata (Seite Yo Tapddetypo oo [1]). Ata Tapaxdtw bewprpata
) GUVAPTYGY] TTOL OAOXATIPWVOLPE ElVaL GTAOEPT] XOL OAOXANPWYOVLILE WS TTPOG
o oxorovBia pétpwy Tou GuYXALVEL GE éva PETpO.

Ocwpmpa 4°.38 (Zdyxiang tov Helly) Eorw du f : [a,b] — C ovveyijg
ovvagmnen, ¢, ¢ [a, b] — C cvvaornen poayuévne xduavens yie ndbe n € N,
@ : [a, b] — C cvvagrnon, xaw M > 0 were @, (t) — @(t) pra xdbe t € [a, b], xor
Vip,) < M pe xabe n € N. Tore n @ eivar poayuévng xduaveng, V (p) < M,
xau fab fdg, — fab fdg %alig n — +oo.

AméBetEm:INo xdle e > 0wt P = {a =ty < t; < - < ty = b} Soapéptom
Tou [a, b] vmdpyet ny € N wote va toybet @, (6) — @) < &/2N v xdbe
k=0,1,...,N, apob ¢, — ¢. Topa bp.we

|(p(tk) - ¢(tk—1)| g |§0(tk) - gjno(tk)l -+ |§0n0(tk> 7 gv?zo(tk—l)'
F P (G—1) — @t 1)
< e 1 () — Py (1)L
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Apa V(p,P) < e+ Vig,,) < e+ M. Omote V(p,P) < ¢ + M yio xabe
e > 0. Toverwg V() < M.

[t abyrhior) Twy 0AoxANpLPATOY, 0pxel Vo TNV aodelEouLe Lo Tpoy.o-
LX) GUVAPTNGY [, apod TavTa Propodue va avayfodpe oe aUTY| TNV XATAGTAGCY)
Tpdpovtag Ty [ wg Re f +dm f.

‘Eotw Aowmdv 6t [+ [a, 0] — R xat & > 0. Oswpodpe Srapépton P =
fa = t, < t; < - < ty = b} Supépion tou [a,b] wote |U(f, ¢, P) —
L(f,p,P)| < &, omote apod to oroxAvpwpo vrapyet (Oswpnpo 4°.18) Oa
Loy beL xat Ifab fdp —L(f,p,P)| < e.

Agod @, — ¢ Oo vmdpyet ny € N wote Y xdbe n > ny vou toydet
lp, () — @) < e/4N||fllo T x40 k = 0,1, ..., N, émov Oécape ||f|l. =
SUPc(a,b] JAOIE

Ebdxola eréyyoupe topa ot |U(f, ¢, P) — L(f, ¢,, P)| < 2¢ xadig xat
IL(f, 9, P) — L(f, ¢,,P)l < &/2 vy xdbe n > ny mapepfdiioviag yio to
Tp®TO Toug 6poug @(f,_4) xat p(t,) oty Tosotnta @, (4_1) — @, (¢;) %ot xavo-
VTOS TPLYWILRY] OVLGOTNTA, EVG YL TY) GEOTEPY) YPAPOLP.E

\L(f ¢, P) — L(f s > P)

N
> ) ((pt) — p(ti) — () — %(tk_l)))’
k=1

N
> ) (i) — @u(ti)) — (p(t) — q),z(tk)))‘
k=1

e 1

&

Apa yio xals n > ng Oa sivout

/abfdsvfabfd%

b
/ fdng(ﬂcuP)HL(f,gv,P)L(f,sowm\

a

<

b
+ ‘L(f, g P) — / rdg,

1 7
<8—|—§8—|—28=§8,

OAOXANPWYOVTOS TNV ATOTELEN. O

Avppa 4°.39 (Hohvywvinng Tposéyyione) Eorw 6t To Q elvar avointd 6o
Cuary: [a,b] = Q we woumody. AmodeiEre 61 vwcoyet wiee axorovbic amd
wovywvirés naumideg p, : [a,b] — Q, n €N, dore

(i) n 7y, ovyxdiver oporduogpa 6Ty p 67o [a, b],
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(ii) y,(a) = p(a) xat p,(b) = p(b) pra xabe n € N,
(iii) pF = Qe n > 2/d(p*,C\ Q) drav Q # C,
(iv) av n p elvar nopmodn we pijrog vote u(y,) < w(y) yia xabes n € N.

AnéBelmAy P = {a =ty < ¢ < - <ty = b} dpépiom tou [a, b] pe
Aremtotnta || P| < 9, optCoupe

t,—t t—t,
D= —"—— (i, _—
Vn( ) tk _ tk | 7}( A—l) + tk - tkfl

y(t)

Tt <t <t wan yroxdle k= 1,2, ..., N, o xd0e n € N.
H yp, eivat Tpogavng Tohuywyiny| pe tyvog

7 = ylto), y(tDT U U [y Uy, 1), 7ty )]
Me amiéc mpatetg eréyyovpe ot Yo xdbe ¢ € [£,_q, 8], k= 1,2,...,N,, toybet

70— 70 = T () — 9 0) + T () — 20,
by —ly—s b=t
XL GPOL ATEO TNY TPLYWVLXY] avtaoTnTa, xot apod |p(f,_1) — p(t)| < 1/n xat
lp(ty) — y(B)] < 1/n, Oa wapovpe ot |y, () — p(6)| < 2/n, diétt BeBaing
|41 —t] < 0, xat |t;, — ¢t < 0,. 'Emetor 6t 9, = p naw av Q % C, téte Y
n > 2/d(p*,C\ Q) maipvovpe pF = Q evo av @ = C, 1o supmépaspa elvar
oaUTOP.OTO.

ATo tov oplap.d Twy p, toydel pavepd ot p, (a) = y(a) xat ,(b) = p(b)
vta xde n € N.

Térog av 1 p elvat xoP.TOAY pe UN%oS TOTE

N,

w) =V @)= 2t —ple )=V, P)< V() =up). O
k=1

Ocwpmpa 4.40 Eotw ot vo Q eivar avoixtd vrocvvodo tov C, [+ Q@ — C
ovveyne, xat P, P, ¢ [a,b] — Q pa n € N xaumwiddeg e unjrog wove p, = p
xebdg n — oo wae V(yp,) < M puee nctbe n € N o ctmworer 6rabeoct M > 0.
TdrefyanOOfyfmﬁcbgnﬂ+OO.

AméBelin:Bpioxovpe éva supmayés K wote p* < K° < K < Q: mpaypatt, Yo
xdle x € p*, undpyet ¢, > 0 wote S(x, &,) = Q. H owxoyévera twv S(z, ¢,) 1t
x € p* elvor avoLXTO XAV TOL GUPTTAYOOS P* RO Apa VTAPYOLY Xy, ..., X, €
»* waote

7)* (@ S(%‘l,le) U--u S(xnaexm)'

Bétoupe

K= S(xla 5x1) U U S(xm’ gxm).
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Hapatnpodpe twpa 6Tt fop, = fopy vabign — 4ot H f|g eivat opotép.opoo
auveyNg, apod K supmoayés vtoshvoro tov Q xat f cuveyfc oto Q. Apa, yta
& > 0 vmapyet 1 > 0 wote av |x — y| < nvataydet |f(x) — f(y| < e Amé )y
opotopope abyrALem T P, atnyv p vapyet N € N wate av n > N va toybet

|7,,(£) — (O] < minfn, d(y*, C\ K)}
v %&Be t € [a, b]. Apa, yio x&le n > N aybet pr < K xot
[7,(6) — p(O] <maoacte [fop, () —1-pD] e

Snhadh 1 [ oy, cuyrhivet opotbpoppo 6Ty [ o .
[Mopatnpodpe Twpa 6Tt

b b

/ £ o (@) dp(t) — / foy(t)dy(t)’
b

/ (Fo 70— F 7)) da»n(w‘

b b
+/ foy(t)dyn(t)/ fop()dy()

<MW ey —1epllaV ()

b b
+ / Fop(t) dp(t) — / Fop®dy()
é ||f°%z*f°7||ooM

b b
+ / Fop(tydpa(t) — / Fop®dy(®).

Opwg feoy, s fepdpa|lfey, — [Pl = 0xabwgn — +oo, eve amé to
Bewpnpa sdyriiong tov Helly (Bewprpo 4°.38) toydet

b b
f Foptydy, () — / Fop(®) dp(d),

OAOXANPWYOVTOS TNV ATOTELET.

f—|r
4

n

<
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Kegpdiato 5

Aetntng 6TpoPY|S RAELGTYC

RAPTOAYG

5.1 AwatsOnmins meptypoe

Mo véa évvota Tnv omola
ELGAYOLUE GE QUTY) TV EVO-
Ta elvat ATy Tou «BelnTy
GTPOPYE KAPTOANS WS TPOS
onpeion. Ac vmobésovpe oTt
éyoupe o evbuypappistpn
xop oA p ¢+ [a,b] — C xat
éva anpelo 2 € C\ p* o10
omolo Bploxetat évag Tapaty-
pNTHS. Autog Tapatnpel T
eEEMEN g napTOANS amh To
opytxo g anpelo p(a) wéypt
0 teAteo g p(b) (ag pavta-
oTobpe TV PETABANTY ¢ NS
p(t) va ebvar o ypbvog). Ta
x&le anpelo g xapmTOANG

21

y(a) = p(b)

y(t) opiCovpe r(t) TV améeTOGY) TOL OO TO GMUELD 2 TOL TUPATYENTY] KAl
T yovia 6(t) Tov oympatiCet to evldypappo tunua [z, p ()] pe tov Tpaypatixé
dEova. Xto SimAavé oympo efetdlovpe auty) TV xatdotacy Yo 8ho onpelo:
TO 21 X0 TO 29. EvStagepbpacte va uToAoyicovie TNV GUVOAXY LETABOAY) TNS
YWViog g TPOS TOV TAPATNPNTY, SNAadY) Ty TosdtyTa O(b) — O(a). I'o To-
padetyp.a, yLoe To GMPElo 2y aLTH 1) SLapopd elvat Qovepd LixpdTEPT oo 27
EVW YLO TO 29, av ETLTAEOY UTTO0EG0LILE OTL 7) P StaTpéyet wio popd To (yvog y*
(SnAadn) elva évar Tpog éva extog amd Temepacpévo TAN0o¢ anpelwy (exTog TV
ompelewV ToL TEWVEL TOV EQVTO TNG)) ToTE 1) Sapopd B(b) — O(a) eivar axptBug

79
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4. Me dho A6yt 1) xap tOAT) TOL GYALOTOS SEV OROXATIPWYEL Evary XOXAO YOPW
amé T0 21 aAAd 0NOXAMPWVEL 800 XOXAOLE YOPW ATH TO 29. ALTOG 0 aAXEPOLOg
aptOpde, SnAady) To TOGOLS XOXAOLE OAOXATIPWYEL Pial XOP.TOAY) YOPW ATt Tov
TopATNEYTY Log 6T anpelo 2 Tov ovop.dlovpe «Beinty) GTPOPYS TNE P YOPW aTd
T0 2).

Mg 6pog o propoboope amé TV p va LTOAOYIGOLYE TOY SE(XTY) GTPOPTS
vta xale anpeio 2 € C\ p*;

Ac umobéooupe Yo Adyoug amAdTTOS OTL 0L GLYaPTYGELS O xat 7 elvat Tapa-
yoylopec. Téte n xoapmdln propel va ypagtel e tov thmo p(t) = 2 + r()e?®.
HMapaywyiCovtag we Tpog ¢ Bploxovpe

' (t) = ¥ (£)eD (e (b),

amé Tov xavéva Yrvopévon xo ohusidag. Agod 2 ¢ p* to p(t) — 2z = r(t)e’®? Fev
elvot Toté (6o pe pndéy, omoTe Statp®VTaS We auTo BpioxouvyLe:

AN )
y)—z ()

OloxAnpwvovtag auty| T ay€om we Tpog ¢

+ 0 (b).

/b 7O = () — n(r(@) + 160 — 6(@)
a 7(t)_2 B ’ Z o

‘Etot av 7 xapmdiy p elvat xAetsty), av Sniady y(a) = p(b) tote r(a) = r(b)
xot Qo Thpovpe 6Tt

b ’
i(6(b) — 6(a)) = / y(yt)(t) —dt = gdf -
a ”

To TAN00g Aotwéy Twv xOXAWY ToL XAveL 1] P YOpw oo To 2 taohTal pe (6(b) —
0(a))/ 2 Snhadr) elvat (G0 e

1 dg

271 ,E—2

IMapatnphote 6Tt yia To amp.eio 2y Tov oyrpatog 0(a) = 0(b) xdtt wov dev(l)
toybeL Lo To 2. Llpdypatt yio to ampelo 2 M ywvia O0(f) avbopetwvetal xabng
«eEeAiooetoly M) XU TOAY Yo oo xotahnEel aTNy (Btar Ywvior e Ty apyLx), aAAd
Yt TO &9 GUVEYWS ALEAVEL.

5.2 Opiopdg nat t3téTmreg

Opiopée 5.1 Eotw 6t vy : [a, b] — C eivar xhetot) xap.mdAY e pu1xog xat
Q:= C \_yp*. Opiloupe tov Seinty 0TPOPTNS NG XAUTOANE P 1S TPoS T0 2 € Q

Tov aptipo
1 dg
Ind () = 2m‘/yg—z‘
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Ozwpnpa 5.2 Eotw éten p : [a,b] — C slvar pia xAeos), cvveydg duagpogi-
ouum xoumodn xee @ = C\ y*. O deintng 6Tgopng Aaufaver axéoaieg Tiuég yua
xale 2 € Q. Iowaivega, eivar 6Tabson 6vVdeTNOY G %O GUVERTINT CUVLGTMGN
Tov Q %ot [6og we Wnogy 6T Un POAYWEYY GVVERTINY GUVLETDG TOv Q.

1 i 1 " Y
IndV(Z)_Zm'/yg—z_Zm'/a y(s)—zds

vz € Q. Enedy) o w/(2mwi) eivor axépotog av xat pnévo av e’ = 1 (llpétacn 3.1
(iii)), apxel vo Setylel ott 9(b) = 1, 6mov

t /
o(t) = exp </ y(ﬁ;)(ﬁ . ds> Toa <t <b.

H ¢ mapaywyiletar xat taydet ¢’ (£) = ¢(t)y’ () /(p(t) — 2) omote ¢ (H)(p(t) —
2) = ¢ —z2). Apar ($(O)/ (p() —2)) = 0 sty n $(0)/ (1) — 2) eiven
atalepy), éatw (om pe c.

It = a Aoy, ¢(a)/(p(a) — 2) = ¢ omérte

AméBellm:

_ ) —= _ ) —e
s =T o =T
ool ¢(a) = 1. Omote
_ ) —=
Ot

apod 1 p elvat xhetaTh). TUVETWS 0 Se{XTNE GTPOPTC Talpvel axépates TLULEC.

0 Beintne aTpoPNg elvat GUVAPTYGY TAPAGTAGLYLY) e SuVaP.oGELpd (aTth To
Beswpnp.a 4.3 (1 to Oeswprpa 4°.23) Y g(¢) = p(¢) o dp = dy), dpo elvar
0ABLLOPET] GUVAPTYGT XL GUVETWS GLVEYMS. 'Etat av o e(x) elvar cuvexTixy
GUYLGTWGN TTOL TTEPLEYEL TO &, GUVEXTLXO ElvaL Xat TO LTTOGHVOAD Ind, (¢(x)) Tou
Z. To povo Opmg GUVEXTIXG LTTOGOVOA TOL 7 elval To LOVOGHVOAL dpo elval
atalbepbe o deixtne otpoyrc Ind, e dho to c(z).

To p* elvat supmayéc (wg GuVEYNE ELXOVO GLULTOY0DE) dpa elvat Xat PpPaYLEVo,
omote p* < S§(0,r) Y xatdAinro r > 0. To C\ S(0,r) eivat cuvextind xat
W1 @paryLEvo xal TEPLEYETUL GTT) GUVEXTLRY) GLVLGTWSA ¢ ToL @ oL elvat Py
ppayrévn. H ¢ eivat m povny un epaypévn guvextiny) suvtatwoa tov Q (Yot
x60e dAAY) suveEXTIXY) cLVIGTWG EEVN e TNV ¢y Do teptéyetat ato S(0, r) omdte
O elvar payp.évn).

Agobd p* < §(0,r) supmepaivovpe 6t |p(f)] < r yia xdle ¢ € [a, b]. Apa
lp(t) — 2| > |z] — ()| = |z| — r yro xd0e t € [a, b] xar z § S(0,7r). Eto

AN 0] 1
[Ind, (@)} = 271/ PO —2 S T =@ <1
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Yo emaprws peydho [z Tuvemag enetdn) Ind, (2) € Z supmepaivovpe Ind, (2) =
0. Apo pmdeviletat ge éva amp.elo NS L1 PayP.EVNE GLILGTMOGAS, GUVETWE GE
6Am TN GLUILGTWG O

NapdZetypa To shvoro

Cla,r) =1{2€C:z=a+re", 0 <t < 21,7 >0}
ebvai 7 OeTixd TPosavaTOAGP.EVY) TEpLpEpELa P xEVTpoL a = p + iq (p, ¢ € R)
xow axtivag 7 (6mov |z — al? = (x — p)? + (y — q)% = r? civar 7 eklowaom

meptpépetag). Tote

1, avlz—al <,

Indy(z) - I 0, avl|z—al >r,

yiotl to C\ p* =: Q €yet 800 GUYETINES GUVLGTWGES: TO EGWTEPLXG TOL XOXAOU
xat o eEwteptnd Tou wdxhov. o |2 — a| < r amd to Tponyodp.evo bewprpa

Loy bet
1 d¢ 1 27 el
I =1 = — = — —dt=1.
nd,(2) = Ind,(a) = o= // F—a 27 /0 ot U

Kot yio [ — a] > 7 0o elvan Ind, () = 0.

0O Seixtng oTpoehg elva pio amd
TLG TEYVOAOY(EC TOL Y pTOLLOTTOLElTaL
GTA YPAPLXY DTOAOYLGTWY GE xd0e Te-
yvoroyla awoTdTWaEYE TANPoPopiog
(elte eivar 1) 006V elte évag extuTm-
e). Hpdypatt yia va tutwoet évag
EXTUTWTNS €V YPAppa, Yoo TTopd-
SELYILo TO AoTIVLXG «an, TPETEL VoL ATTO-
poaicet ge Tota anp.ela Tou yaptLod fo
Bdet pekdve xat oe motar Oyt. Opoiwe
Yt o 006vn o vodoyletrg fa TEE-
TEL Yo amoacicel ot pixels Oo avd-
Pet xat wota Oa sfneet. ‘Bva ypdppa
OTWS TO A, TEPLYPAPETOL ATtd 800 XaPTOAES 6TWS 6To StTAovs oynpe. Ilog
Oo amopasicet 6pwe o exTUTWTNE Toto onpeio Tpémet va Dewprnlel evtog tov
YPORLOTOS YLor vor BAAEL PEAGVL X0t TTOLO EXTOS TOL Ypappatos; ‘Evag tpémog va
TO XAVEL AUTO E(VaL 0 LTTOAOYLGP.OS TOL GUVOALXOD BEIXTY) GTPOPNE TWY XAWLTLAGDY
TOL TEPLYPAPOLY TO YPALLLA WG TPOS TO GMLELD.

0 oyedLaathg TNE YPALPATOGELPAS EXTAS A6 TOY GYESLAGUS TWY ROPTUADY
SNAMVEL TAVTA Xt TY) QOPd e TNV oTolor avTéS YpdpovTal. XTo TopadeLyLo
ToL a ToL aYNPLaToS ) eEwTEPIXT) XapTTOAY) SnAwveTat 6Tl oyedtaleTal pe wopd
ovtifeTy) amwé T Popd TWV SELXTAVY TOL POAOYLOD XAl V) ECWTEPLXY] XAUTOAY) (e
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H.2. OPIEMOY KAI IAIOTHTEZ 83

N ©opd Tou poroytod. Anhadh 1) eEwtepti) xapTOAY éyet «BeTinhy Qopd kot
7 eswtepxy) «apvnte. ‘Bva onpeio ato Tapatdvew ayfua mwov o Baptel
LLE LEAGVL €YEL BEIXTY) GTPOPNS WS TTPOS TNV EGWTEPLXY XAUTOAY] (G0 pe pNdéy
%ot W TPOS TNV eEwTEPLR) XA wOAY (6o e +1. 'Etat €yl «quvorndy Seixty
6tpoenc 0+ 1 =1 % 0 xat to anpeio Bdpetal pe peldvt.

Av opwg Dewpnoovpe éva aMp.elo GTO EGWTEPIRG TUNPA TNS EGWTEPLRNS
®oP.TOANS ToL a TOTE auTh €yet SelxTn aTPoPNE +1 wg Tpog TV efwTeptry
®opTOAN ToL a xot —1 wg TPoS TNV EGWTEPLXY) XAWTOAY Tov a. O GuvoAtxdg
oelxtng atpoeng elvar +1 — 1 = 0 xat 6To GMP.Elo 0 EXTUTWTNG Sev plyvel
peidvt!

Yapyouy xot PepLnég axnop.o TEYVIRES ATELXOYLATE GTOUE UTTOAOYLGTES AL
elvat too8Hvapes Pe TNy Topatdvw. BAémovpe Aotwdy 6Tt o Belxntng otpowhc,
EVTEAWG amposueva [Gwe, ypmctpomoteltat xadyueptvd and toug avipwmoug xat
elvat «xpLPPEvor pésa otV TEYVoAoYia Twy 000v(hY, EXTUTWTOY, TPOBoAEwY
%ot x&0e GUOAEVTIC ATTELXOVLGTS.
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Kepahato 6

To tomxo Oswpnua Cauchy

Ozwpnpa 6.1 (Cauchy-Goursat) ‘Eorw 67¢ 1o A eivar xAetoTd Toiymvo evrig
Tov avowxtod @ = C xaw p € Q. Av n ovvagrnon [+ @ — C eivar tomnd
poayuévy 6to p (Ondadn vaoyer M > 0 xaw S(p,r) = Q dove |f(2)| < M
yie ndle 2 € S(p, 1)) now flon ) 0Aduogyn, Téte [, f(2) dz = 0, dmov A 7
TEQLULETOOG TOV TQLYWDVO.

AméBeém: Hegimrwon 1:p ¢ A

A) Kaboptopég evog onpeion 2y 'Eotw ot ot xopupég tov A ebvat a, b, c.
Oétoupe a’, b" nou ¢’ yio o péoa Twv Tumpdtwy [b, ¢, [a,c], [a, b] avticToya,
xot Oewpodpe Ta Tpiywva

AV = (a0, ¢}, AP = ({b,a’,¢'}),
AP = (fe,b',a’}), AY = ({a, b, ¢'}).
Mpogavag [, f(2)dz = ¥, faA({') f(z)dz

dpa
/ () de
aay)

4
IRCEZES
dA =1

Apa vmapyet 1 <@ < 4 wate

IRCLEEI AL
A aal)

B¢t A, = A, ExovadapBdvovpe thpo ) Staduasio avth e o A; 6t0 pbio
Tou A xat hapBdvovpe éva xAetaté uToTpiywvo Ay Tou Ay Gate:

/ f(2)dz / f(2)dz
dAs aA

<4

1
> -

1 /0A1 f(2)dz

85

1
=2
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86 6. TO TOIIKO O@EQPHMA CAUCHY

Erayoyixd, xot pe eviedwg avdhoyo tpomo, opilovye pia axolovdio awd xAetatd
plyova A D Ay DAy D ... waTe va toybouy

/M f(2)dz /f(z)dz

ii) To A, ¢ eivar évo amé ta Tésoepa vToTpiywvae Tov A, (v > 1) mov opilo-
vtot amd to pésa anp.ela Twy TASLPWY Tov A, pe Betixd (avti-wporoytaxsd)
Tpocovatolsd xot w(dA,) = 27" (u(dA)), yra n = 1,2, ...

> 5

i)

Ao vy TAnpoTnTa Tou petpxod ywpov C, to Bewprnpa tov Cantor, to yeyovic
6Tt T ghvora A, ebvat xAetotd cOvora pe A DA} DAy D .ot

(A, < p(98,) = 5ou(08) — 0, (6.1)

éretat ([1] Oewpnpo 2.6.14) ott to 152, A, elvan LovosHVoro e Povadind GTot-
Yelo, €6Tw T0 2, 6OV GTNV (6.1) ypMCtpoTotGaE TO YEYOVAS OTL 1) SLAPETPOS
x&fe Tprywvou elvat pixpotepyn ams TNy TEPIPETPO ToL (APVVETAL WS AGANTT)).

B) Ymohoyiopés tov [, f(2)dz: To 2y € A < Q dpa o [(2y) vTdpyet

(spdoov p € A) apod 1 [ elvar ohdpopen ato @ \ {p}. ‘Eotw bt e > 0. Ydpyet
0> 0wmoteav 0 < |z —zy| < d1ote

[(2) = [(2)

2—2

— (z0)| < . (6.2)

Erione Stap.(dA,) — 0 dpo yta to 6 > 0 vrdpyet ny € N wote yio xdle n > ny
toydet Stap(dA,) < 0. Apa oy 2 € A, tote

le — 2ol < Slap(h,) < 0. (6.3)

Ao to Tlépopa 4.15 () o Tlépiopa 4°.37) wyder [, (f(20) + [ (29)(z —
20)) dz = 0.

/ f(z)dZZ/ (F(2) = f(20) — ["(20)(z — 20)) dz,
aA, aA,

apa YL m = g EYOLP.E

/ f(2)dz| <
dA

[@)—[G)
< /3An(2_20)[3_3()—f(20)]d2 .

g

f(2)dz
aA,
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6.1. 87

Xpnotpormotwvtog Twpa v Hapathpnen 4.10(i) (1 Hapathpnern 4°.16(iii))
xoBwg xat g (6.2) xat (6.3) Talpvoupe ot

/ f(2)dz
aA

Sovera | [, f(2)dz| < e(u(dA))? yia Toydy & > 0, ombre Soaf(2)dz =0.

e(u(94))*

< SBLO({J.(An,l)H(aAn) < 4"

1
Yo

Hepimrwon 2: p € A xat p xopuey) Tou A.

Av A = ({a, b, c}) yoplc amwAelo Tng yevixotnTag uwolétovpe 0Tt p = a. Av
a, b, ¢ elvat oty (Bt eubela ToTe To cupTEpacpa elvar TeTpLpp.évo Yot tayet
Yewxd: av [ ohoxAnpostpy téte f[mb] f(2) dz—!—f[,m] f(2) dz—l—f[o,a] f(z)dz = 0.

Yofétovpe 6ttt a, b, ¢ Sev elvat oty (St eubela. H A ebvor o) xapmhin
(@Mhad Sev Tépvel Tov eautd TNE) Xat 1 [l gy Ebva GUVEYNS, dpo 1 [0 JA elvar
GUVEYMS EXTOS aTth €va ampelo (apod p € AA) xat 1 dA XoTd TUNPATE GUVEYNOS
Topaywyiouy, owéte vTdpyEt To ohoxkpopa [, f(2) dz.

Av z € [a,b], y € [a, c] éyovpe

/f(z)dZZ/ f(&)dz + f(&)dz + f(2)dz
dA dA(a,z,y) dA(x,b,y) JA(y,b,c)

= f(2)dz (amé v Ilepintwaon 1)
IA(a,x,y)
2/ f(2)dz + f(z)dz—l—/ f(2)dz.
[a,x] [,y] [y,a]
Apayo 0 < &< 4Mryorx,y € S(p,e/4M), a=yp

vroahvoro Tou S(p, 1), taybet |f(2)| < M, xou dpa

/Mf(z)dz

< Mu(3A(a, z, y)) y 4

= M(|lx —al + |z —yl + ly — al)

e 28 ¢

Svvertag f;, f(2)dz = 0. b
Iepinrwon 3: p € A xaw p ¢ {a, b, c}. “
/ f(z)dz':/ f(&)dz + f(2)dz
oA 3A(a,b,p) AA(p,b,c)
-+ f(2)dz ¢

dA(c,a,p)

=04+0+0=0
b

amé v Hepintwan 2. O
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88 6. TO TOIIKO O@EQPHMA CAUCHY

6.1 To Ozswpmua tov Cauchy yia xvpté chHvoro

Ocwpmpa 6.2 Eotw 61t To Q elvar avointd xaw xvgté vrocvvolo tov C xau
pEQ Avnf:Q— Celvaw ovveyng xauwn oy, 0Aduogen Tdte

i) vwdoyer F : Q@ — C oAdpoopn core ' = f,
ii) f f(2)dz = 0 prax ndtOe xderoty) napmvdn p evrog Tov Q pe wnxog.

Aa‘:oSenEn ) ‘Eotw a € Q. Apod Q xuptéd tote yia xdbe 2 € Q to eubdypappo
Tphpa [a, z] C Q. OpiCovpe I : Q — C pe F(2) = [, ., f(E)dE.
Isyvpiopée: H F'(2) vmdpyst ot
F'(2) = f(2) Yt ndle 2 € Q.
[Avze' € Q,2" £ 2,10 xAelaTh TplyWVo
Ma,z,2") = Qdpa fo5 .., [(E)dE =
0 amo6 to Bewpnp.a tov Cauchy-Goursat.
‘Etot

/]f(é)d§+ . f(é)dé

+ [/af(é)dé—o
oToTE
[w/]f(&)dg: [”/]f(é)dé‘— [ag]f(g)dg:F(Zl)_F(Z)'
Apa
w f(2) = 13 (f(&) — f(2)) d&.

[2,2"]

‘Eotw 6t ¢ > 0. Enedn) f|g cuveync umdpyet d > 0 wate av |§ — 2| < d tote
IF(5) — (&) < e Apayia 0 < |2 — 2] < doydet

) —Fe) f()‘ M (&)~ e

K4

1 N

< m#([&z De=¢,

6Tou otV TeAsvTaln avisoTrTa Yprctportotmeape v Ilapathpnen 4.10()
(M Hapathpnon 4°.16(iii)) xabong xat to étt 1 § € [2,2"] ovverdyeta
|E — 2| < 0. Apa F'(2) = f(2) yio %60 2 € Q.]

(ii) E@dcov 1) f éyel Tapdyovsa cuvendyetal anéd to Ocwprpa 4.14 (1 To
Bewpnpa 4°.36) j; f(2) dz = 0 v xd0e xAetath) xoP.TOAY pe prrog. O
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6.1. TO @EQPHMA TOY CAUCHY TI'IA KYPTO SYNOAO 89

Hapatipneyn 6.3 Ilapatmpodpe 6Tt yoo Ty amwddetty tov loyvpiopod tov
Tporyolbpevou Bewprpatog YpnaLpoTotiaaLe T Guvéyeta TS f ato @ xat To
6Tt T0 0AOXAPWRA TNG 6To GbVopo xdle Tprywvou aTo Q elva pndév. Auvtég ot
300 LTO0EGELS apPrODY YL TNV ATTOSELEY] TOL LGYLPLGPOD Xat Bev elvat aTopaityTo
voo utoBéoovpe 6t ) [ elvat ohdpoper. Mmopodue Aotwdv vor SLaTuTHGOLE
avekaptnta To (i) Tov Tapamdvew Dewppatog we kg Edy Q %vetd, avorxtd
vmwoadvodo tov C xar f = Q — C, flg ovveyiie ue [5, [(§) dE = 0 pux xcle
xAe16T6 Tolyevo A < Q téTe vdoyer F 2 Q — C odduogyn dote F' = f. Avty
1 Tapathpnor Oo ypelaatel Tapoaxdtw ato Oswpnpa Morera (Bewpnpa 6.7).

Ozopnpa 6.4 (Ohoxinpwtixdg tomwog tov Cauchy Yo xvpté Gdvoro) Eotwm dtu
nf:Q— C elvar 0dduogpn cvvaernon e Q avorxto xow ®VQTO VIXOGVVOLO TOV
C %o p xderorn) xoumodn we unrog 6vo Q. e e 2 € @\ p*

M€ g L[ IGO) gy,

yg—z 2m V() —

FEnd, ) = 5

Amégedy: Opilovpe g: Q@ — C pe

1) — f(Z)’ ECQN il
g =1 57°
'), E=e.
H g eivor suveyfc oo Q, emetdn) v f elva cuveymg xau
96 =IO ) — g0

Yo § — 2. Exniong v g elvat oAdpopen ato @\ {z}.
Eoopp.olovpe to Osmpnua tou Cauchy yia xuptd chvora yio 0 GUVAPTYNGY
g noL €YOoLLE: fyg(g) dg = 0 yio xdbe xhetoth xopwOAy . Ondte oz ¢ p*
gyoupe
[ —/C) e

0.
y 572
Apa g0 Q
f (E)
27m —z 2% f( )
OTOTE TTPOXVTTEL O Cntoépsvog TOTTOC. O

Twpo pwopodpe va amodeifovpe o Oepehtddn xat awposdoxnty BLoTnTa
TWY OAOLLOPPWY GUVOPTYIGEWY.

Ocwpmpa 6.5 Eotw dtw 1o Q eivar avointd vwoovvolo tov C xar f+ @ — C
oAdwoogn. Tote n [ eivar wapactdoiun we dvvaposelgc 6To Q.
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90 6. TO TOIIKO OEQPHMA CAUCHY

AnégeEm: 'Eotw bt a € Q, tote umdpyet r > 0 vote S(a, r) = Q. Ilpémet va
dettoupe (Optopéc 2.17 (1 Optopog 47.22)) 6t f maptotdvetal e SuVaP.OGELPd
cto S(a,r).

Emuiéyouvpe 0 < o < r xat Bewpodpe p = C(a, 0) ™0V xap.tdOAY T0L XOXAOL
pe axtiva 0 < ¢ < r (wote S(a,0) = S(a,r)) Oetind TPOGAVATOALGPEVY).
Egapp.olovpe tov odoxAnpwtixéd toTo tov Cauchy yia to xuptd %ot avotxto
abvoro S(a,r) xat TNV XoWTOAN .

"Eyovpe 6t

fem,e) = b [ g

2mi ), §—z
’ Yz € S(a, ) \ p*. Apa

11
&= 5 yg—zdg

T 2 € S(a, 0) (Indy(z) =1lyazct

S(a, 0)). Téote v [ elvor Tapactdoipy
L& Suvapocetpd amé to Oewpnpe 4.3 (4 to Oewpnpa 4°.23) ato S(a, 9), Oétovtag
g =ypep(l) = a+oe',t € [0,2x], nou ¢(t) = fot fp(s)y (s)ds, 0 < t < 27
(rapatnphate ot v F(p(E))y’ () elvar suveyng, dpa 1 ¢ elvar Tapaywyisipy).
‘Eotw Aotwov o1t toybet f(2) = X2 g a,(e —a)" vz € S(a, 0). 'Eotw topa
bt € S(a,r)pele’ —al > 0. Avr >0 > |2 —a|l = ¢ tote f(z) =
Y 0by(z—a) vz € S(a, ). Apa

oo oo

f(Z) = Z an(z —a/)n = Z bn(z — a)w
n=0 n=0
v 2 € S(a,0), owote a, = b, T xdle n = 0,1,2,... Anhady f(2') =
Yoo, (2" —a)" y xdle 2" € S(a, r). Apam f eivar Tapastdatuy pe Suvapo-
setpa oo S(a, ). O

Ilépiopa 6.6 i) Kabe 0Aduoggpn cvvdotnon ce avornts cvvolo Q@ = C eivar
ATEQLOYLETC TTLYAYDPLGLUN.

i) Av f € H(Q) tote £ € H(Q).

i) 4v Q avouxtd, a € Q, [+ Q@ — C ovveyng xau [\ (o 0A0pooepn tote n [
elvar 0Adpoggpn 6to Q (dniadi xat 6To a).

Amé2eiln: i) Egbdoov v [ € H(Q) avarhbetar oe Suvaposetpd xat Lo SuvaLoGetpd
ebvat ameptoptota wapaywylotny (Bewpnpa 2.15) érxetal 6Tt xot 1) [ elvot
OTEPLOPLOTA TTOPOYWYIGLLT).

ii) H f maplotatar pe Suvaposeipd dpa [ € H(Q).

iii) Bploxouvpe » > 0 wote S(a,r) = Q xat epapp.olovpe to Oswpmpo Tov
Cauchy oto avoxto xat xvptéd S(a, r). Apa vrdpyet F' : S(a, r) — C orop.open
wote F' = g AMG anté to (i) n F eivor oAopopen wa dpa xou 1) f etvou
0AGp.opYY GTO a. O
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6.1. TO @EQPHMA TOY CAUCHY TI'IA KYPTO SYNOAO 91

Ozwpnpa 6.7 (Morera) Eotw ot @ = C avorrtd xau |+ Q — C ovveyng ot
Soa (&) dz = 0 puax xdOe voipovo A = Q. Tére n [ elvaw 0Aduoogn 670 Q.

AxéBeiEm: ‘Eotw 6t a € Q. Téte vmdpyet » > 0 vote S(a, r) = Q. To S(a, r)
ebvat avouxtéd xot xupté. Epappolovpe v Hapathprnoen 6.3 yia avorxtd xot
XUPTA GOVOAX, OTLOTE LTLAPYEL oAOMopyeT F wate F'(2) = f(2) 1 xdle 2 €
S(a,r). Ad\d topa v F7 elvar odép.open (améd to [lépiopa 6.6) ato S(a,r).
‘Etotm [ = F’ eivat oAép.oper ae xdls avounty opaipa tou Q, owéte v f elvor
oAbp.oper aTo Q. O

Ipéracm 6.8 Edv [ : Q — C odduoopn, @ = C avountd xow S(a,r) = Q, tove:

: O
@ =5 | L e

yen €N, dmov p(t) = a + re't, 0 < t < 2m, ue (yvog Tov xdxdo Cla, r).
Am6BetEn: Kot apyde mapatnpobye btt udpyet € > r wate
Q = S(a¢) > S(a. ),

ot to O\ Q elvar xAetato xat Eévo pe to supmayéc S(a, r), omote €youvy fetixy
aTOGTAGY).

Eooppélovpe tov ohoxAnpwtixé toTo tou Cauchy yia to avoxtéd xot xvpth
S(a,€), pe y = C(a,r). Tote, yia |2 — a] < r, Epovpe

2m
ROy (C . 10)

2m JE—2 T 2w () — dy(0)-

H f 6pwe Aéyw tov Bewprpatog 4.3 (1) tov Bswpripatog 4°.23 anéd to Kepd-

Aato 47) (o g(t) = p(t) xow (t) = fot f(y(s)y (s)ds, 0 < t < 27) elva
TOUPAGTAGLLY] ILE SUVAP.OGELPS LE GUVYTENEGTES

L L /2 fr®) / [
ey Go—o 70T ), G0 S
‘Btot f(2) = 32 o ¢, (2 — a)" ax’ émov ¢, = [ (a)/n!. Apa
0 1)
f( )( )* o2mi /(g a)n+1 o

Ocwmpmpa 6.9 (Exuphone tov Cauchy) Eotw due n [ = Q@ — C odduoogn
S(a,r) < Q xav |f(2)] < M pra natbe 2 € Cla, r). Tove pre nctbe n € N woydet
|f0(a)| < Mt /7",
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92 6. TO TOIIKO OEQPHMA CAUCHY

AméBely: Ao tov ohoxAnpwtixd toTo Tou Cauchy yia n = 0,1, 2, ... éyovpe:

f(n)(a) — L' / f(g) d{’:',
C

21 (@) (i-:, _ a)n—l—l
A | f(E)/(E—a)" ™ < M /v v vdbe € € Cla, 7). Apo amé ty Hapoth-
pnon 4.10(1) (1 v apatiprnon 47.16 (iii)) éyovpe ott

' M Mn! Mn!
(n) n — frmnd
|f ((I)| S 2%7.71—0—1 M(C((I, 7‘)) 27”.n+1 2mr P : O

Optopés 6.10 KdOe oropopen suvaptnon [ : C — C Aéyetan axégau.
Oswpmpa 6.11 (Liouville) Kdle poayusvy axéoawn cvvdornon sivar otabeon.

AméBetEmn: Amo tov toTo extipfoews tov Cauchy 1o 2 € C ot S(2, R) < C
ot n =1 éyovpe |f'(2)] < M/R v xde R > 0 6mov |f(2)] < M yio »dle
2 €C. Apa f'(2) = 0 Y xd0e 2 € C. Eetd?) to C eivar avornté xat GuvexTing
éyouvpe ot v f elvat atalbep). O

Ocwpmpa 6.12 (Oepeitwdeg Oewpnua g Alyefpog) Kdbe un 6rabeod mo-
Avavvuo Eyel Tovddyietov wie oila 6vo C.

Amégegm: Apxel v amodeifovpe o fewpnpa yia éva ToAvdvLpo Balbpod n > 1
NG popphg 2" +a, (2" L+ ...+ a2+ ag, 6t av a, = 1 xaw a, # 0 (OoTe
T0 TOAVMVLILO Vo elvat Tpdypatt Badpod n) Bydlovpe xowo Tapdyova to a,
%ot LETOVOP.ALOVPE TOUS LTOAOLTTOVS GUVTEAEGTES ay/a,, k = 0,1,...,m — 1, wg
ay.

Bewpobp.e hotwdy 6Tt To ToAvwVLPo p(2) = 2" +a, 2" ' +...+ a2z +a,
Babp.od TovAdytatoy 1, Sev éyel xapin pila o C. Oétovpe f(2) = 1/p(2). Agod
o p(z) Sev éyet pileg m [ elvat xohd optopévn xat axépaty). Extniéoy

1

lim |f(2)| = lim =0.
le—o0 7@l eloo e 1+ a, _y2 ! 4 agem D 4 ape

Apo yro xotdddnio B > 0 xat [2] > R Qo woydet |f(2)] < 1. Ao T cuvéyceta
¢ f ato cupmayéc S(0, R) mpoxdmtet 6t v [ ebvar ©paryévn (amo To péytato
v 1 xat tov gpdypatog ato S(0, R)). Ao to Bewpnua tov Liouville éretat
6t f atalepy), Snhady) to p(2) eivat Tohvwvupo pundevixod Babuod to omolo eivat
aToTo. O

To emopevo ToAD evBlapépoy TOPLoPA oG AEEL OTL &V LTTAPYOLY TTPAYPATLXS
Torvmyvpa Babpod peyaditepou 1 (6ov Tou 3 TOL SEV TAPAYOVTOTOLOOVTAL GE
TOALOYLPLX TPWTOL Xat eLTépou Badp.od.

Iépiopa 6.13 Kdbe moaypatind molvodvowo podpetar 6g prviuevo momtofdd-
wee xew 0evTegodluLey ToayuaTIX®dY TOAVOVIUOY.
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AmédetE: ‘Eotw 6t 10 p(x) = a,2" +a,_ 12" 1 +...+a,x+aq ebvor Tporypo-
TIX6 TOAVWYLILO, SNAXSH Ay, Gg, ..., @, € R. Ay auté éyet pila tov Tpaypotiné
Zo OTOS lvat XoAd YVwaETo amé Tov akyoptipe Staipeong tou Euxeidy), to x—x,
Statpel To p(x).

Av twpa to 2 eivar pila tov p(x) pe 2 € C\ R tote eivar pila tov p(x) nat
102 316t p(2) = p(z) = 0. Apa o p(x) Sroupeitar amd 1o (x — 2)(x — 2). AWNG
T0 TeAevtalo elvat Tpaypatied SeutepoBdliLio TOALGYLLO KD

(x—2)(x —3) = 22 — 2(Re2)x + |2]2,

OAOXANPWYOVTAS TNV ATOSELEY. O
Asrnsetg
Asznsm 6.1 Na vroloytatody to axéAovbo eTxaTOALL ONOXANPOPATA:
1 < n
I, = dz Iz—/ Mdz,nzl
co,1)? 2 coy 7
dz
Iy = —_— I, = [ z|z| dz,
0(072) 22 + 1 y
610U P T0 GHVOPO TOL AVL NLXLXALOL ToL povadtaiov xbxhov, OeTtxd Tpocava-
TOALGLEVO.

Aczmom 6.2 No vTooYLGTOOY To ETRAUTOAL OAOXATPOULOTA

2 2241
I, = / LA I, — dz
! cog (2—1)2 2 00,2 2(z—1)
e* dz
I, = / ———dz, yta cgC(a,r) I, =
? C(a,r) (z—c)" ! * C(0,1) e —1

Acxmem 6.3 No vwoloyiatel To oAoxAnpwpa f/ e’ /(e(1—2)) de, 6mou 1 p elvar

Y
i) C(0,1/2) ii) C(1,1/2) iii) C(1/2,1).

Asxmer 6.4 No vmoloylotel to ohoxANpwpa I = fC(07R) f@)/((z —a)z—
b)) dz, émou 1 [ elvar axépoun xat a, b € S(0, R) pe a # b. Na Sety0el amé avto
To Oewpnpa Liouville.

Asnnoy 6.5 No Bpebel oddpopey suvdptney mou Sev éyet Tapdyouaa.

Asxmen 6.6 Av v p eivor xAetath xop. oAy e pArog xat p* R = & tote
Indy(z) = 0 11 xabe 2 € R.
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Aoxmen 6.7 (Bzwpmp.a sbyriiong tov Weierstrass) ‘Eotw ott to Q eivat avouxté
vroabvolo tou C, xat f,, wia axoroubior 0AGLOPPWY GUYXPTTNIGEWY GTO Q 7) oTtola
GuYxAlvel opolbp.oppa e xdbe supTayés LToGHVoAo Tou Q ae pia GuvdpTnaeY f.
Arodeifte ypnotporoimvtag to Oeswpnpa tov Morera, 6Tt xat v f eivat oAép.open
oto Q xot xdle Tapdywyog £ GUYXAIVEL OULOLOWLOPPOL GTOL GUP.TALYY) UTTOGHVOAX
tou Q yta xabe k € N.

(Yrodelbn: yia va Seifete ot f, = 7 oto supmayéc K = Q. amodeifte Tpwta
ot umdpyet r > 0 wote to L = U,S(2, ) elvar supmaryég xat txavomotel tny
K = L = Q. ¥t cuvéyela epappocte to Oewprpo Extipnorng tov Cauchy.)
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Kewahato 7

Pilec nat médAoL

Anppa 7.1 Eote o1 1 dvvapoceipd [(2) = X0 ¢, (2 — a)" ovpxdiver pet
le —a] < rdmovr>0uxacy=f(a) =0 uxa [ 5 0. Tove vwdoyer axépaiog
m > 1 xow Ovvaposed g wov cvyrdiver yua |z — al < r dove g(a) #= 0 xo
[(2) = (¢ —a)"g(2) pree |z — a| <.

Aré8elEm: Aev eivat 6ha ta ¢, PNdév, agod [ 5= 0. Exthéyovpe tov pixpotepo
axépato m YL tov omolo ¢,, 7= 0. Pucixd m > 1 (apod ¢y = 0). Téte

f&)=(E—a)" Z Coii(2 — ).
=0

Bétovpe g(2) = X2 Cpi(z — @)F 1 omola sapng suyxhiver yia |z — al < r.
Enionc g(a) = ¢, #= 0 ot f(2) = (2 — a)"g(z) ya |z —a| < r. O

Optopés 7.2 T [ : Q — C Oétovpe Z(f) = {2 € Q : f(2) = 0}. To cbvoho
Z([f) nohkeltat to undevind 6ovoro thg [ 1 to abvoro Twy ptllov e

Adppa 7.3 Av 1o Q elvaw éva avountd, un xevé vwocvvolo tov C, xar n f :
Q — C eivar pee 0Adpogepn cvvdgTney, T6te T0 6UVoLo

Z(f) = {2 € Q : z anuelo cvaeagevong tov Z(f)}
elvar avorntd xow ®xAeL6To VT06VVolo Tov Q.

Amégetgn: Egdoov v f elvar suveye, to sdvoro Z(f) dpo xat to Z(f) elvon
*Aetaté vTtocdvoro Q ([1] Aoxnom 2.3.6). Oa Seifovpe 6Tt eivat xat avoirté.

‘BEotw a € Z(f) (av Z(f) = & téte eivan Befaiwg avorxtd). Tote umdpyet
r > 0 wate S(a,r) = Q, awod to Q elvat avoxto. Enilong, and to Oswprpa 6.5,
urapyowy ¢, € Cyian =0,1,2,... wote

[e.9]

fle) = Z ¢, (2 —a)", Tz € S(a, ).

n=0
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Mopatnpodpe bt a € Z(f), enradh a € Q xau vdpyet a, € Z(f) pe a, —
a. Apa 0 = f(a,) — f(a), suvertg f(a) = 0, aod 7 f elvar cuveyng (wg
oAopopen). Av 1 [ eivar Tawtotind undéy oto S(a, r) Tote Béfata To a slvat
ecwteptrd onpeio tou Z(f) . Av v f Sev elvar Tawtotind pndév ato S(a, r) Tote
omd to Appa 7.1 f(2) = (2 —a)"g(z) Yo xdmota Suvaposelpd g ato S(a, r) we
g(a) # 0. 'Etat, epbaov 1) g eivat cuveymc aTo a w¢ SUVAPLOGELPH, UTTAPYEL & PE
0 < e <rwoteg(e) # 0y xdle 2 pe |z—a| < &. Onote S(a, &) NZ(f) = {a}.
Anhodn) to a elvar pepovopévo anpeio tou Z(f), dpo a ¢ Z(f)’, avtipacy. O

Ozowpyua 7.4 Av 1o Q eivar vomog 6to C, xav n [+ Q — C elven wia 0ddwoogpn
GVYEQTNGY, TOTE

i) N[ evar tavrotind undév,

ii) 9 7o Z(f) amovedeirar amo uepovouéva enueic (xaw coa eiver agilunoiwo
60v020).

AnéBeiln: Ao to AMppa 7.3 t0 Z(f) elvar xAetothd xat avolxté uToGHYOAS TOU
Q. Egpdoov to Q elvat témog, elvat shvolo cuvextind, xat dpa eite Z(f) = Q,
Snhadn 7 [ elva Tavtotind pndéy eite Z(f) = @, Snhad to Z(f) amoteeitat
amo pepovopéva anpelo. Mévet vo arodeifovpe 6L, apod ta onp.eia avtd eivat
pepovwpéva elvat avayrastixd aptipfstpo Tanlog.

Ioyvoioudg: Ymapyet aptbunotpo Tanbog cupmaywy vTocuvéAwy F, = Q
wote Q= U, F,.

[Av Q = C Gétovpe F,, = S(0,n). Av Q # C Gétoupe Q, = {2 € Q :
d(z,Q°) > 1/n}. ®avepd xabe Q, elvor xAetatéd LTOGHVOAD TOL Q: TPAYMATL,
av g, — 2 € Crat g, € Q,, toybet d(z;, ) > 1/n yia xdbe k € N, dpa
|2y —w| > 1/n vy xdle £ € N xot xdle w € Q°. [laipvovtog 6pto we mpog k
TpoxdTTeL |¢ — w| > 1/n yia xdbe w € Q, cuverwe d(z, Q) > 1/n, ondte
2CQ,.

Emmiéov av 2 € Q, agod to Q eivar avoixto, vapyct ¢ > 0 wate S(gg, &) =
Q. Apa d(zg, Q%) > e. Omote av ng > 1/e cuvemdyetat 6Tt d(2y, Q%) > 1/ng,
SnAodh zg € Q, . Apa @ = U2 Q,. Eredn o avtictpopog eyxhetopég etvo
Tpopavyc TpoxdTTel @ = U5, Q,. Apa

o]

G D (2,N80,m)=J(©,Nn0C) = [j Q, = Q.
n=1

n=1 k=1 n=1

To TAn0og Twv suvérwy Q, NS(0, k) eivar aptbunstpo xat elvat xot gupTayy.]

Eredy) topa ta F, | Z(f) eivar nemepacp.éva advolo (aritwg to Z(f) éyet
omnpelo GLGGMPELGTE 6To cLUTaYES F, = Q), To

zh=zHne=znJF,=U@nHNF,)

n=1 n=1

¢ aptipnoty) Evwcy) TETEPAGULEVWY GUVOAWY, elvat aptipnctp.o. O
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Oczwpmpa 7.5 (Apyn avadutinng cuvéylong) Av 1o Q elvar Tdmog 6o C, ot f,
g 0A0poQpeg GVVaTHGELS, xaL To 6Vvodo {2z € Q : f(2) = ¢(2)} 670 omolo ot
ovvaQTHoelg elval [Geg éxel ToVAdyL6ToY évar onuelo 6VEGEMYEVENS 6T0 R, ToTE

=g

AméBetEn: Amo g umobéoelg émetan oL Z(f — g)’ = D, rau dpo améd TO
Oepnpo 7.4 maipvoupe [ —g =0, dnhady [ =g. O

Hapatipmen 7.6 To Bepypa 7.5 Sev toydet av to Q Sev elvat ToTog ARG
amAwg éva avotxto uosbvoro Tov C. Hpdypatt, av Q@ = Q4 U Qg elvar py xevd,
Eéva, avotxtd vmoshvora tou C, f = 0 xot

(2) = 0, avez€Q,
gie) = 1, avz€Q,,

Téte 2 €Q : f(2) = 9(2)} =@ = Q| F T, evo [ F g.

Hapatipemsym 7.7 H apyh tne avautinng cuvéytang Selyvet 6Tt ot TLpég piag
0AOPOPPTE GUYAPTNGEYS GE SLapopeTixd anp.ela evég Tomov Q atov omolo opiletat
7 GLVEPTYGT), adAnAocEaptivTal. Av peTaBdAovpe TIE TULES TNS GLVEPTNGNS
GE L0l 0GOBT)TTOTE [LLXPY] TLEPLOYT] EVOC GYPLE(OL WLE TPOTTO TOL ¥] GUVAPTYNGY) TTOU
TPOXVOTTEL Vo TUPALEIVEL OAOWLOPPT), EILAGTE AVAYRAGPEVOL VoL RAAAEOVILE TLS
TIpég xot oe xdfe dAdn weptoyt) xdle orp.eiov Tov Q 0oodTTOTE LaXPLd KOt OV
Bploxetal awd TNV apytey) PETABOAY: SLOTL 1) apy Y] TN AVAAVTIXYS GUVEYLETS
GUVETTAYETOL OTL BEV YIVETAL Yo GUWLTLITITOLY GE PLOL TTEPLOYT] XOL V0. SLAPEPOLY GE
[tor GAAY). Av cuPTTITTOUY GE Lo TEPLoy ) GUULTITTOLY TtavTold. [ awtd To Adyo
N oapy") aLTY) AEYETAL XL QYN WOVAOLXOTNTOG TV 0AOUOQPHDY GUVAQTNGERDY.
Tuyxpivete pe tig Stapoplotpes Tpaypatixés suvapthoets. [lpopavme avtés
LTToPoLY Vo SLopEPOLY GE €Var BLAGTML XAl VO, GUPTITTTOUY GE €Val GARO.

Ocwpmpa 7.8 Eorw dtr 1o Q elvaw vémog 670 C, 1y [+ @ — C oAduoogy
ovvagrnon, a € Q, f(a) = 0 xaw n [ oyt Tavrotina undév. Tore vwdoyst
puoLrdg cpibudg m > 1 now h oAdpoogpn cvvdernon oto Q voete h(a) # 0 xat
f(2)=(—a)"h(z) pia 2 € Q.

SuyxplveTe TNV 0LGLAGTIXE LGYLPOTERT) SLATOTWGY) ToL DewpRpaTog avTod
pe o Afppa 7.1. O m = m(a) xadeiton 6y ¢ pilag (1) Tov undevinod).

AxéBetEn: Emiiéyovpe r > 0 wote S(a, r) = Q. Egbcov v f elvat ohdpopen,
%o dpo. elvot TopasTAGLLY] e SUVaP.0GELPd aTo Q, uTtdpyouy ¢, € C Yo n =
0,1,2,... wote

oo

flz) = Z ¢, (2 —a)" Tz € S(a, r).

n=0

Amé to Bewmpnpa 7.4 10 a elvar pepovopévo onpeio tov Z(f) (apod v f Sev
ebvo TowTOTS P1BEY). Apa 1) flg(a. 08V Elvar TawToTid pndéyv. Tuverwg, amd
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To Afppa 7.1, vdpyet axépatog m > 1 xat Suvapocetpd g ato S(a,r) wate
g(a) #= 0 xot f(2) = (2 —a)"g(2) yra |e —a| < r. Oétovpe h: Q@ — C pe

()

Moy — | Gy THEERNI

g(a), Tz = a.

Tote mapatnpodpe 6t h(a) # 0,7 h eivar oAdpopeyn ato @\ {a}, xat h(z) = g(2)
Suvapoaetpd oto S(a, r). Apa 1 b eivar ohép.opem xat ato a. ‘Enetot éttn h
etvat oAopopem ato Q. Téhog, Tpopavawg, f(2) = (2 —a)"h(z) Yo 2 € Q. O

Hapgatiensy 7.9 Tom xat h tou Ocwphpatos 7.8 xabopilovtat xotd povadins
tpomo. [pdypatt av my xat by txavorotodv to Bewpnpa 7.8 tote

(2 —a)"h(z) = (z — a)"1hy (2)

T ndbe 2 € Q. Avm > my t6te (2 —a)” "th(2) = hy(2) vl xdle 2 € Q\ {a}.
A6 tn cuvéyela Twv ki, by émetal 6Tt éYoupE GOTNTA XL VI & = a, SNAAIY
hq(a) = 0 dtomo. Apa m = m, %ol GLVETWS

(z —a)"h(z) = (z — a)"hy ().

Omote h(z) = hy(2) Yo xabe 2 € @ \ {a}. Ao ™ cuvéyeta Twv h, hy Emetot
6tt h(a) = hy(a) xa dpo h = hy.

Acrmoelg

Aswnoy 7.1 No Bpebetl suvdptnam [ : R — R Sapopiaipy mou va pnv emextel-
vetow ae ohdpopen suvdptnan £ : C — C.

Asxmen 7.2 Awcte Topddetypo ohdpopers suvdptnons f: Q@ — C émov Q
Tomog, py otalepys, pe Ta anpeio gusswpevang tov Z(f) ato C va umy elvat to
%EVO GOVOAO.

Acxmem 7.3 Amodeifte, pe ™) Bonlsta g apy Mg TNG AVAALTIRYS GLVEYLGTG,
6Tt To GOVOAD TWY OAOLLOPPWY GuVapTNGewY H(RQ) ce éva tomo Q elvat axégouy
seguoxh, dnaadh av f, g € H(Q) xat f(2)g(z) = 0 v xdbe 2 € Q tére eite
f=0¢iteg=0.

AmodelEte 6T ot Guveyeic suvapthoets C(R) oe éva tomo Q dev GuvtaTody
AAEPOLT) TEEPLOYT].

7.1 Mepovopéveg Avoparics

Meietobpe TP TI PLELOVOPEVES AVWULOALES TV OAOLOPPWY GUVXPTYIGEWY,
chppwva pe Tov axdiovlo optopd.
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Optopds 7.10 Av to Q elvat avoixté voshvodro tov C, a € Q xat 7 suvdptnoy
[+ QN {a} — C eivar oAdpopen tote T0 oMueio a xakeltal peuovouévy
avewaldic g f.

Mo pepovopévn avopaiio ™ f aieltat emoverddns avoualic e fov 7
[ nmopel va optatel xat 6To GMUELD @ XATA TETOLO TPOTO WGTE 1) VEX GUVAPTYGY,

@nradn m f U {(a, f(a))}) va eivar okdp.open ato Q.

Ozwpnpa 7.11 (Riemann) Hote 67t 1o Q eivar éva avoixto vrosvvolo tov C,
a € Quaf: QN {a} — C odduoopn cvvdagrnon.

H [ éyer emoverddn aveoualic 6to a av nar wovo av vadgyer ¢ > 0 wove 1)
Fls@eja Ve elvar poayuévn.

ATé8elln: Av v avwpaiio 6To a eivat eToustmdng ToTE 1) £ elvat epayp.évn ae
®a0e S(a, &) = Q, apod v eméxtas? ™ (f U {(a, f(a))}) elvar suveymg xat to
S(a, €) elvat supmayée.

Avtiotpopwg Twpa, Oétovpe h: Q — C pe

]’L(Z) _ (Z — a)zf(z)v oy & E Q \ {(I},

0, av 2z = a.
"Eyovpe 6t
lim h(z;a(“) = lim(z — a)f(z) = 0,

z2—a s —
aod 1) [ elvatl @payp.évy) oe pia Teptoyy) Tov a. Apa v h eivatl oAopoper xat
k(@) = 0. Zuverwg (amé to Oewpnp.a 6.5)

h(z) = i c,(z—a)" = (z — a)%(cy + c3(z — a) + ¢4z — a)® + ...).
n=2

Anhadh) h(z) = (2 — a)?g(z) e T g oAopopey) 6to S(a, &). Hpopavwg g(2) =
f(2) yia 2 € S(a, &) \ {a}. Opilovpe f(a) = ¢y, xot eivat copég 6Tt 7 f elvar
oAbp.opem aTo Q. O

Optapés 7.12 "Eotw 6Tt t0 a sivar pepovopévn avwporio tg f. To a xaielto
wodog vatEewg k > 1 vy v f av UTAPYOLY €1, Cg, ..., ¢ € C pe ¢, 7= 0 woTe 1)
GUVEPTYNGY)

Co k

fz) — —2

z—a (z—a)2 T (z—a)
vou €yet ETouGtmsy) avwaiio oto a. H Tapdstaoy

S R E -
z—a (—a)? T (z—a)

xokettat xOplo pépog e f ato a.
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Oczwpmpa 7.13 Eorw duen [+ @\ {a} — C elvaw oAduoopn xer m >
puowog. H [ éyer méldo tagng m 670 a av xaw wovo av vrdgyer g + Q@ —

oAdwoogn, ue g(a) #= 0 xo

1
C

1
f(z) = GC—a" 9(2)

e xale 2 € @\ {a}.
Améged: (=) H f(2)(z — a)™ éyet emovoihdn avopahrio ato a (apod 6to a
umopel vo optatel we gla)) dpo

o]

fE@)(e—a)" = Z cp(z — a)* (a0 < |z —a| <)

k=0

=cote(z—a)+...+e, (z—a)" 1+ Z cp(z — a)k.

k=m

m—1 S \k—m
fle) = G—ar )m . +( _a)+kzmck(z @)

Co

— Cm—
=" T (e —
Tz € S(a, €). DuveTwe v

Cm—1 Co
[() = s =

a) (z—a)"

m+k(2 - a)k’

€yl ETOLGLOOY avLP.aiio 6TO a.
(=) 'Eotw 61t t0

¢y O Cp
(z—a) (z—a)"

etvar o xOpto wépog ¢ f 6to a (wate ¢, # 0). Bétovpe g : @ — C pe
(e—a)"f(z) avz+#a,

Con> oav 2 = a.

9(2) =

H g eivar ohép.open: mpdypatt amé to Oewpnpo 7.11 apxrel va detylel 6t v g
elvat suvey”g oto a (omote Ou elvar xat Epaypévy ae pia salpa YOpw oo To
a). Opwgm

Cm
(z—a) T (—a)

éyet emouat®on avowpaiio 6to a. Exiorng

W) = f(2) —

g@)=(E—a)"f(z) =h(z)(z—a)" +c;(z — a)" .+ Cons

apa lim,_, g(2) = ¢,, = g(a). O
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Opiopée 7.14 'Eotw 6t 1o Q eivar avoxtéd vmwoshvoro tov C, a € Q, f ¢
QN {a} — C oddépopen xat a Tohog Takng m > 1 g [ e xbplo pépog To

Cq Cm

@—a) + ...+ 7(2 )"

(¢,, # 0). O aptbp.og ¢y rakeital To 0dordnewmTiné voloiwo tng [ GTo a xat
supBoriletar pe Res(f, a).

Ipétacy 7.15 Me tov cvufoiioud xar Tig vwobécerg Tov Ocwmoruarog 7.18
Eyovue 0TL

g(m—l)(a)

(m—1)!"

Am6geiEn: Egbcov 1) g elvar oadpopey, udpyel r > 0 wate g(2) = X2 dp(z—
a)* oz € Sa,r) = Q. Apa

¢; = Res(f.,a) =

d d d,_
f(z) = € 70a)m + - ;)m_l 4 ﬁ +d,, +dy (2 —a)+ ...
YOVETWC
(m—1)
_ _ 9 (a)
¢ =d, ;= m [

Ocwmpmpa 7.16 (Oroxinpwtixwy voroitwy) Eotwm 61e To Q elvar avountd
xa #veTo VIwoevvoldo tov C, xat aq, ag, ... a, € Q, [+ Q\ {aq,...,a,} — C
olouoopn, v xAheret xoumodn ue unrog (670 ), a;, médov wne [y k =1,...,n

XA Ay, g,y ..., a, § p*. Tove

1 n
oPE /y f(z)dz = k;l Res(f, a;)Ind, (a;).

AméBergn: TopBoiilouvpe pe @,(2) to xbplo pépog tneg foto ay, bk = 1,...,n
Tote 1 g(2) = f(2) — Xj_; @r(2) éyet emovoLdEN avwPaAl GTU ay, ..., a,,.
Anhadn) v g emextelvetal ge 0AOP.OPPY) GLUVAPTNGY 6To Q. A6 To Oepnpa Tou
Cauchy yia xvptd chvora fyg(z) dz = 0, dnAadt

/ Fe)de =Y f Qu(2) dz.
y =17y

/ Qu(2)dz = / Res(/ ’“’f)d 2 = Res(f, ;) 2milnd, (a;).

@y,

AXa

Anhady) To {ntodpevo. O
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102 7. PIZES KAI [I0AOI
Acrmoelg
Asxnem 7.4 Efetdote yio woleg amwod TG GUVOPTHBELS
. ; . 1 2 . z2—2
l) 61/ ll) 1 lll) 1 IV) m

To PNSEv elvat TOAOS, LGLWEYG 1) ETOVGLWENS avwoila. LTy TEp(TTWAEY) TOAOY
Vo DTTOAOYLGTEL To avticTotyo xOpLo Pépog.

Asxyem 7.5 Ymoloylote ta oAOXANPOULOTO

—2 d
i / 2T 0 ) / =
co2 2°(—1) coz2 ¢ —1

Asxrmem 7.6 Av Q = C avotxtéd xot xupTo %ot p XAELGTY) XOP.TOAY 6To Q pe
phxog, tote Ind, (2) = 0 yua xdbe 2 € C\ Q.

Asxmem 7.7 'Eotw ot f(2) = p(2)/q(z) 1o 2 € C\ Z(q) pnt suvdptnom
6TOL T TPAYPATLXE TOAL@VLPL P Babpod 1 xat g Bobpod m > n—+ 2 Sev éyouvy
xowég pileg nat g(x) # 0 yia xdbe x € R. Tote toybet

—+o0 R k
/ f(z)dz = lim / f(x)dx = 2mi )" Res(f, ),

{ee]
6mou 2; Yo J = 1,2, ..., k ot pileg Tou g Tou Eyouy BeTixd pavtasTind pépog.

Asxmern 7.8 Eotw 6t f(2) = ep(2)/q(2) Yo 2 € C \ Z(q) bmou ta Tohuo-
vopa p Badpod n xar g Babp.od m > n + 2 Sev éyouv xowég pileg xat g(x) # 0
vto xale x € R ot £ > 0. Tote

—+o00 k
/ f(x)dax = 27i ). Res(f, 2,),
_ ]

omov 25§ = 1,2, ...,k o pileg Tou q pe Betind povtactins pépog.

Asxmen 7.9 'Ectw wa suvdptnon R(sin 0, cos 0), 0 € [0, 27], 6wov R pnth
oLVaPTYNEY. BéToupe

1, [/z—1 z+1
f(z)—l.ZR< 22 )

Tote

21 k
/ R(sin 0, cos 0) d0 = 2mi Z Res(f, zj),
0 =

Jj=1

6TO0U zj,j =1,2,...,k ot wodot tn¢ f oto S(0,1).
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7-2. OYZIQAEIY ANQMAAIEY 103

Acwmon 7.10 Aeifte ot

i)/ﬂod'x _Z
o (1+22)2 4

g /_oo 22 —2ax+a2+02 b a,beR,0>0

—+o0 : —at
i) / _asin(t) Lo T 0 a0
0

(xz _|_a2)2 4a bl
2
do 27
! = ’ Ra 1
) /0 1—2acosO+a®> 1—a? a R, lal <
27
do 27
- ) R, 1
V)/o a ~+ cos 0 2 —1 a€R,a>

Asxmen 7.11 Iloteg Tipég Taipvet To odoxAnpwp.a fy(22 +1)"tdz bravm y
elvar Stapoplatpy xap oAy Tou uvdéet Ta anpeio +1 xow —1 xot Sev Stépyetal
omé o ampela ¢ xot —4.

Aowmon 7.12 Na Serybel 6t to (im) fy 21 dz elvon wepLtthe anépatog, 60U
y Stopoplolpy) xap.tOAT Tov Guveéet T anueio +1 xat —1 xon Sev Stépyetal
amd o undév.

7.2 Ovcundetg avmpoiiss

Opiopés 7.17 Avy f: Q\ {a} — C, omov a € Q, f oAdpopey xat To @ dev
elvat eToLGLWENS avwpaiio 00Te To a sivat TOAog xdmotag TdEng m, 6T T0
xoAelTal oveLmong avoualdio g f.

Yto emépevo supBorilovpe pe S'(a, €) To abvoro S(a,e) \ {a}.

Ocwpmpa 7.18 (Casorati-Weierstrass) Forw drva € Q, [ : @\ {a} — C
oAduoogn. H f éxet oveLardn aveouadio 6to a av xow uévo av pua xabe ¢ > 0
dote S'(a, &) = Q émeran ét1 To 6vvolo (S (a, €)) eivar mvnvd 6to C.

AméBelly: (=) Ac umoléoovpe 6Tt To cupTépacia Sev toybet. Tote umdpyet & >
0 wote S’ (a, &) = Q xat 10 f(S'(a, &)) dev eivar Toxvd ato C. Anhad vrdpyet
w € Cxat d > 0 wote f(S"(a,8) N Sw,0) = 3. Apa, av 0 < |z —a] < &
ouvendyetat |f(2) —w| > 0. Bétovpe g : S’ (a, &) — C pe g(z) = 1/(f(2) — w).
Téte 1 g elvar oAdpopem ato S’(a, &) xat

1
lg(2)| = m < 5
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104 - PIZEX KAI IIOAOI

vz € 8’ (a, &). Anhadi elvar @porypévy «eovtdr 6to a. AT to Oempnpa 7.11
7 g €YEL ETOLGLWSY) AVOPOAIN GTO @&, dNAASY) LTTAPYEL ETEXTAGY) TNS g 6T0 @ (TnY
omola ovop.alovpe TaAL g) 1) omolo elvor oAdp.opem oto S(a, €).
Ioyvoroudg 1: Av g(a) #= 0 téte 1) f éyet emouat®dn avwpaiio 6To a.
[Ymapyet 0 < &y < & wate av 2 € S(a,&q) totE |9(2)| > |g(a)|/2 =: d;.
Téte &y < 1/|f(2) —w| yra 2 € S’ (a, 1) Snrady) |f(2) — w| < 1/6;. Apa
lf (&) <|w|+1/0; i 2 € S'(a, &1). Duvemwe v f elvat Qpaypévn xovtd 6To a
omote a6 To Oewpnpo 7.11 éyet emouatden avwpaiio 6To a.]
Ioyvoiouog 2: Av g(a) = 0 tote 7 f éyet ToAo (xdmotag tdkng) 6To a.
[[apatnpodpe bt g(2) #= 0 Y 2 € S'(a, €), dpa T0 a elvar pepovwpévy
pila g g. 'Emetat ott umdpyet g4 0AdMopey suvdptnam oto S(a, &) xat m > 1
wote g(2) = (2 — a)"gy(2) pe g1(a) # 0. apatnpodpe o6t g¢(2) # 0 v
xdbe 2 € S(a, &) omote ) hy(2) = 1/g¢ (2) eivar ohopopey oto S(a, €). LuveTwg
hi(2) = X2 cp(e — a)* Tz € S(a, ). Exione ¢y = hy(a) = 1/g1(a) # 0.
Apa
R 1 1 1
9)  (e—a)"g1(2)  (z—a)"

Co
=G g T o) T

ue ¢o # 0. Anhadh) 1 f éyet Toho tdEng m 6o a.]

[(z)—w =

(co+ci(z—a)+..)

Apa éyovpe avtioaom e to 6Tt 1 [ éyet ouatmdn avopaiio 6to a.

(<) Av 7 f ey éyet ouatwdy avowpaiio ato a TOTE gite €YEL ETOLGLNOAY
oavowpoiio 6To a 1) TéAo xamwotag Takng m > 1.

IHepimrwon 1: Ymdpyet oAopoper enéxtasy s f ato a.

Ye auth v wepintwen lim,_, f(2) = f(a), dpa vdpyet Tepoyn) S(a, &)
tou a wate [(S(a,¢)) = S(f(a), 1), xat ewopévng to abvoro (S (a,e)) dev
elvat Toxvo ato G, avtigao.

Hspimrwon 2: H f éyel mého tééng m > 1 1o a.
Téte vmdpyet g ohdpopey) oe Teployy] Tou a, pe g(a) #= 0, wate

f0) = mad(e)

z—a)”

Apa

lim |/ )] = lim -~ lim g (2)] = o - g(a)| = >
omote umdpyet ¢ > 0 hate Y xdbe |2 — al < e woydet [f(2)] > 1. Anhady
vrapyet Teptoy) S(a, &) Tov a wate [(S(a,&)) = C\ S(0,1) xat ewopévwg to

abvoro (S’ (a, €)) dev eivar Tuxvé oo C, avtipao. O
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apyn
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LOVOSLLOTNTAS TWY OAOPL.OPPWY
suvapTheewy, 97
Tou oplopatog, 125
apyM tou oplopatog, 127
Yevixeopévy, 128

r
Yevixeuévy) apy ) Tou oplop.atog, 128
YpoppLrd Statetayévo sopa, 10

A

delxtng oTpoene, 79

Stap.éptar) StaaThpatos, 53
AemtoTnTaL, H3

Staywptatind Bewpnpo tov Jordan,

140

Suvapetg pryadiewmy, 41

duvapocetpd, 21
oxtiva shyrALang, 22

E

énhetdm, 47, 68

ETOLGLWENG AVWPaAlD GLVEPTNGETS,
99

evBuypappioty xapmory, 46, 67

evBdypappo Tunpa, 46, 67

0

Bewpnpa
Hurwitz, 137

Laurent, 107

Liouville, 92

Morera, 91

Rouché, 130

Rouché, 121

oVOLXTNG aeLovtang, 121

avtiaTpoeng GuvdpTreNS, 122

avtieTpogc Tou Lagrange, 136

extiymnong tov Cauchy, 91

Ospehiddes tng AryeBpag, 92

ohyxAtarg tov Helly, 75

opatptxo tou Cauchy, 114
fewpnp.a Rouché

rhasien poper), 124

I
teod0vapn xap. oAy, 47, 68
{yvog xopmoAng, 46, 67

K
RAPTCOAEG
opotomixés, 140
*oap O, 46, 67
avtifety, 47, 69
amAY), 87
Selxtng aTpoYhs, 79
teodbvap, 47, 68
(yvog, 46, 67
AT TUTLOTA GUVEY WS AP~
Twylowy, 43
xAetaty), b1, 75
undéy opotomixy), 140
unxog, 46, 67
xoteuBuvépevo chvoro, 66
whddot hoyapiBuov, 38
AAELGTY) XopTOAY, 51, 75
xpttnpto Weierstrass, 21
®OPovGY) GLVAPTNGTS, H4
xopTy) 0ny), 24

A
AemtétnTa Sapéplong, 53
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AMUpa TOADYWILXTS TPOGEYYLANG,
76

Aovyaptbp.og
x\&dog, 38
TpwTedWY XAAB0S, 38
TpWTog xAddog, 38

M

LLELOVOPEVY) avep.aiia GLVEPTNGEYS,
99

LLEPOLLOPYY) GUVAPTYGEY, 125

uN3év op.oTomLxy) XapTOAY), 140

undevid Gbvoho cuvdpTreNg, 95

unNxog xoWTOANG, 46, 67

pLyadtnd pépog tou myadixod, 12

0
oAx) xOP.avGY) GLVAPTNGYS, 54
oloxAnpwtixd vwoAotTo, 101
0AOXANPWTLXOS TOTOG AVTIGTPOPYS
suvdpTNeng, 129
oloxAnpwtixdg tomog Tov Cauchy
apatptxog, 114
oloxAnpwtixég toTog Tou Cauchy
Yto xupTo GhHvodo, 89
0AGLLOPQY) GUVARTNGT), 27
opotoTieég o TOAES, 140
optaxo onp.eio axorovbiog, 20
bpLop.o pyadixod, 16
Tpwtebdov, 16
ouatwdng avwpaiio, 103

II

TepLpepeta, 46, 68

TOAOS GUVEPTYGYE, 99

TOAVYWVIXT) TPOGEYYLGT) XAWTOATS,
76

TpoyPaTixd LEpog wLyadixol, 12
TpwTeboY bplapa wiyodixold, 16
TpwTebWY XAddog Aoyopipou, 38
Tp®WTo¢ xAddog Aoyaplbuov, 38

P
P suvaptneT, 125

X
GELpd
amoALTY) GOYXALGT), 19
chyxAtsy, 19
ahyxhiom aetpdg, 19
ouluyng peyadixod, 12
GLVAPTYNGY)
axépaty), 92
eTOLGLWENG avwLaAle, 99
xbpavar), 54
wbpavang, 57
LepovwUévn avwaiia, 99
pepbpopyn, 125
undevtrd abvoro, 95
oAy xOp.aver), 54
oAGopOY), 27
TAUPASTAGLYY) P.E SUVOP.OGELPT,
44, 65
o og, 99
oy, 125
TOTULXE QPOoYLEVY], 85
ppaypévng xopoaveng, 54
GLVAPTNGYS XOPLOVGT)
oAx), 54
suyva aAndng, 20
cpatpixd Bewpnpa tov Cauchy, 114
GQOLPLAOS OAOXANPWTLXES TOTOE TOU
Cauchy, 114

T

taEy piCag, 97

TeAtd aAnig, 20

tetpayovixy pila pryadtxod, 11

TOTULXA QPAYLEVY) GUYAPTNGY), 8D

ToTog, 30, 96

TPLYWYOULETPLXY] Lop@Y) PLyadtxod,
16

tOTo¢ Tov Euler, 36

P
pavtasTinds atovag, 15
poavtasTinds aptdpog, 15
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